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Behaviors
> = (T,W,B)T=272 W=R?

weB ff Rvw(t+N)+---+Rw(t+1)+ Row(t) =0 Vt€Z
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Behaviors
> = (T,W,B)T=272 W=R?

weB ff Rvw(t+N)+---+Rw(t+1)+ Row(t) =0 Vt€Z

(cw) (1) = w (t+1)

R(s) = Rns™ + -+ + Ris + Ro € R [s] C R** [s,57"]
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Behaviors
> = (T,W,B)T=272 W=R?

weB ff Rvw(t+N)+---+Rw(t+1)+ Row(t) =0 Vt€Z

(cw) (1) = w (t+1)

R(s) = Rns™ + -+ + Ris + Ro € R [s] C R** [s,57"]

B — ker R (0) := {w c (R)?: R (o) w = o}

Kernel behavior
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Example
x(t+ 1) Ax(t) + Bu(t)
y(t) = Cxz(t) + Bu(t)
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Example
)

x(t+ 1) Ax(t) + Bu(t)
(u(®) = Ca(t)+ Bu(

1) Bauy) = {w = (z,u,y) | (3) holds}
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Example
)

x(t+1) = Ax(t) + Bu(t)
(v = Ca(t)+ Bu(®)

1) Bauy) = {w = (z,u,y) | (3) holds}

2) By ={w = (u,y) | I = s.t. (3) holds}
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Controllability (Willems)
> = (T,W,DB)

3. /953 controllable
‘v”wo,’wl € B and Vto e T, Jw € *B and Eltl Z t() s.t.

[ wo (t), t <t
w (L) = <

| wl(t), t2t1°
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Point-controllability (Willems)

> = (T, W, B)

3. /B point-controllable

Vwg, w;y € W and Vi, € T, Jw € B and dt; > { s.t.
w (to) = wy

*

w (t1) = wy.

cf. state space systems
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Point-reachability
> = (T, W, B)

w* € W reachable
\V/’UJO € *B and \V/t() & T, Jw € ?B, tl Z t() s.t.

[ w(t) =wo (t) for t <t

L w (t) = w*.

LinSys 2007 (1234567891011 1213 14 15 16 17 18 19 20 21 22 23 24 25 26 27 28 29 30 31 32 33 34 35 36 37 38 39



Point-reachability
> = (T, W, B)

w* € W reachable
\V/’UJO € *B and \V/t() & T, Jw € ?B, tl Z t() s.t.

[ w(t) =wo (t) for t <t

L w (t) = w*.

R (B) C W - reachable subset of X /5.
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Point-reachability
> = (T, W, B)

w* € W reachable
\V/’UJO € *B and \V/t() & T, Jw € ?B, tl Z t() s.t.

[ w(t) =wo (t) for t <t

L w (t) = w*.

R (B) C W - reachable subset of X /5.
>. /B point-reachable - R (2B) =W
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-
Point-reachability controllability
<
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-
Point-reachability controllability
<

+: B = ker[oc — 1 o2 — o] is point-reachable, but not

controllable
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-
Point-reachability controllability
<

+: B = ker[oc — 1 o2 — o] is point-reachable, but not

controllable

<: B = {0} is controllable but not point-reachable
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Characterization of point-reachability
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Characterization of point-reachability

First for controllable behaviors ...
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Characterization of point-reachability

First for controllable behaviors ...

Theorem 1 - Let 23 be controllable, then

B is point-reachable < B is trim (¥*)
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Characterization of point-reachability

First for controllable behaviors ...
Theorem 1 - Let 23 be controllable, then
B is point-reachable < 2 is trim (*)

(*) B trim-Vw*eW JweB It"cZ:wltH)=w*

no static laws
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Example

1 —(6240+1) (6+1)
0 o —1

S8 — ker

w = (w1, Wz, w3) € B = w; = wo

B is not trim
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Theorem (Willems)
B controllable & 3 M(s) = Mrsl +... 4+ My s.t. B=im M (o).

w(t) = Mpra(t+ L) + ...+ Mpa(t) for some a
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Theorem (Willems)
B controllable & 3 M(s) = Mrsl +... 4+ My s.t. B=im M (o).

w(t) = Mpra(t+ L) + ...+ Mpa(t) for some a

Consequence- Control time - T > L + 1
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Theorem (Willems)
B controllable & 3 M(s) = Mrsl +... 4+ My s.t. B=im M (o).

w(t) = Mpra(t+ L) + ...+ Mpa(t) for some a

Consequence- Control time - T > L + 1

Y

to + T
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Theorem (Willems)
B controllable < 3 M(s) = Mpst +... 4+ My s.t. B=im M (o).

w(t) = Mpra(t+ L) + ...+ Mpa(t) for some a

Consequence- Control time -T > L + 1
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to+ T
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Example
B = ker[o®*+1 1— o]

wi(t+ 2) + wi(t) = wa(t + 1) — wa(t)

LinSys 2007 (1234567891011 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27 28 29 30 31 32 33 34 35 36 37 38 39



Example
B = ker[o®*+1 1— o]

wi(t+ 2) + wi(t) = wa(t + 1) — wa(t)
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Example
B = ker[o®*+1 1— o]

wi(t+ 2) + wi(t) = wa(t + 1) — wa(t)

-0—1_
B = im

_O-Z—I_l—
Oy = % atr+ | acrny | T e
w2 (t) L LY .
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Example
B = ker[o®*+1 1— o]

wi(t+ 2) + wi(t) = wa(t + 1) — wa(t)

-0—1_
B = 1m

_O-Z—I_l—
Oy = % atr+ | acrny | T e
w2 (t) L LY .

Control time-T > 2+ 1 =3
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Example (cont.)
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Proof of Theorem 1

= obvious

=

Y
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Proof of Theorem 1

= obvious

=

w1

trimness

Y

to - T
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Proof of Theorem 1

= obvious

=

LN
.........
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controllability

Y

to - T
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What about non-controllable behaviors?
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What about non-controllable behaviors?

Controllable /autonomous decomposition

B =B P B

B¢ - controllable part of B

B2 - an autonomous™ part of B

* autonomous = with no free variables
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Theorem 2 - The following statements are equivalent
(i) 2B is point-reachable

(ii) 2B° is point-reachable

(iii) 2B° is trim
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Theorem 2 - The following statements are equivalent
(i) 2B is point-reachable

(ii) 2B° is point-reachable

(iii) 2B° is trim

Proof:
(i) = (ii) easy
(i1) < (iii) Thm 1
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Y
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Y

w = w4+ w?* — coincides with wqg up to tg and w(ty + T) = w*
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How to test point-reachability?
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How to test point-reachability?

e Given B = ker R(0)
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How to test point-reachability?

e Given B = ker R(0)
e Determine an image representation for its controllable part
— Determine a MRA of R(s) -
M(s) = Mypst + ...+ M,
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How to test point-reachability?

e Given B = ker R(0)
e Determine an image representation for its controllable part

— Determine a MRA of R(s) -
M(s) = Mypst + ...+ M,

e Form the matrix K = [Mp|...|M,j]
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How to test point-reachability?

e Given B = ker R(0)
e Determine an image representation for its controllable part
— Determine a MRA of R(s) -
M(s) = Mypst + ...+ M,

e Form the matrix K = [Mp|...|M,j]
e ‘B is point-reachable iff K has frr
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Example

B =ker(oc —1)[c+1 o+ 2]

— 2
B° = 1m (o +2)
o+ 1
—1 —2
range(2B°) = im — R?
1 1

Thus 8¢ is trim and B is point-reachable
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Proposition - *B point-reachable = 8 point-controllable
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Proposition - *B point-reachable = 8 point-controllable

Proof - using the trimness of 25°

Q%

Y
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Proposition - *B point-reachable = 8 point-controllable

Proof - using the trimness of 25°

to + T
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Proposition - *B point-reachable = 8 point-controllable

Proof - using the trimness of 25°

to + T
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Example - B point-reachable < %5 point-controllable

B = ker(c® —1) w(t+ 3) = w(t)

8 is point-controllable but not point-reachable
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For kernel behaviors

point-reachability

i

trimness of the controllable part

U

point-controllability

behavioral controllability
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For state behaviors

point-reachability

i

state space reachability

(r

point-controllability

:

behavioral controllability and trimness
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What happens when B is not point-reachable?
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What happens when 5B is not point-reachable?

e No other sub-behavior of *B is point-reachable (every

supra-behavior of a point-reachable one is also point-reachable)
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What happens when 5B is not point-reachable?

e No other sub-behavior of *B is point-reachable (every

supra-behavior of a point-reachable one is also point-reachable)

Characterization of YR(23)?
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What happens when 5B is not point-reachable?

e No other sub-behavior of *B is point-reachable (every

supra-behavior of a point-reachable one is also point-reachable)

Characterization of YR(23)?

Either R(B) = & or R(B) = range(B°)
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What happens when 5B is not point-reachable?

e No other sub-behavior of *B is point-reachable (every

supra-behavior of a point-reachable one is also point-reachable)

Characterization of YR(23)?

Either R(B) = & or R(B) = range(B°)

M(B) = range(B°) & range(B?*) C range(B°)
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Example B = B° P B

P

SBC = 1m 1 — o

2

B ={w = (w,ws,w3) | (0 —1)w; =0, wy = wy, wz =

2’(1)2}

range(B°) = {(w}, w3, w;) € R® | wi = w} + w;}

range(B*) = {(w], w3, wk) € R® | w;

wi +w;, wy = ws}
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Example (cont.)
range(B?) C range(B°)

Thus
MR(B) = range(B°)= {(w], w3, w) € R® | wi = w} + w;}
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Example B = B° P B

P

1 —o

2

BE = 1m

B ={w = (w1, ws, ws) | (6 — 1wy =0, wy =

—wi, W3 = 2wz}

range(2B°) =

{(w], w3, w3) € R® | wi = w] + w3}
range(23?)

{(wf, ws,w3) € R® | wy = —w;y, ws = 2w,}
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Example (cont.)

range(2B%) is not contained in range(23°)

Thus R(B) = o
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