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ABSTRACT
Navigating through fog plays a vital part in many remote sensing tasks. In this paper, we propose an ExpectationMaximization (EM) algorithm for fitting a mixture of lognormal and Gaussian distributions to the probability
distributions of photon returns for each pixel of a 32x32 Single Photon Avalanche Diode (SPAD) array image.
The distance range of the target can be determined from the probability distribution of photon returns by
modeling the peak produced due to fog scattering with a lognormal distribution while the peak produced by the
target is modeled by a Gaussian distribution. In order to validate the algorithm, 32x32 SPAD array images of
simple shapes (triangle, circle and square) are imaged at visibilities down to 50.8m through the fog in an indoor
tunnel. Several aspects of the algorithm performance are then assessed. It is found that the algorithm can
reconstruct and distinguish different shapes for all of our experimental fog conditions. Classification of shapes
using only the total area of the shape is found to be 100% accurate for our tested fog conditions. However, it is
found that the accuracy of the distance range of the target using the estimated model is poor. Therefore, future
work will investigate a better statistical mixture model and estimation method.
Keywords: SPAD, statistical mixture models, LiDAR, direct time-of-flight imaging, classification, obscurant,
fog, Expectation-Maximization

1. INTRODUCTION
Reconnaissance using remote imaging can often be hindered by environmental factors. It is not uncommon
for the imaging path to be obscured by fog, causing low visibility when navigating unfamiliar territory and
observing adversary targets. Fog often presents an issue for Single Photon Avalanche Diode (SPAD) LiDAR
imaging systems because of its light scattering nature which suppresses the return signal from the target. While
there is considerable work on fog modeling and its removal for normal cameras1–3 and airborne laser scanners,4, 5
the literature for SPAD imaging systems is sparse. For some of the methods reported in the literature for SPAD,
it is common to examine the probability distribution of photon returns.
SPAD imaging systems can be divided into FLASH and scanning systems. For FLASH systems, a two
dimensional array of SPAD pixels is used. In 6, Satat et al. modeled the peak of the probability distribution of
photon returns from the fog as a Gamma distribution and the peak from the target as a Gaussian distribution.
He accurately recovered depth for up to an optical thickness (OT) of up to 2.1, where OT is calculated as
−log( PP0t ). Here, Pt is the power measured at the opposite side of the chamber to the laser at time t and P0
is the power when there is no fog. In his experimental setup, he uses a 32x32 SPAD camera paired with a
580nm pulsing laser. His indoor fog chamber is 0.5x0.5x1 m3 . Similarly, in 7, the same imaging system was
used to research the classification of different poses of a small wooden mannequin behind different thickness of
fog without extracting a clear image of the model. However, both of these pieces of work6, 7 by the same lead
author perform fog imaging in a small space and did not investigate the imaging of longer distance targets.
For scanning systems, longer distance imaging of targets through fog has been addressed. In 8 and 9, the
authors tested different algorithms for reconstructing scanned SPAD images of a polystyrene head in a 26m
indoor tunnel filled with water-based fog. One of them is the Multidimensional Nonlocal Reconstruction of 3D
images method (M-NR3D), which is proposed by 9. This algorithm solves for the distance range and reflectivity
of the object by minimizing a cost function that assumes the photon return data histogram can be modeled

by a Poisson probability distribution.8, 9 The cost function involves the log-likelihood of the data as well as
regularization terms that account for several assumptions involving correlations between pixels as well as multitemporal 3D images.8, 9 The cost function is solved by using a variant of the alternating direction method of
multipliers (ADMM) algorithm.8, 9
Another algorithm is the unmixing algorithm10 which focuses first on de-noising the measured photon returns
and then determines the distance and reflectivity of the pixel by solving a constrained maximum likelihood
problem.10 It assumes the de-noised photon returns can be modeled by a mixture of Poisson distributions.
For de-noising, it uses a combination of a windowing method and a variant of superpixels.10 The windowing
method uses a threshold to determine if there is a minimum number of photon returns within a window. This
distinguishes target pixels from background pixels by assuming that the probability of having a certain number
of photon returns in a window of time is much smaller if the pixel does not correspond to a target. The superpixel
variant increases the number of photon returns for a pixel by combining its returns with those of its neighboring
pixels. This assumes that natural scenes are generally smooth except at object boundaries and that edges in
reflectivity and object boundaries in depth tend to be co-located.10
The authors in 8 found that the M-N3RD and unmixing algorithms perform best for removing fog in scanned
SPAD images for up to 3.8 attenuation lengths in water-based fog at 1550nm. In 9, the author found that the
M-NR3D algorithm performs better at a very low signal-to-background ratio (SBR) of 0.2, but has comparable
performance with the unmixing algorithm for SBR of 1.7 or higher. However, the SPAD used in 8 and 9 is
operated with a 1550nm laser, whilst in this paper, we are interested in the performance of the SPAD with a
532nm laser. Furthermore, both the M-NR3D and unmixing algorithms include the use of spatial correlation
between pixels for processing.
In this paper, we are focused on imaging a single static target obscured by fog using a 32x32 direct timeof-flight (dToF) SPAD LiDAR system that operates at 532 nm. We investigate the use of statistical mixture
modeling of the probability distribution of the photon returns to extract the target’s location. Three simple
shapes (circle, triangle and square) are imaged individually at 40m away from the sensor, with the fog spreading
across the tunnel and up to the sensor. Target extraction is conducted by modeling the probability of photon
return time values for each pixel as a mixture of lognormal and Gaussian distributions, where the target distance
is defined as the mean of the Gaussian component furthest away from the imaging system. The Expectation
Maximization (EM) algorithm11 is chosen because it is a popular method for fitting statistical mixture models.
The EM algorithm has been used in estimating depth from single-waveform multispectral lidar (SW-MSL) using
a single scanning SPAD.12 We are interested in the classification accuracy of the target from the resulting image.
Classification is achieved by determining a set of rules on metrics involving the area of the targets. This work can
be applied to long-range imaging using SPAD LiDAR systems which has potential for detection and classification
of land, air, and sea-surface targets.
Preliminary work on 3D image collection and classification of various targets in the presence of fog has been
presented in 13. This paper uses a different algorithm to extract the target and different types of target are used
(i.e. simple shapes instead of frigates). Also, the fog distribution in this work is different as it spreads further
to the SPAD LiDAR system than 13 where the fog stayed in a much shorter span of the tunnel. Furthermore,
range-gating is not used in this work during imaging to filter out scattering from the fog like it was in 13. This
is because this work is interested in the probability distribution of photon returns caused by the fog.

2. SPAD LIDAR IMAGING SYSTEM
The SPAD LiDAR imaging system is shown in Fig. 1 where it is placed at the start of a dark tunnel for imaging.
The 32x32 SPAD microchip was designed as a planar device in a standard CMOS 130nm process. Its active area
is 20 µm in diameter and uses a passive quenching front-end circuit which is on the same die. Micro-lensing was
used to improve its fill-factor. Optically, a narrow 2nm band filter centered at 532nm (Edmund Optics part no.
68-970) and the Pentax TV Zoom lens 12.5 to 75 mm with F number of 1 to 1.8 were used. The bias voltage is at
29.1V, with the dark count rate being 2000-6000 cps. The digital and analogue circuitry operated on 1.8V and
3.3V . The laser had a wavelength of 532 nm, a pulse energy of 35 mJ and a pulse length of 5 ns which resulted in
a range resolution of 0.75 m and a pulse repetition frequency of 20 Hz. 532nm was chosen because it was easy to

Figure 1. DST built SPAD LiDAR system in lab.

obtain lasers in this wavelength with high powers and it is close to the SPAD’s peak photon detection efficiency
of 11%. A diffuser was placed in front of the laser to make it eye safe and this resulted in a laser beam divergence
of approximately 115 degrees.13 These parameters remained the same for all image collections. Furthermore, as
the SPAD camera was placed close to the laser, the range-gate was set to 5 clock cycles (equivalent to 10 meters)
to avoid scattering directly from the laser, while still being able to image as much of the fog in the tunnel as
possible. When discussing distance in this work, clock cycles are used instead of meters as it is an equivalent
measure. One clock cycle is equivalent to half a meter which is based on this system’s parameters.

3. FOG TUNNEL SETUP

Figure 2. Setup of tunnel for measurements through fog.

The imaging was conducted in a 54 m long tunnel laboratory. The setup is shown in Figure 2. White
cardboard cut-outs of three different shapes (circle, triangle and square) were used as targets in this work. Their
sizes are such that a 610 mm square could circumscribe around them. The shapes were installed onto three planks
of long timber and each of them could be pulled up from the tunnel entrance via a long string individually for
imaging. This is to ensure minimum interruption of the flow of the fog in the tunnel so the fog condition stays
the same for all three shapes. Additional fog was released only after all three shapes were imaged separately.
The fog generator used is the Rave AF1214 Fog Machine and was placed 25m away from the LiDAR system.
The fog liquid is a Rave heavy fog water-based liquid. A fan was placed facing the end of the tunnel to keep
the fog around the target. However, the fog during this imaging process was observed to finish at 6 m from the
back of the tunnel while the start of the fog varied between the location of the fog generator and the start of the
tunnel, as indicated by Figure 2. This is because air conditioning, located at the start of the tunnel, was used
during imaging so the fog was able to spread past the fan.

Figure 3. For in the tunnel and the circle target is at the end of the tunnel.

The average visibility of the fog is determined to vary between 185 to 50.8m. This measurement describes
how far the naked eye can see from the start of the fog, which is assumed to be at the start of the tunnel due to
the varying nature of the spread of the fog. These values are calculated from measuring the transmittance of a
continuous 532 nm laser beam over 35.5m, which is the average span of the fog. An average span is used since it
is difficult to measure the exact distribution of fog for each imaging condition and the equations assume uniform
distribution of fog. The attenuation coefficient of the laser is calculated using Beer-Lambert’s Law14 and then
the coefficient value is used to calculate the visibility value.15 It is assumed that there is negligible laser power
dissipation in the area without fog.13

4. FOG MODELING ALGORITHM
The aim of the algorithm is to determine the distance of the target at each of the pixels where the target is
present. Only a portion of photons are returned by the target, while others are returned by fog. This results
in a probability distribution of photon return counts being a mixture of returns from both the fog and the
target. This algorithm is inspired by the method in 6 where a mixture of statistical distributions are used
to represent the background noise (fog) and target separately to extract the target’s image through fog. The
probability distribution of photon returns is created using the kernel density estimator (KDE) method,16, 17
which follows the same method as 6, where Gaussian kernels are used. However, the difference in this work is
that the bandwidth being used is approximately 320ps instead of 80ps because it is found to provide a smoother
probability distribution.
For modeling the distribution of photon returns, up to 2 lognormal distributions are used in this work instead
of a Gamma distribution to model the portion of the probability distribution that represents photon returns
from the fog. A single lognormal distribution is used for scenarios where the visibility is below 72.9m while two
lognormal distributions are used for visibilities of 57.2m and 50.8m. Similar to 6, we use one Gaussian distribution
to model the portion of the distribution that represents the photon returns from the target. Altogether, this
means the probability distribution of photon returns can be modeled by a mixture of lognormal and Gaussian
distributions. The Gaussian is assumed to be located after the lognormal distributions because the experiment
setup is such that the target is at the furthest point. An example of this is shown in Figure 4. The distance of
the target is determined as the mean of the furthest Gaussian. There is no peak after the target to represent
the photon returns from the back of the tunnel because they are range-gated out in post-processing of the
measurements.
Another major difference to 6 is that the Expectation-Maximization (EM) algorithm is used to fit the mixture
of lognormal and Gaussian distributions to the photon returns’ probability distribution. This is possible by

Figure 4. A probability distribution of photon returns of pixel (15,15) for a square image at fog visibility of 94.5m fitted
with 1 lognormal and 1 Gaussian distributions

adapting the EM algorithm for Gaussian Mixture Models (GMM) to a combination of lognormal and Gaussian
distributions. In particular, to derive the new update formula in the EM algorithm, we use change of variables
to relate a Gaussian model of variable in the form of log(x) to a lognormal model of the variable x. Here, x
represents the probability distribution of photon returns. To initialize the parameters for this algorithm, the
k-means++ algorithm,18 a variant to the k-means algorithm,18 is used.

5. CLASSIFICATION AND FURTHER IMAGE PROCESSING

Figure 5. Before and after images for the processing steps used before classification.

The classification algorithm in this work uses the total number of pixels on the target to make a distinction
between the type of shape in the image. This is possible by running a few steps beforehand. Figure 5 shows
the images before and after these processing steps for an image of a square in fog visibility of 50.8m. Firstly the
image is turned into a binary image. The threshold used for binarization of each processed image is the 60th
percentile pixel value of a running median of 200 raw frames. The median is used to reduce the effect of noise
and the 60th percentile is chosen because it is observed that the shape’s distance values make up the top 40% of

the distance values in the image. After the image is converted to a binary format, holes are filled and scattered
pixels are removed from it. This is because as the fog becomes more thick, there are less photon returns from
the target which decrease the number of pixels representing the target. This causes more holes as well as noise
in the binary image. Matlab’s regionprops function is used to validate that the shape is the only detected target
in the image. This is the case for all the images used for classification in this work. This series of processing
steps is similar to the steps used for classification of shapes in 19. The difference is no selection criteria is used
to identify the shape because there is only one detected target in this work.

6. RESULTS AND DISCUSSION
The performance of this algorithm can be discussed in terms of several different aspects. First, the performance of
shape reconstruction is discussed in Section 6.1, then an examination of how well the shapes can be distinguished
between each other is presented in the form of classification accuracy in Section 6.2. Finally, a discussion of the
algorithm’s localization accuracy of the target will be discussed in Section 6.3. In particular, an examination on
the fit of the statistical mixture model on the probability distribution of photon returns is presented.

6.1 Shape Reconstruction

Figure 6. Percentage of pixels at the target’s distance. The target distance is defined as the distance with the most pixels
as the target occupies most of each image.

The percentage of pixels at the shape’s distance is calculated to understand the shape reconstruction success.
As the distance is different for each image, the distance of the target for each image is defined as the one clock
cycle range that contains the most pixels in image. This is determined using a histogram of the pixel values for
each image. The difference in the distances of targets will be discussed in Section 6.3 as part of understanding
the localization accuracy of the target’s distance range. Figure 6 shows images for different shapes in each row at
different fog conditions in each column. The percentage under each image is the average of 10 different processed
images made from a running of 500 raw frames of the same shape at the same fog condition. The percentage value
for no fog is used as the ground truth for each shape. By comparing the percentages in different fog conditions
with the ground truth, it provides an indication of the relative reconstruction quality. The percentage for the
circle at visibility of 185m is higher than the percentage with no fog. One possible reason for this is there are
a lot of noise pixels at the same distance. For the remaining images, there is a general trend of the percentages
decreasing with increasing visibility. This is as expected because the fog creates difficulty in identifying the

peak at the distance of the target in the probability distribution of photon returns. There are some occasional
instances where the percentage does not follow the trend. This is because the model does not fit the probability
distribution perfectly, an issue that will be explored in future work. These discrepancies will be discussed in
Section 6.3.

6.2 Shape Distinction
Classification is performed on 10 different processed images for each shape and each experimental fog condition.
The area of the target is used as there was a clear threshold value between all the shapes for all visibility
conditions. The average accuracies for all experimental fog conditions are found to be 100% for all shapes.
This is because the distance of the shape from the SPAD sensor is still within the visibility distance for all
conditions. Further work will be conducted to investigate the classification accuracy for lower visibility conditions,
in particular where the visibility is shorter than the distance of the target.

6.3 Localization Accuracy
Table 1. Percentage of pixels within 3 clock cycles of their corresponding pixel’s value in the ground truth image. The
ground truth is defined as the image taken in no fog. The percentage is averaged over 10 different processed images for
each shape in each visibility condition.

Visibility (m)

185

104.7

101.7

94.5

72.9

57.2

50.8

Circle

47.70%

7.36%

42.02%

7.64%

12.42%

34.26%

19.05%

Triangle

14.22%

10.10%

9.36%

8.13%

7.71%

10.65%

11.90%

Square

7.29%

12.58%

4.90%

10.52%

5.10%

9.48%

13.81%

In order to understand localization accuracy of the algorithm proposed in this work, the distance of the target
for each fog condition is compared with the distance of the same target in no fog. As referenced in Section 6.1,
the distance range of the target is the clock cycle with the most pixels in the image. Table 1 contains percentages
of pixels within 3 clock cycles of the corresponding pixel in the ground truth, which is defined as the image of
the shape with no fog. It shows the performance of all of the shapes’ images at all the various fog conditions
used in this paper. Each percentage is an average over the percentage values calculated from the same set of
processed images used in Section 6.1, which contains 10 processed images made from 500 running raw frames
from each shape at each fog condition. As shown in Table 1, there is no consistency in the values and the
percentages are below 50%. Hence, this shows that this algorithm is not suitable for estimating the distance
range for the localization of the target. This is the case because the estimated statistical mixture model does
not fit the probability distribution of photon returns perfectly. This can be shown by measuring the L2 norm
between the statistical mixture model and the probability distribution.
Table 2. Average L2 norm distance over the target’s pixels between the predicted model and the probability distribution
of the photon returns. The pixel is defined to belong to the target if it is within the clock cycle of the target’s distance,
which is defined at the clock cycles with the highest number of pixels in the image.

Visibility (m)

185

104.7

101.7

94.5

72.9

57.2

50.8

L2 norm

430.14e-07

268.68e-07

106.91e-07

76.415e-07

54.536e-07

29.423e-07

64.191e-07

The average L2 norm values over 10 processed images of the square target for each fog condition are presented
in Table 2. Note as referenced in Section 4, the statistical mixture model used for visibilities between 185m to
72.9m is 1 lognormal and 1 Gaussian distributions while for visibilities 57.2m and 50.8m, 2 instead of 1 lognormal
distributions are used. There is an overall decreasing trend in the L2 norm distance as the visibility through
the fog decreases. One possible explanation is that the statistical mixture model provides a better fit when the
peak from the fog noise is comparable to the peak of the target, as shown in the left plot of Figure 7. This is

Figure 7. A single lognormal and single Gaussian mixture model fit and residual plot of the probability distribution of
photon returns of pixel (15,15) for fog visibility of 94.5m (left) and 104.7m (right)

also supported by the right plot of Figure 7 where the fit of the estimated model is poor when the peak of the
fog (which is known to be at low clock cycles) is smaller than the peak of the target (which is known to be at a
higher clock cycle).

Figure 8. Comparing processed images using 1 lognormal and 1 Gaussian (top row) versus 2 lognormals and 1 Gaussian
(bottom row) in terms of the L2 norm distance for the estimated model’s fit and the shape reconstruction in the image.

As mentioned previously, 2 lognormals and 1 Gaussian provides a better shape reconstruction than 1 lognormal and 1 Gaussian for visibilities of 57.2m and 50.8m. This can be seen in Figure 8 where the processed images
as a result of 1 and 2 lognormal distributions are shown. However in the same figure, the average L2 norm (using
the same calculation as used in Table 2) is shown to be worse for the case of using 2 lognormal distributions.
This is because the L2 norm increases significantly with any large discrepancies, even if it occurs at only one
point of the model. From Figure 9, it can be deduced that the maximum absolute value from the residual plot

Figure 9. Mixture model plot and residual plot for visibility of 57.2m at pixel (15,15) using 1 Gaussian and 1 lognormal
(left) or 2 lognormals (right)

for 2 lognormals is higher than the absolute values from the residual plot for 1 lognormal. Therefore, a different
metric needs to be used as a measure for the fit of the estimated model to prevent the L2 norm value from
hindering a good geometric fit for the target’s peak. It is clear from Figure 9 that using 2 lognormals enable
the small peak of the target to be detected, hence providing a better distance range estimation to the target
and providing better shape reconstruction. Furthermore, Figure 9 highlights that the EM algorithm aims to
estimate the whole probability distribution of photon returns, but fails to model the target’s peak when only
using 1 lognormal because of the unknown mid-peak at approximately 60 clock cycles. Therefore, a more robust
fitting criteria for the estimated statistical mixture model will be investigated in future work. Furthermore, a
more suitable statistical probability distribution with a more suitable shape to the probability distribution of
photon returns will be investigated as well.

7. CONCLUSION
The proposed algorithm of fitting a mixture of lognormal and Gaussian distributions using the EM algorithm is
found to be very good for shape reconstruction and classification. In the future, this algorithm will be tested on
images with lower visibility through fog to understand its limitations. Furthermore, a more robust fitting criteria
will be used to ensure a fair evaluation of the algorithm’s performance. The L2 norm distance did not provide
insight to the geometric fit of the estimated model to the probability distribution of photon returns. In addition,
a different mixture model and estimation method will be investigated to provide a more accurate estimate of the
range distance of the target, allowing for spatial and temporal correlations between SPAD pixels to be included
as part of the algorithm.
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