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Abstract: In this paper, we propose a modular nonlinear least squares filtering approach for
pose estimation of a moving robot that obtains relative bearing measurements to landmarks
whose global position is unknown to the robot. Unlike in the well-studied simultaneous
localization and mapping (SLAM) problem, we are not trying to localize these unknown
landmarks as part of the problem specification; they merely serve to aid the robot pose
estimation task. In particular, we are not tracking cross-covariance information between robot
pose and landmarks in order to enable a modular filter design, where the landmark-aided
module can be switched off and on at will. We integrate the Covariance Intersection (CI)
algorithm as part of our solution in order to prevent double counting of information when
filter modules share estimates with each other. An alternative derivation of the CI algorithm
based on nonlinear least squares estimation makes this integration possible. In a randomized
simulation study, we compare the proposed method against a standard INS-GPS error-state
Extended Kalman Filter (EKF) for robot pose estimation, Sola (2017), and demonstrate that
our proposed landmark-aided solution achieves the same positioning accuracy while drastically
improving the 3D orientation estimate of the robot. Due to the modular design, this landmark-
aided functionality can be retro-fitted to any existing robot pose filtering algorithm in the form

of an additional measurement update step.

1. INTRODUCTION

Robot pose estimation using Inertial Navigation Systems
(INS) that incorporate Global Positioning System (GPS)
receivers is a very well studied problem, with error-state
Extended Kalman Filter (EKF) designs based on quater-
nion kinematics, Sola (2017), and directional Inertial Mea~
surement Unit (IMU) updates, Mahony et al. (2008),
enabling a wide range of drone products through ma-
ture open source autopilot solutions such as ArduPilot
(https://ardupilot.org/). In practice, the development
of robotic systems proceeds through multiple design it-
erations and often arduous certification processes, and
the addition of new sensor systems and algorithms to
improve task performance can be prohibitively expensive
unless a completely modular design is chosen. Modular-
ity helps with managing the complexity of the algorithm
(such as the size of state vector representations and error
covariance matrices), separation of concerns, debugging,
inter-operability and change management. Of particular
interest to the robotics community is the incorporation
of sensors that measure information about objects in the
operating environment, such as cameras that measure rela-
tive bearings to recognizable landmarks; Radio Frequency
(RF) receivers that measure the relative bearing of emitter
beacons; or sonar, radar or lidar sensors that measure
the relative position of objects. Simultaneous Localiza-
tion and Mapping (SLAM), Durrant-Whyte and Bailey

(2006); Ebadi et al. (2023), target tracking, Bar-Shalom
et al. (2004), collaborative localization, Roumeliotis and
Bekey (2002), self-driving cars, Patole et al. (2017), and
augmented/virtual reality headsets, Park et al. (2021),
are examples of well-studied robotics applications that all
share this characteristic.

In this paper, we propose a modular nonlinear least
squares filter design for 3D pose (position and orientation)
of a mobile robot. In addition to the standard INS-GPS
measurements (3-axis linear accelerometer, gyroscope and
magnetometer, GPS position), the robot obtains noisy
measurements of the relative bearing to multiple land-
marks in the environment. This is in contrast to our work
in Zamani and Trumpf (2025) that considered relative po-
sition measurements. We do not assume that the global po-
sition of these landmarks or their global identity is known
to the robot, but merely that the robot can track and
re-identify them over time, as is for example the case for
visual features from an on-board camera or angle-of-arrival
measurements from an antenna receiving transmitted ID
codes from emitter beacons. We provide a modular design
consisting of a robot filter module and a separate landmark
filter module. We update the state and error covariance
estimates of each module independently, even though the
relative bearing measurements simultaneously depend on
the states of both modules. In this setup, the information
exchanged between the modules is not statistically inde-



pendent and does not contain (tracked) cross correlations,
Uhlmann (2003); Chen et al. (2002). Bayesian fusion al-
gorithms such as the Kalman filter, Kalman (1960), or
similar methods are not applicable because they require
that statistically identically and independently distributed
signals are exchanged or that cross-covariance information
is available or tracked. We integrate the Covariance In-
tersection (CI) algorithm, Julier and Uhlmann (1997a),
as part of our solution to prevent double counting of
information, since in our situation the information flow
graph describing how modules share estimates contains a
loop. We use an alternative derivation of the CI algorithm
based on nonlinear least squares filtering to make this
integration possible. In a randomized simulation study, we
compare the proposed method against a standard filter for
robot pose estimation, Sola (2017), and demonstrate that
our proposed landmark-aided solution achieves the same
positioning accuracy while drastically improving the 3D
orientation estimate of the robot.

Similar ideas to our modular estimation approach can be
found in Julier and Uhlmann (2007); Arambel et al. (2001);
Carrillo-Arce et al. (2013); Chang et al. (2021) and the
related papers they cite. In Julier and Uhlmann (2007),
a CI based distributed robot landmark update method
is proposed towards an EKF based formulation of the
SLAM problem. In contrast to the SLAM problem, we do
not aim at estimating the global position of the unknown
landmarks (we are not trying to also build a map), and it
turns out that not doing so still leads to better robot fil-
ter performance. Cooperative self-localization algorithms
based on CI are explored in Arambel et al. (2001); Chang
et al. (2021) where every subsystem estimates the joint
state of the overall network. The approach in Carrillo-
Arce et al. (2013) is closest to ours, albeit specialized
to an EKF-CI based multi-robot cooperative localization
algorithm. In contrast to these approaches, we concentrate
on maximizing the performance of a single-robot pose
estimation algorithm.

1.1 Notation

Let A denote the global reference frame and let B, denote
a body fixed frame of a robot moving in 3D space.
Translation of the origin of B, with respect to A, expressed
in A, is denoted as p, € R3. The 3D attitude (orientation)
of B, relative to the reference frame A, expressed in A,
is represented by a rotation matrix R, € SO(3). The
rotation group is denoted by SO(3) = {R € R**3 | RTR =
I,det(R) =1}, where (.) " is the transpose map, I is the 3
by 3 identity matrix and det(.) is the matrix determinant.
The associated Lie algebra so(3) is the set of skew-

symmetric matrices, 50(3) = {wx € R¥3|wy = —w/}.
For w = [wi,ws,w3]’ € R3, the lower index operator
()x : R3 — 50(3) yields the skew-symmetric matrix
0 —w3 w2
Wy = |: w3 0 7w1:|
—Ww2 wi 0

The skew-symmetric matrix is associated with the cross
product by w, i.e., wxv = w x v, for all v € R3. Inversely,
the operator (.)V : s0(3) — R? extracts the skew
coordinates, wY = w. The unit circle group is denoted
by S'. Let # € S' C R and a € R3, |la]| = 1 denote the
angle-axis representation of the attitude R € SO(3). Tt

holds that R = exp(fax) and log(R) = fax. We denote
e3:=10,0,1]" and ||a||ar = VaT Ma where M > 0 € R3*3

is a symmetric positive definite matrix.
2. PROBLEM FORMULATION

In this section we introduce models for the robot, robot
measurements and relative bearing measurements with
respect to a group of stationary landmarks. Subsequently,
we formalize the filtering problem using these models.

2.1 Robot State Kinematics
Let the robot state be denoted by z, = [p|, v,
(log”(R))T, bl, bl]". Here p, € R? is the translation,
v, € R3 is the linear velocity, and R, € SO(3) is the
attitude of the robot body fixed frame B, with respect
to the global reference frame A. The remaining states
b, € R3 and b,, € R? denote the unknown bias states of
the linear acceleration and angular velocity measurements
introduced later. The kinematics model is given by

pr = Up, /[)T = R;ray R'r = RTU}X7 ba = €q, bw = €w- (1)
Here, w € R3 is the angular velocity and a € R? is
the linear acceleration applied to the robot in the body
fixed frame B,. The signals €,, €, € R? are zero mean
disturbance signals (with known error covariance matrices
Q. >0 € R3*3 and Q,, > 0 € R3*3, respectively) causing
the unknown bias states to slowly vary with time.

2.2 INS-GPS Measurements

The considered Inertial Navigation System (INS-GPS)
comprises a GPS, an accelerometer, a gyroscope and a
magnetometer. The INS-GPS measurement model is

Up = Pr + Op, uaza—R:g—l—ba—i—(Sa, @)

Uy = W + by + Oy U :ij+5m.
See Section 2.3 for an explanation of up, Uy, Uq and Up,.
The gravitational acceleration g ~ —9.8e3 and m € R3
denotes the known directional vector of the magnetic field
in the local area of operations, both represented in A.
The additive noise signals are denoted by 6,, 4, 0w, O, €
R? which are unknown (zero mean) noises with known

positive definite covariance matrices Qp, Qq, Qu,@m €
RSXS'

2.8 INS-GPS Processing

We will utilise a nonlinear error-state Kalman filter de-
scribed in Sola (2017) to estimate the robot states, denoted
by &, € R'?, together with an associated error covariance
Pr c RISXIS.

The inertial measurements u, and u,, are available at high
frequencies and will be used in the prediction part of the
filter. The lower frequency GPS measurement u, will be
used in the update part of the filter for error correction on
the predicted states. The accelerometer and magnetometer
measurements u, and u,, will also be used in the update
part of the filter in order to provide error correction on
the predicted attitude state (as well as the other states).
This follows the approach taken in Mahony et al. (2008)
and Sola (2017).



2.4 Relative Landmark Measurements

Let {z; € R3}, denote a set of m bearing measurements
in B, relative to associated landmarks located at {p;, €
R3*}™, (in the global reference frame A). We assume
that the values of p;,, ¢ = 1,...,m are unknown to the
robot. In practice, the robot measures the azimuth and
elevation angles relative to the landmark positions. Denote
0;,1; € S* the true azimuth and elevation bearing angles
with respect to landmark ; 07, ™ € S! their measured
versions; and, 8., 0y; € S their additive error signals.
The errors are drawn from normal distributions dg; ~
N(0,05) and 6y ~ N(0,07) with known (in practice,
computed from camera and lens characteristics) standard
deviations op > 0 and o > 0, respectively, i.e.

07" = 0; + 00,5, V" = Vi + 6y i (3)

The spherical coordinate models for the true and measured
bearing directions are respectively

) -
sin(1;) P, — prl

lcoswm coswm]

and

@i :

(4)
sin(0™) cos(™)

1

sin(yl™)

We use this relative measurement model to update the
state and error covariance estimates of the robot and the
stationary landmarks. Joint landmark estimates and their
joint error covariance are denoted p; =: [-- -ﬁl—: T e

RBm Pl c RSmXZ&m
y .

Zi -

2.5 Bearing Cost

Relative bearing measurements can provide information
for error correction updates to the state estimates of
both the robot and the landmark filter modules. The
following cost captures the uncertainty of the relative
bearing measurement z; with respect to both robot state
z, and landmark state py,.

1
J(‘Thpli) = §||D21R;r(ph _pr)||2>

A G
D, = o + oy ) (5)
— sin(6™) — cos(0™) sin(y)
zji = l cos(07") 1 ) Zd; = [—Sin(ﬁl”)sin(w")] :
’ cos(¢;")

This cost was previously proposed in the target tracking
literature, Miles et al. (2024); Lingren and Gong (1978),
and captures the measurement error in a subspace perpen-
dicular to the measured bearing z;. Note that when there
is no noise, the measured bearing direction z; coincides
with the true bearing direction ¢;. Moreover, in the same
ideal scenario, D, is a projection onto a subspace (plane)
perpendicular to the true bearing direction ¢;. Hence,
D..R! (p;, — pr) = D.,¢illpi, — pr|| = 0 in that scenario.
Thus, minimising this cost picks a robot-landmark esti-
mate with the least expected bearing error with respect
to the measured bearing directions. Note that p;, = pr
also minimises this cost which is an undesired effect that
is avoided when there is persistency of excitation in the
measurements, Deghat et al. (2014). Nevertheless, this is

an attractive formulation for the target tracking problem
due to the fact that robot position and landmark position
states feature linearly in the error D,. R, (pi, — p,).

3. MODULAR ROBOT AND LANDMARK
ESTIMATION

In this paper, our focus is on a modular estimation algo-
rithm for updating the estimates of the landmarks (p;, P;)
and the robot states (Z,, P.) based on their relative bear-
ing measurements z;. The modular approach updates each
module independently, in contrast to a joint filter that
couples all the estimates, i.e. with a joint stacked estimate
of dimension R®”+15) and joint error covariance matrix of
dimension R +15)x(3m+15) The modular approach is de-
sirable as it does not need to directly update the landmark
estimates when processing the INS-GPS measurements
(which are most relevant to the robot states). We re-
iterate that we are not interested in the performance of
the estimate (p;, P;) itself. Figure 1 depicts the information
flow between the two modules.

Relative Bearing

INS-GPS
Measurements {z; }

Measurements

Robot filter
for x,

Landmark filter
for p;

Fig. 1. Modular Filter Architecture

8.1 Modular Landmark Estimation

In this section, we show how the relative bearing mea-
surements can be used to update the landmark estimation
module.

First, we combine the uncertainty of the prior robot
estimate with that of the relative bearing measurements,
using the following cost

1 1 .
erp) = 3 lle(@r o DI + Sllae = a2, (6)

where the error function e(x,., p;, {2;}) and the combined
landmark state p; :=[---p ---]T € R®™ are defined as

e(@r,pi,{zi}) = [ (o, — pT‘)TR”‘DZi, - '}T-
Recall that D,, € R33 was defined in (5). Taylor ex-
pansion of the error function and its first derivative with
respect to x, yields

e(xr,pz, {Zz}) = 6(12'7«,}?[, {Zl})

a . R
+ ((Tx,«e(x“pl’ {Zz})(xr —&y) + 1y

(7)

0 0 o
Twe(ir,pz, {zi}) = 87%6(%7]91, {zi}) +m (8)

where r,,7; € R3 are the remainder terms. Note that both
of these terms are second order with respect to the error
function. We now introduce M := I3,,x3m + HTPTH;'— ,
where

H’I‘ = _DZiR:— 03x3 Dzi, (R;r(ﬁl_ﬁr))x O3x6 = RBmX15_



We can use the following lemma to obtain a bearing
measurement cost only dependent on landmark states.
Lemma 1. Assume that the remainders r, in (7) and r; in
(8) are negligible. Then the optimal cost

. 1,
Ji(pr) = min Ji(@r, 1) = §|\6(Ir7plv{zi})||?w—l +755 (9)
where 7, is negligible.

Proof. Note that the bearing measurement error is due to
the sensor used and therefore is independent of the prior
estimation error of the robot. The first order condition for
minimising (6) over z, yields

i) ' )
(gctetom () elatom () + Pt 30 =0

where ;. = argmin, J;(z,,p;). The error function can be
replaced from (7), and we have (using left parameterisation
of TSO(3))

a . o -
&vr e(xrvph {Zz}) ~ axre(xﬁpla {ZZ}) =H,

from (8) and our assumption that r; &~ 0. By the assump-
tion that r,. =~ 0 it follows that

HrT (e(*%mpl» {Zz}) + H,(z — ii'r)) + Pr_l(ff;k - fr) ~0
and therefore z* ~ 2, —(H,! H.+P7Y) " He(2,,p1, {]})-
Replacing z; into J;(z,,p;) and applying the Woodbury
matrix identity then yields the stated formula for J;(p;).

(10)

Next, we combine this cost with a cost on the prior
landmark estimates. Note that the uncertainty captured
in the measurement cost (9) is not independent from
that of the prior landmark estimates. This is because in
obtaining (9), we utilised the robot estimates which in turn
are computed incorporating the landmark estimates in the
previous iteration. This information loop (see Figure 1)
can result in double counting of information and incon-
sistencies. Therefore, we employ Covariance Intersection
(CI), Julier and Uhlmann (1997b), to prevent the potential
double counting problem. A least squares derivation of CI
yields the following modified combined cost, Zamani and
Trumpf (2025), for 0 < oy < 1,
«a l-«a

700 = 2 - a3+ S e, L)) 1.
Minimizing this cost with respect to p; yields the follow-
ing nonlinear filter equations for updating the landmark
estimates.

B =0 — (1 —of )P H M~ e(X,, 1, {z:}),
Pr=(a;P (1 —of)H M 'H) ",
H, = Diag(D,,R]) € R¥™3m,

af = argmin det {(alel +(1- al)HlTMlel)il} .
0<ay <1

(11)

~

3.2 Modular Robot Estimation

This section parallels the previous one and shows how the
relative bearing measurements can be used to update the
robot estimation module.

This time, we first combine the uncertainty of the prior
landmark estimates with that of the relative bearing
measurements.

1 1 .
Te(@rp) = glle(@e, pr {2 D1” + Sl =Bl fpr - (12)

Recall H; = Diag(D,,R]) € R¥*3™ and denote
W = Ispxsm + HIPH, (13)
Similar to the previous section, Taylor expansion of the

error function and its first derivative with respect to p;
yields

e(xr,pi,{z}) = e(xr, o1, {z:})

0 . . ~ 14

b el (s — 5 + 7 (14)

9 ez = el (=) £ e (15)
5101 ry Pl R 3]91 ry Pl R T

where 7, 7, € R3 are second order remainder terms with
respect to the error function.

Lemma 2. Assume that the remainders 7 in (14) and 7,
in (15) are negligible. Then the optimal cost

. 1 R
Jr(xr) ::Hzl,lln Jr(xmpl):iﬂe(xr,pl, {Zi})H%/V*I"'TJM (16)

where r;_ is negligible.
Proof. Follows a similar approach to Lemma 1.

Next, we combine this cost with a cost on the uncertainty
of the prior robot state estimate. Again, we note that the
uncertainty captured in the measurement cost (16) is not
independent from the uncertainty of this prior estimate
due to the information loop existing between the two
modules.

To prevent the potential double counting problem we
define the following safe fusion cost for 0 < a,. <1,
Q . (1-a,) .

T ) = e = el S el =D
Minimizing this cost with respect to x, yields the following
nonlinear filter equations for updating the robot estimate.

&F =d, — (1= af)PYH W e(@r, pr, {2:}),
P = (Pt + (1 —af)H W H,) ™, (17)

* . —1 o Ty —1 -1
! min 1det {(aTPT +(1— o )H, W 'H,) }

" 0<a,<

4. SIMULATION STUDY

In this section we provide a randomized simulation study
to assess the performance of the modular landmark-aided
robot localisation algorithm proposed in Section 3. We
will compare the robot localization performance of our
landmark-aided approach against a baseline algorithm
(denoted as unaided) that only uses INS-GPS measure-
ments. Those measurements are also used by the proposed
landmark-aided approach. From the perspective of the
robot filter module, the landmark-aided approach merely
adds an additional filter update step. We also consider
another version of the proposed landmark-aided algorithm
that has reduced computational requirements. The re-
duced computation variant (naively) neglects the fact that
estimates shared between subsystems are correlated and
performs a standard least squares ! instead of the CI least
squares fusion step. This amounts to not requiring the
computation of the optimal weights o) and «;, and uses
af,af «— 1l and (1 —af),(1 — af) <— 1 instead. We

T

1 A standard least squares fusion step corresponds to Kalman
Fusion, Julier and Uhlmann (1997a).



found, however, that this reduced-computation version is
unstable (numerically blows up) in almost every run of
our experiments. This further highlights the importance
of the CI least squares fusion step in avoiding an unstable
information loop. The baseline 'unaided’ algorithm does
not encounter this problem as it avoids the information
loop all together.

4.1 Scenario

Consider a quadrotor aerial robot with a flight controller
interface that accepts angular velocity and linear accel-
eration input commands. At the start of the scenario,
the robot is stationary, located at the origin, and with
its body-fixed frame B, aligned with the global reference
frame A (pinned at the origin). A cascade feedback con-
troller generates angular velocity and linear acceleration
commands that guide the robot through a sequence of 3D
coordinates (in A) arranged as columns of
0 40 50 80 110 80 50

P= [0 20 80 110 80 50 80| (m).
10 10 20 20 20 20 20

(18)

The controller also simultaneously aligns the robot head-
ing (x-axis of the body-fixed frame) with the following as-
sociated heading angles (while maintaining zero elevation
and roll angles).

h = [60, 20, 11.3, 101.3, 171.9, 98.1, 11.3] (deg). (19)
The controller restricts the control inputs to respect phys-
ical constraints in terms of a maximum angular rate

lw] < 5%, maximum linear velocity rate [v,| < 27

and maximum linear acceleration ||al| < 80%3.

The INS-GPS measurements are simulated according
to (2) with zero mean Gaussian additive noise signals with
standard deviations o, = 0.3m, 0, = 0.133, 0,y = 0.01%,
and o, = bdeg, respectively. The initial angular veloc-
ity and linear acceleration measurement bias terms are
by (0) = 0.5% and bq(0) = 0.05%, respectively, while
their driving noise terms €,,, ¢, are drawn from a zero mean
Gaussian distribution with standard deviations 0.01%
and 0.001%z, respectively. The relative robot-landmark
azimuth and elevation bearing angle measurements are
simulated according to (3) with zero mean Gaussian addi-
tive noise signals with standard deviations oy = oy, = 0.3
deg. We consider seven landmarks, always detectable by
the robot, with their true 3D coordinates (unknown to the
robot) arranged as the columns of
30 50 30 50 80 90 70.5

30 120 90 30 120 80 80.5| (m).
50 4 1570 60 10 42

The robot does have an initial estimate for these land-
marks but with a very large error (in the order of 100 me-
ters in each coordinate), L(0) = L + ez, ez, ~ N(0,1002).
Therefore, we pick Pr(0) = 100%I31x21. The robot’s state
estimate is initialized as

13(0) = p(O) + €p, €p ™~ N(07O52)(m)7
9(0) = v(0) + €, €, ~N(0,0.1%)(m/s),
h(0) = h(0) + en, e ~ N(0,5%)(deg),
ba(0) = 0(m/s%), bu(0) = Os(deg/s).
Each Monte Carlo run lasts 140 seconds (coinciding with
the robot reaching its last waypoint (18)). The robot’s

L= (20)

control and movement is simulated at every simulation
step dt = 0.01s (100 Hz) based on exact state feedback 2.
INS measurements for the prediction part of the robot
state EKF are incorporated at 100H z while the INS-GPS
and relative landmark measurements used for the update
equations are incorporated at 1H z.

4.2 Results

We completed 10000 Monte Carlo simulations of the
randomised scenario in Section 4.1 and compared the
performance of the proposed landmark-aided method with
the baseline unaided approach. As already mentioned,
the reduced-computation approach was unstable in almost
every run and therefore is omitted from this comparison.
We evaluate the performance of these methods based on
estimation error signals of the main robot states achieved
at the end of each repeat. Figures 2, 3 and 4 depict
the distribution of the final robot heading, position and
velocity errors over all runs. Table 1 summarizes the mean
and standard deviation of these distributions.

As is evident from these results, the proposed landmark-
aided approach achieves a significant (almost 34%) error
reduction in the mean heading error while maintaining
comparable performance in position and velocity error
metrics. The latter was expected as the GPS sensor already
provides sufficient information for estimating position and
velocity of the robot. This study further emphasizes that
our proposed landmark-aided approach can be consid-
ered as a modular addition to the existing localization
algorithms of many practical robotic systems, requiring
minimal additional computation or architectural change.
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Fig. 2. Histogram of final robot heading errors of Monte
Carlo runs.
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Fig. 3. Histogram of final robot position errors of Monte
Carlo runs.

2 Qur focus is on estimation and not closed-loop control based on

estimated states. Our setup simulates realistic control values for this

purpose.
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Fig. 4. Histogram of final robot velocity errors of Monte

Carlo runs.
| Method Measure Mean  Std ]

Unaided Heading Error (deg) 3.84 2.22

Landmark-Aided = Heading Error (deg) 2.54 1.21
Unaided Position Error (m) 0.37 0.16

Landmark-Aided Position Error (m) 0.36 0.16
Unaided Velocity Error (m/s)  0.15 0.07

Landmark-Aided  Velocity Error (m/s) 0.14  0.07

Table 1. Robot estimation error statistics after
10000 random trials.

5. CONCLUSIONS

In this paper, we provided a modular non-linear least
squares filter for landmark-aided INS-GPS 3D pose esti-
mation of a mobile robot using relative bearing measure-
ments to landmarks whose position in the global reference
frame is unknown. We demonstrate in a large simulation
study that the additional landmark filter module signifi-
cantly improves the 3D orientation estimate of the robot
while not degrading the 3D position and linear velocity
estimates. The proposed filter module can be used with
other existing 3D pose estimation filters in the form of an
additional filter update step with minimal requirements in
terms of architectural change or additional computation.
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