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Abstract

This paper proposes a state estimation methodology for invariant systems on Lie groups where outputs of the system are measured
with delay. The proposed method is based on a cascade of an observer and a predictor. The observer uses delayed measurements
and provides estimates of delayed states. The predictor uses those estimates together with the current inputs of the system to
compensate for the delay and to provide a prediction of the current state of the system. We consider three classes of left-invariant,
right-invariant, and mixed-invariant systems and propose predictors tailored to each class. The key contribution of the paper is
to exploit the underlying symmetries of systems to design novel predictors that are computationally simple and generic, in the
sense that they can be combined with any stable observer or filter. We provide rigorous stability analysis demonstrating that
the prediction of the current state converges to the current system trajectory if the observer state converges to the delayed system
trajectory. Performance of the proposed approach is demonstrated using a sophisticated Software-In-The-Loop simulator indicating
the robustness of the observer-predictor methodology even when large measurement delays are present.

1. Introduction

Recent work on applications in navigation and control of
mechanical systems has demonstrated advantages of modeling
such systems as kinematics on appropriate Lie groups [1–3]. In
particular, state estimation for systems on Lie groups has been
motivated by real world applications such as; attitude estima-
tion on SO(3) [3–11], pose estimation on SE(3) [12–15], ho-
mography estimation on SL(3) [16], and motion estimation of
chained systems on nilpotent Lie groups [17] (e.g. front-wheel
drive cars or kinematic cars with k trailers).

State observers rely on fusing the measurements of inputs
and outputs of systems to estimate their internal states. For
mechanical systems, output measurements usually provide low
frequency information about the state of the system while input
measurements provide high frequency information about the
rate of change of the state. For invariant systems on Lie groups,
systematic observer design methodologies have been proposed
that lead to strong stability and robustness properties of the re-
sulting observers. Specifically, Bonnabel et al. [7] propose a
symmetry-preserving observer that utilizes the invariance of the
system and the moving frame method, leading to local conver-
gence properties of the observers. The authors propose meth-
ods in [18–20] to achieve almost globally convergent observers
using globally well defined errors and error dynamics. Other
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work in this area is the consideration of multiple output maps
formulated by actions of the Lie group on homogeneous output
spaces and also adaptive estimation of an unknown input bias
[7, 19–21]. All of the observer design methodologies in this
literature require delay free measurement of the current outputs
and inputs of the system. In many practical scenarios, however,
measurement of the outputs of the system is inherently delayed
(comparing to the ideal outputs of the system) while the in-
puts are measured without significant delays. For example, in
the velocity aided attitude estimation scenario, measurements
of linear velocity (output) provided by commercial GPS units
are usually delayed with respect to the actual velocity of the ve-
hicle. The delay can be several hundred milliseconds (and even
up to half a second) due to various environmental effects and
in-sensor processing delays [22]. In contrast, measurements of
the vehicle’s angular velocity and linear acceleration provided
by an onboard IMU are almost instantaneous. Another example
is attitude estimation for satellites using star trackers and gyros.
The image processing inside a star-tracker sensor can cause sig-
nificant delays in the order of tens of milliseconds while gyro-
scope measurements on the satellite are obtained without sig-
nificant delays. Similar delay problems occur in attitude es-
timation for aerial robots when vision based sensors compute
landmarks. Even in instrumented indoor flight environments,
the attitude data from devices such as VICON or OptiTrack are
delayed by the communication channel from these sensors to
the onboard attitude estimation system of the vehicle. Finally,
heavy filtering of noisy sensor measurements before data fu-
sion can introduce significant delays in the filtered data. This
is particularly important, for example, for obtaining air velocity
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measurements from noisy air pressure readings [23]. It is well
understood that measurement delays can negatively affect the
stability and robustness of observers or filters and degrade their
performance [24–31].

The classical approach to tackle sensor delay in estimation
problem is to take an estimator that has the desired performance
for delay free measurements, and modify its innovation term
such that it compares each delayed measurement with its cor-
responding backward time-shifted estimate. If the delay-free
estimator has a Lyapunov stability proof, the stability analysis
for the modified estimator is approached by using Lyapunov-
Krasovskii or Lyapunov-Razumikhin functions [26–28, 32, 33].
Although commonly used in practice, such modified estimators
require complicated stability analyses and careful and conser-
vative gain tuning which may lead to poor transient responses.
Combined observer-predictor design is an alternative method
that has received recent interests, see e.g. [24, 25, 29–31, 34]
and the references therein. These methods take observers that
use delayed measurements to provide estimates of the delayed
state and combine them with appropriate predictors to compen-
sate for the delay. The authors have recently proposed a cascade
observer-predictor methodology to handle sensor delay in the
particular case of attitude estimation on the Lie group SO(3)
[35]. Exponential convergence of the attitude estimate to its
current value was shown using the specific algebraic structure
of the Lie group SO(3). To the authors’ knowledge, there is cur-
rently no state estimation methodology (with stability proof) for
systems on general Lie groups when output measurements are
affected by delay.

In this paper, we tackle the problem of state estimation for
systems on general matrix Lie groups when measurements of
system outputs are delayed. We propose an observer-predictor
methodology for three classes of systems on Lie groups; left-
invariant, right-invariant, and mixed-invariant. Our proposed
methodology employs observers that use the delayed output
measurements and estimate the delayed state of the system. We
propose dynamic predictors that use the delayed estimates from
the observers together with the current estimates of the inputs
in order to predict the current state of the system (see Fig. 1).
The key contribution of the paper is effective use of the un-
derlying symmetry of systems in order to design the predic-
tors such that the observer-predictor pairs are co-stable mean-
ing that the observer-predictor combination provides (asymp-
totically/exponentially) stable estimates of the current state if
the observer itself provides (asymptotically/exponentially) sta-
ble estimates of the delayed state. We ensure separation of
the observer design problem from the predictor design problem
which gives us the freedom of employing any stable observer
or filter without affecting the proposed co-stability analysis. An
advantage of this approach is that the gain tuning process of the
observer is independent of the magnitude of the delay, yielding
robust performance of the observer-predictor pairs even with
large delays. Rather than assuming the availability of current
input measurements, we consider a more general case where
only estimates of the current inputs of the system are avail-
able. This generalization is particularly useful when the input
measurements have unknown biases and scaling factors that are

adaptively estimated at the observer stage. The proposed pre-
dictors are recursive and hence computationally cheap making
them ideal for embedded implementation in real-world applica-
tions. As an example, we consider the velocity aided attitude
estimation problem and we provide realistic numerical simula-
tions using a sophisticated Software-In-The-Loop (SITL) sys-
tem designed for ArduPilot/APM, an open-source autopilot sys-
tem that is widely used among the UAV enthusiasts community
[36–40]. Using the SITL simulator, we demonstrate robustness
of the observer-predictor approach in practical situations even
when large GPS delays are present.

The paper is organized as follows. After briefly clarifying
our notation in Section 2, we formulate the problem in Sec-
tion 3. The observer-predictor approach is discussed in Section
4 where the proposed predictors are introduced and their co-
stability properties are investigated. The relation of the pro-
posed recursive predictors to the non-recursive predictors of
[41] is discussed in Section 5. Realistic simulation studies in
Section 6 and brief conclusions in Section 7 complete the pa-
per.

2. Notations and Definitions

Let G be a matrix Lie group with associated Lie algebra g
which is identified with the tangent space at the identity element
of the Lie group. Choose an inner product 〈〈., .〉〉 on g and denote
the corresponding induced norm on g by ‖.‖. Denote by 〈., .〉rX
(resp. 〈., .〉lX) a right-invariant (resp. left-invariant) Riemannian
metric at a point X ∈ G induced by 〈〈., .〉〉 using right (resp. left)
translation of the Lie algebra g. Denote the corresponding in-
duced right-invariant (resp. left-invariant) norm on TXG by |.|rX
(resp. |.|lX). Denote the geodesic distance with respect to (wrt.)
〈., .〉r (resp. 〈., .〉l) between the points Y ∈ G and Z ∈ G by
dr(Y,Z) (resp. dl(Y,Z)). We denote the condition number of a
matrix X ∈ G by cond(X). For the adjoint map AdX : g → g,
the notationσ(AdX) denotes the largest singular value of the ad-
joint map wrt. the norm ‖.‖, defined by σ(AdX) := max

‖v‖=1
‖AdXv‖.

We say the trajectory a(t) ∈ R+ converges to zero and denote
a(t) → 0 if lim

t→+∞
a(t) = 0. We write a(t)

exp
−→ 0 and we say a(t)

converges exponentially to zero if there exist positive constants
c and α such that a(t) ≤ c exp (−αt) for all t ≥ 0.

3. Problem formulation

We consider three classes of invariant systems on the Lie
group G given by

Ẋl(t) = Xl(t)ul(t), Xl(0) = Xl0 (1)
Ẋr(t) = ur(t)Xr(t), Xr(0) = Xr0 (2)
Ẋm(t) = Xm(t)ul(t) + ur(t)Xm(t), Xm(0) = Xm0 , (3)

where Xl, Xr and Xm ∈ G are internal states of the systems (1),
(2), and (3), respectively, and ul, ur ∈ g are input signals. We
drop the subscripts l, r and m wherever this is possible with-
out causing confusion. Similar to [18, 21], we call the systems
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(1) and (2) left-invariant and right-invariant, respectively. We
call the system (3) mixed-invariant since its vector field is com-
posed of a left-invariant term Xm(t)ul(t) and a right-invariant
term ur(t)Xm(t), but the combined vector field is in general nei-
ther right nor left invariant. We assume that the inputs ul(t) and
ur(t) are admissible in the sense that corresponding solutions
for the relevant systems exist for all initial conditions and that
these solutions are unique and continuously differentiable for
all time. In the context of mechanical systems, equation (1) is
typically used to model the kinematics when the system input
ul is measured in the body-fixed reference frame of the system.
Similarly, the system model (2) is typically employed when the
system input ur is measured in the inertial frame of reference.
In the cases where some of the system inputs are measured in
the body-fixed frame while other inputs are measured in the in-
ertial frame, the system model (3) might be employed.

Assume that either direct measurements of system inputs or
an estimate of those inputs are available but the measurement of
the outputs of the system encounter a delay of τ seconds. Such
a situation occurs in many applications involving state estima-
tion of mobile robots where inputs of the system are typically
angular velocities and accelerations obtained almost delay-free
using high rate sensors such as gyros and accelerometers while
partial measurements of states (i.e system outputs which are po-
sition and orientation in this example) are obtained using mag-
netometers, cameras, GPS, etc. which are usually subject to
considerable amounts of delay. In some practical scenarios di-
rect measurements of inputs are not available but an (asymp-
totically stable) estimate of those inputs can be obtained using
adaptive estimation techniques. The problem we discuss in this
paper is to use the estimates of current inputs together with de-
layed measurements of outputs in order to estimate the current
state of systems of the form (1), (2), or (3), assuming that the
amount of the output delay is known.

Example 1. The orientation of a vehicle wrt. a known frame of
reference is called its attitude. Attitude estimation is a classi-
cal problem which is still a popular research topic [3–11, 13–
15]. In mobile robotics applications, a 3-axis accelerometer
typically employed as an inclinometer to measure the Earth’s
gravitational direction for use in attitude estimation algorithms.
When a vehicle performs high acceleration maneuvers, ac-
celerometers usually do not provide accurate measurements
of the direction of the gravitational field. In this situation,
it is common to enhance the attitude estimation algorithm by
employing measurements of the linear velocity of the vehicle.
Such algorithms are called velocity aided attitude estimators
[5, 8, 42–45]. The motion of a flying rigid body in the Earth’s
gravitational field is then described by the following equations
[8, 35, 42, 43].

Ṙ(t) = R(t)Ω(t)×, R(0) = R0 (4)
v̇(t) = ge3 + R(t)a(t), v(0) = v0 (5)

where the attitude matrix R ∈ SO(3) represents the rotation of
the body-fixed frame B wrt. the inertial frame I, Ω ∈ R3 is the
angular velocity vector of B wrt. I expressed in B, v ∈ R3 is

the linear velocity of B wrt. I expressed in I, a ∈ R3 is the so-
called specific acceleration of the rigid body which represents
the sum of all non-gravitational forces applied to the body di-
vided by its mass and is expressed in B, and ge3 is the (con-
stant) gravitational acceleration vector expressed in I. The
linear operator (.)× maps any vector in R3 to its correspond-
ing skew-symmetric matrix in so(3) such that (x)×y is equal to
the cross product x × y for all x, y ∈ R3. The internal states
of the dynamical system (4)-(5) are the attitude matrix R(t) and
the velocity vector v(t) and its inputs are the angular velocity
vector Ω(t) and the specific acceleration a(t).

Similar to [21], we rewrite the dynamics (4)-(5) as a mixed-
invariant system on the Lie group SE(3) with inputs living on

its Lie algebra se(3). Defining X =

[
R v
0 1

]
∈ SE(3) ,

ul =

[
Ω× a
0 0

]
∈ se(3), and ur =

[
0 ge3
0 0

]
∈ se(3), it

is straight-forward to verify that Ẋ(t) = X(t)ul(t) + ur(t)X(t)
where the group product is simply given by matrix multiplica-
tion. If the angular velocity Ω(t) and the acceleration a(t) are
directly measured (by a 3-axis gyro and accelerometers), then
the inputs ul(t) and ur(t) would be available and can be used
to estimate the state X(t). However, in practice, measurements
of angular velocity and linear acceleration are sometimes cor-
rupted by unknown biases and scaling factors. It is common
practice to assume that these biases and scaling factors are
constant and that they are adaptively estimated with observers
[4, 5, 11, 20, 33, 42, 46]. These estimates then can be used to
obtain estimates of Ω(t) and a(t).

In outdoor environments, a measurement of linear velocity
is usually obtained using GPS units attached to the rigid body.
Due to the internal processing time of GPS chips, the velocity
measurement is usually delayed wrt. the actual linear velocity
v(t) of the vehicle. The amount of this delay can be up to hun-
dreds of milliseconds and hence is not negligible. Assume that
the GPS velocity measurement is given by vm(t) = v(t−τv) where
τv is a known constant delay. A magnetometer is another type
of sensor usually employed for attitude estimation. A 3-axis
magnetometer measures the magnetic field of the earth in the
body-fixed frame. An ideal magnetometer output m(t) is related
to the attitude matrix via b(t) = R(t)>b̊ where b̊ is the vector
of the Earth’s magnetic field at the position of the rigid body
expressed in I. Assume that the magnetometer measurement is
given by bm(t) = R(t−τb)>b̊ where τb is a known constant delay.
In practice, the magnetometer delay is much shorter compared
to the GPS delay. Defining τ := max(τv, τb) both outputs (i.e.
GPS velocity and magnetometer measurements) at time t−τ are
available at time t. The velocity aided attitude estimation prob-
lem is to use the estimates (or measurements) of current inputs
Ω(t) and a(t) together with the delayed GPS velocity and mag-
netometer measurements in order to estimate the current states
R(t) and v(t). �

4. Observer-predictor approach

The approach that we take in this paper to tackle the problem
defined in Section 3 is to employ an observer that uses the de-
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Figure 1: Proposed observer-predictor methodology.

layed output measurements and artificially delayed input mea-
surements (denoted by uy(t−τ)) and provides an estimate of the
delayed state X(t−τ), denoted by X̂τ(t). We then design a predic-
tor that uses the delayed estimate X̂τ(t) together with measure-
ments or estimates of the current input u(t) (denoted by û(t))
and provides ”predictions” of the current state X(t) denoted by
Xp(t). This observer-predictor scheme is illustrated in Fig. 1. In
the special case where measurements of the true input u(t) are
available, one can replace uy(t−τ) and û(t), respectively, with
u(t−τ) and u(t) in Fig 1. Otherwise, û(t) can be provided by
an adaptive observer which estimates bias, scaling, and other
unknown parameters of the input. This adaptive observer can
sometimes be a part of the observer block of Fig. 1, in which
case û(t) is indeed fed to the predictor from the observer block.

When outputs of the system are measured delay-free, vari-
ous observer design methodologies are available in the litera-
ture that are capable of asymptotically/exponentially estimat-
ing the system state [4–9, 11–21, 42–45]. If a given observer is
time-invariant1, one can simply feed that observer with delayed
outputs and delayed inputs of the system to obtain an estimate
of the delayed state X(t−τ). Most observers employed in control
design are formulated by a set of ODEs that does not explicitly
depend on time. These observers are naturally time-invariant
systems and hence the method described above is applicable to
obtain an estimate of X(t−τ) for the systems (1)-(3). Hence, in
this paper, we focus only on designing the predictor block of our
proposed observer-predictor approach for the case of systems in
the form (1), (2), or (3). Roughly speaking, the predictor’s job
is to use the information provided by the input signal in order to
compute how much the state has changed in the period t−τ to t
and use the result of this computation together with the estimate
of X(t−τ) to provide a prediction of the current state X(t).

We propose the following predictor for the left-invariant sys-
tem (1)

∆̇l(t) = ∆l(t)ûl(t), ∆l(0) = ∆l0 , (6a)

Xp
l (t) = X̂τ

l (t)∆l(t−τ)−1∆l(t), t ≥ τ (6b)

where ∆l(t) ∈ G is the internal state of the predictor, ûl(t) ∈ g
is an estimate of the input ul(t), and Xp

l (t) ∈ is the prediction
of Xl(t). If direct measurements of ul(t) are available, those
measurements can replace ûl(t). The predictor dynamics (6a),
which is a copy of the system dynamics (1), generates the tra-
jectory of ∆l(t). This trajectory is stored in a buffer for the pe-
riod [t−τ, t] in order to compute the prediction Xp

l (t) using the

1Time-invariant is in the sense of considering the system inputs and outputs
altogether as the input of the observer and considering the state estimate as the
output of the observer.

static equation (6b). The term ∆l(t−τ)−1∆l(t) in (6b) is a pre-
diction of the ”increment” of the state X(t) from the time t−τ to
the time t. The predictor recursively computes this increment
using the information provided by the input via (6a).

Similar to (6a)-(6b), we propose the following predictor for
the system (2)

∆̇r(t) = ûr(t)∆r(t), ∆r(0) = ∆r0 , (7a)

Xp
r (t) = ∆r(t)∆r(t−τ)−1X̂τ

r (t), t ≥ τ (7b)

where ∆r(t) ∈ G and Xp
r (t) ∈ G are the internal state of the

predictor and the prediction of Xr(t), respectively, and ûr(t) ∈ g
is an estimate of ur(t). Again, we need to buffer ∆r(t) for the
period [t−τ, t]. Note that this time, the increment of the state is
predicted by the term ∆r(t)∆r(t−τ)−1 such that it is compatible
with the right-invariant nature of system (2).

The internal dynamics of the predictor that we propose for
the mixed-invariant system (3) consists of both (6a) and (7a).
The trajectories ∆l(t) and ∆r(t) are then buffered for [t− τ, t]
and are used in the following equation to provide the prediction
Xp

m(t) ∈ G of Xm(t).

Xp
m(t) = ∆r(t)∆r(t−τ)−1X̂τ

m(t)∆l(t−τ)−1∆l(t), t ≥ τ (8)

The term ∆l(t−τ)−1∆l(t) in (8) takes into account the increment
of the state Xm(t) (from t−τ to t) due to the input ul(t) while
the term ∆r(t)∆r(t−τ)−1 takes into account the increment due
to the input ur(t). An interesting property of this predictor is
that it separates the effect of ur(t) and ul(t) on the prediction
Xp

m(t). We will describe later why this separation is possible
for the mixed-invariant system (3) and how it helps in predictor
design.

Note that all of the above predictors can be implemented re-
cursively together with any observer algorithm that provides the
estimate X̂τ(t).

In the observer-predictor arrangement, the trajectory of the
predicted state Xp(t) inherently depends on the trajectory of the
observer Xτ(t). Hence, rather than discussing the stability of the
predictor, we need a notion of stability that relates the stability
properties of the predictor to the stability properties of its cor-
responding observer. The following definition formalizes this
notion.

Definition 1. Consider a distance d(., .) on G. With respect to
this distance, we say an observer-predictor pair is

• co-stable if d(X̂τ(t), X(t−τ)) bounded for all t ≥ τ yields
that d(Xp(t), X(t)) is bounded for all t ≥ τ.

• asymptotically co-stable if it is co-stable and d(X̂τ(t), X(t−
τ))→ 0 yields d(Xp(t), X(t))→ 0.

• exponentially co-stable if it is co-stable and d(X̂τ(t), X(t−
τ))

exp
−→ 0 yields d(Xp(t), X(t))

exp
−→ 0.

We say a predictor is universally (asymptoti-
cally/exponentially) co-stable wrt. d(., .) if the combination of
that predictor with any (asymptotically/exponentially) stable
observer yields a (asymptotically/exponentially) co-stable
observer-predictor pair wrt. d(., .). �
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The following Theorem summarizes the co-stability proper-
ties of the predictor (6) (resp. (7)) for the left-invariant system
(1) (resp. right-invariant system (2)).

Theorem 1. Consider system (1) with the predictor (6) (resp.
system (2) with the predictor (7)). Assume that cond(Xl(t)) and
‖ûl(t)−ul(t)‖ (resp. cond(Xr(t)) and ‖ûr(t)−ur(t)‖) are bounded
for all t ≥ 0. For all τ ≥ 0 and all choices of ∆l0 ∈ G (resp.
∆r0 ∈ G) we have;

(a) The predictor is universally co-stable wrt. the distance
dr(., .) (resp. dl(., .)).

(b) If ‖ûl(t) − ul(t)‖ → 0 (resp. ‖ûr(t) − ur(t)‖ → 0) then the
predictor is universally asymptotically co-stable wrt. dr(., .)
(resp. dl(., .)).

(c) If ‖ûl(t) − ul(t)‖
exp
−→ 0 (resp. ‖ûr(t) − ur(t)‖

exp
−→ 0), then the

predictor is universally exponentially co-stable wrt. dr(., .)
(resp. dl(., .)).

�

Proof: We prove parts (a)-(c) of Theorem 1 for the left-
invariant system (1) with the predictor (6a)-(6b). The proof for
the right-invariant case can be obtained similarly.

Consider the observer error

Eτ
l (t) = X̂τ

l (t)Xl(t−τ)−1 (9)

and the total prediction error

Ep
l (t) = Xp

l (t)Xl(t)−1. (10)

Using (6b) and (10) we have Ep
l (t) = X̂τ

l (t)∆l(t−τ)−1∆l(t)Xl(t)−1

= X̂τ
l (t)Xl(t−τ)−1Xl(t−τ)∆l(t−τ)−1∆l(t)Xl(t)−1. Defining Ξl(t) :=

Xl(t)∆l(t)−1 and using (9) we have

Ep
l (t) = Eτ

l (t)Ξl(t−τ)Ξl(t)−1 (11)

It is easy to verify that the distance dr(., .) is right-invariant such
that dr(XZ,YZ) = dr(X,Y) for all X,Y,Z ∈ G. Hence, using (11)
and (9) we have

dr(X
p
l (t), Xl(t)) = dr(E

p
l (t), I) = dr(Eτ

l (t)Ξl(t−τ)Ξl(t)−1, I)

= dr(Eτ
l (t),Ξl(t)Ξl(t−τ)−1)

≤ dr(Eτ
l (t), I) + dr(Ξl(t)Ξl(t−τ)−1, I)

= dr(Xτ
l (t), Xl(t−τ)) + dr(Ξl(t),Ξl(t−τ)) (12)

The above inequality relates the scalar prediction error
dr(X

p
l (t), Xl(t)) to the scalar observer error dr(Xτ

l (t), Xl(t− τ))
and the virtual error dr(Ξl(t),Ξl(t − τ)) which indirectly de-
pends on the input estimation error ‖ûl(t) − ul(t)‖. Using (1)
and (6a), the dynamics of Ξl is given by Ξ̇l(t) = Ẋl(t)∆l(t)−1 −

Xl(t)∆l(t)−1∆̇l(t)∆l(t)−1 = −[AdXl(t)(ûl(t) − ul(t))]Ξl(t). So,

Ξ̇l(t) = ub
l (t)Ξl(t), ub

l (t) := −AdXl(t)(ûl(t) − ul(t)) ∈ g (13)

Lemma 4 in the appendix summarizes the convergence proper-
ties of the error dr(Ξl(t),Ξl(t−τ)) based on eq (13). Also, accord-
ing to Lemma 2, σ(AdXl ) is bounded if cond(Xl) is bounded.

Hence, invoking both Lemma 2 and Lemma 4, the proof of
parts (a)-(c) for the left invariant system directly follows from
inequality (12).

For the right-invariant system (2) with the predictor (7), the
proof of parts (a)-(c) can be obtained by direct adaptation of the
proof of the left-invariant part using the following alternative
error definitions.

Eτ
r (t) = Xr(t−τ)−1X̂τ

r (t), (14)

Ep
r (t) = Xr(t)−1Xp

r (t), (15)

Ep
r (t) = Ξr(t)−1Ξr(t−τ)Eτ

r (t), (16)

where Ξr(t) := ∆r(t)−1Xr(t). �
In order to discuss the co-stability properties of the predictor

(6a), (7a), (8) for the mixed-invariant system (3), we rewrite this
system as a combination of a right-invariant and a left-invariant
system. Consider the systems

Żl(t) = Zl(t)ul(t), Zl(0) = Zl0 ∈ G, (17)
Żr(t) = ur(t)Zr(t), Zr(0) = Zr0 ∈ G (18)

where the initial conditions Zl0 and Zr0 are chosen such that
Xm0 = Zr0 Zl0 . We have d

dt (Zr(t)Zl(t)) = Żr(t)Zl(t) + Zr(t)Żl(t) =

ur(t)Zr(t)Zl(t) + Zr(t)Zl(t)ul(t) = Xm(t)ul(t) + ur(t)Xm(t). This
proves that Xm(t) = Zr(t)Zl(t) for all t ≥ 0. Using this decompo-
sition, the following Theorem summarizes the co-stability prop-
erties of the proposed predictor for the mixed-invariant system.

Theorem 2. Consider system (3) with the predictor (6a), (7a),
(8). Assume that ‖ûl(t) − ul(t)‖, ‖ûr(t) − ur(t)‖, cond(Zr(t)),
cond(Zl(t)), and cond(∆r(t)∆r(t − τ)−1) (resp. cond(∆l(t −
τ)−1∆l(t))) are bounded for all t ≥ 0. For all τ ≥ 0 and all
choices of ∆l0 ∈ G and ∆r0 ∈ G we have;

(a) The predictor is universally co-stable wrt. the distance
dr(., .) (resp. dl(., .)).

(b) If ‖ûl(t) − ul(t)‖ → 0 and ‖ûr(t) − ur(t)‖ → 0 then the pre-
dictor is universally asymptotically co-stable wrt. dr(., .)
(resp. dl(., .)).

(c) If ‖ûl(t)− ul(t)‖
exp
−→ 0 and ‖ûr(t)− ur(t)‖

exp
−→ 0, then the pre-

dictor is universally exponentially co-stable wrt. dr(., .)
(resp. dl(., .)). �

Proof: We prove the Theorem for the right-invariant dis-
tance dr(., .). The proof for the left-invariant distance follows
similarly. Define the following observer and prediction errors
for the mixed-invariant system (3).

Eτ
m(t) = Zr(t−τ)−1X̂τ

m(t)Zl(t−τ)−1, (19)

Ep
m(t) = Zr(t)−1Xp

m(t)Zl(t)−1. (20)

Using (8) and (20), we have Ep
m(t) = Zr(t)−1∆r(t)∆r(t−τ)−1(Zr(t−

τ)Zr(t−τ)−1)X̂τ
m(t)(Zl(t−τ)−1Zl(t−τ))∆l(t−τ)−1∆l(t)Zl(t)−1. Defin-

ing Ξz
l (t) := Zl(t)∆l(t)−1 and Ξz

r(t) := Zr(t)−1∆r(t) and using (19)
yields

Ep
m(t) = Ξz

r(t)Ξ
z
r(t−τ)−1Eτ

m(t)Ξz
l (t−τ)Ξz

l (t)
−1 (21)
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Using (19), (20), (21), and Lemma 3 in the appendix and drop-
ping the argument t, we have

dr(X
p
m, Xm) = dr(X

p
m,ZrZl)

≤ σ(AdZr )dr(Z−1
r Xp

m,Z−1
r (ZrZl))

= σ(AdZr )dr(Z−1
r Xp

mZ−1
l , I) = σ(AdZr )dr(E

p
m, I)

= σ(AdZr )dr(Ξz
rΞ

z
r(t−τ)−1Eτ

mΞz
l (t−τ)Ξz

l
−1, I)

= σ(AdZr )dr(Ξz
rΞ

z
r(t−τ)−1Eτ

m,Ξ
z
l Ξ

z
l (t−τ)−1)

≤ σ(AdZr )
(
dr(Ξz

rΞ
z
r(t−τ)−1Eτ

m, I) + dr(Ξz
l Ξ

z
l (t−τ)−1, I)

)
= σ(AdZr )

(
dr(Ξz

rΞ
z
r(t−τ)−1Eτ

mΞz
r(t−τ)Ξz

r
−1,Ξz

r(t−τ)Ξz
r
−1)

+ dr(Ξz
l Ξ

z
l (t−τ)−1, I)

)
≤ σ(AdZr )·(

dr((∆r(t−τ)∆−1
r Zr)−1X̂τ

m(Zr(t−τ)Zl(t−τ))−1(∆r(t−τ)∆−1
r Zr), I)

+ dr(Ξz
r(t−τ)Ξz

r
−1,I) + dr(Ξz

l ,Ξ
z
l (t−τ))

)
= σ(AdZr )·(
σ(AdZ−1

r ∆r∆r(t−τ)−1)dr(X̂τ
mXm(t−τ)−1∆r(t−τ)∆−1

r Zr,∆r(t−τ)∆−1
r Zr)

+ dr(Ξz
r(t−τ)Ξz

r
−1, I) + dr(Ξz

l ,Ξ
z
l (t−τ))

)
≤ σ(AdZr )

(
σ(AdZ−1

r ∆r∆r(t−τ)−1 )dr(X̂τ
m, Xm(t−τ))

+ dr(Ξz
r(t−τ),Ξz

r) + dr(Ξz
l ,Ξ

z
l (t−τ))

)
(22)

Similar to (13), one can verify that

Ξ̇z
l (t) = uz

l (t)Ξ
z
l (t), uz

l (t) := −AdZl(t)(ûl(t) − ul(t)) (23a)

Ξ̇z
r(t) = uz

r(t)Ξ
z
r(t), uz

r(t) := AdZr(t)−1 (ûr(t) − ur(t)). (23b)

Lemma 4 summarizes the stability properties of the scalar
errors dr(Ξz

r(t − τ),Ξz
r(t)) and dr(Ξz

l (t),Ξ
z
l (t − τ)) based on

eq. (23). Also, using Lemma 2 in the Appendix we have
that if cond(Zr(t)), cond(Zl(t)), and cond(∆r∆r(t − τ)−1) are
bounded, then σ(AdZr(t)−1 ), σ(AdZl(t)), and σ(AdZ−1

r (t)∆r(t)∆r(t−τ)−1 )
are bounded. Hence, invoking both Lemma 2 and Lemma 4,
proof of parts (a)-(c) for the right-invariant distance dr(., .) fol-
lows directly from inequality (22). �

In the following, we consider a particular case where the
measurements of the actual inputs ul(t) and ur(t) (instead of
their estimates ûl(t) and ûr(t)) are used in the predictors. The
following Theorem shows that in this case the total prediction
error of the current state exactly equals the observer error of
estimating the delayed state. This shows that the proposed pre-
dictors do not change the estimation error behavior of the cor-
responding observer that feeds the predictor, even though the
predictor fully compensates for the effect of sensor delays.

Theorem 3. Consider system (1) with the predictor (6), or sys-
tem (2) with the predictor (7), or system (3) with the predic-
tor (6a), (7a), (8). Assume that ûl(t) = ul(t) and ûr(t) = ur(t)
for all t ≥ 0. Consider the observer errors (9), (14) and (19)
and their corresponding total prediction errors (10), (15), and
(20), respectively. We have Eτ

l (t) = Ep
l (t), Eτ

r (t) = Ep
r (t), and

Eτ
m(t) = Ep

m(t) for all t ≥ τ, all τ ≥ 0, and all choices of
∆l0 ,∆r0 ∈ G. �

Proof: The proof follows from the derivations made in the
proof of Theorem 1. According to (13), if ûl(t) = ul(t) then
Ξ̇l(t) = 0 and hence Ξl(t) is constant which in particular implies
Ξl(t) = Ξl(t−τ) for all t ≥ τ. This together with (11) yields
Ep

l (t) = Eτ
l (t) for all t ≥ τ. A similar argument for the right-

invariant case shows that Ξ̇r(t) = 0 if ûr(t) = ur(t) and proves
that Ep

r (t) = Eτ
r (t) for all t ≥ τ. Also, the same argument is

applicable to (23) and (21) to conclude Ep
m(t) = Eτ

m(t) if both
ûl(t) = ul(t) and ûr(t) = ur(t). �

The internal dynamics of the predictors (6a) and (7a) are sim-
ple forward integration. One possible drawback of using these
pure forward integrators is that their internal states ∆l(t) and
∆r(t) can become larger and larger (due to the input measure-
ment noise or numerical integration inaccuracies) as we con-
tinue the integration procedure. One possible way to overcome
the above issue is to periodically reset the initial condition of
dynamics (6a) and (7a) to a constant value so that the trajecto-
ries of ∆l(t) ∆r(t) remain bounded for all times. An arbitrary
resetting of the initial conditions of (6a) and (7a) can poten-
tially destroy the co-stability properties of the predictors. How-
ever, owing to the invariance of the systems (6a) and (7a), the
following Lemma proposes a resetting methodology that keeps
the trajectories of the internal states of the predictors bounded
while maintaining their co-stability properties.

Lemma 1. Consider the system

∆̇s
l (t) = ∆s

l (t)ûl(t), (24)

and assume that the trajectory ∆s
l (t) is stored in a buffer for the

period [t−τ, t] (i.e. the last τ seconds). Assume that the initial
condition of the system (24) resets to a fixed value ∆l0 every Ts

seconds where Ts ≥ τ (i.e. ∆s
l (nTs) = ∆l0 for n = 0, 1, . . .). For

t ∈ [nTs, (n+1)Ts), compute the following variable that depends
only on the buffered values of ∆s

l .

∆b
l (t) :=

{
∆l0∆

s
l (nT−s )−1∆s

l (t−τ), for all t ∈ [nTs, nTs + τ),
∆s

l (t−τ), for all t ∈ [nTs + τ, (n+1)Ts)
(25)

Then, we have ∆b
l (t)−1∆s

l (t) = ∆l(t−τ)−1∆l(t) for all t ≥ τ (i.e. we
can replace ∆l(t−τ)−1∆l(t) with the bounded signal ∆b

l (t)−1∆s
l (t)

in (6b)). Similarly, consider the system

∆̇s
r(t) = ûr(t)∆s

r(t), (26)

and buffer the trajectory ∆s
r(t) for [t − τ, t]. Reset the initial

condition of the system (26) to a fixed value ∆r0 every Ts ≥ τ
seconds. For t ∈ [nTs, (n+1)Ts), compute the following variable.

∆b
r (t) :=

{
∆s

r(t−τ)∆s
r(nT−s )−1∆r0 , for all t ∈ [nTs, nTs + τ),

∆s
r(t−τ), for all t ∈ [nTs + τ, (n+1)Ts)

(27)

Then, we have ∆s
r(t)∆b

r (t)−1 = ∆r(t)∆r(t− τ)−1 for all t ≥ τ
(i.e. we can replace ∆r(t)∆r(t−τ)−1 with the bounded signal
∆s

r(t)∆b
r (t)−1 in (7b)). �
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Proof: We prove the Lemma for the left-invariant case. The
right-invariant case can be proved similarly. Consider the sys-
tems (6a) and (24), both with the same initial condition ∆l0 . We
have ∆s

l (t) = ∆l(t) for all t ∈ [0,Ts) and clearly ∆b
l (t)−1∆s

l (t) =

∆s
l (t−τ)−1∆s

l (t) = ∆l(t−τ)−1∆l(t) holds for all t ∈ [τ,Ts). In the
following, we show that the statement of the Lemma also holds
for all t ∈ [nTs, (n + 1)Ts), n = 1, 2, . . .. Using (6a) and (24), we
have d

dt (∆
s
l (t)∆l(t)−1) = ∆s

l (t)ûl(t)∆l(t)−1 − ∆s
l (t)ûl(t)∆l(t)−1 = 0

for all t ∈ [nTs, (n+1)Ts). Hence, ∆s
l (t)∆l(t)−1 is constant for all

t ∈ [nTs, (n + 1)Ts) and we have

∆s
l (t1)∆l(t1)−1 = ∆s

l (t2)∆l(t2)−1 for all t1, t2 ∈ [nTs, (n+1)Ts).
(28)

Choosing t1 = t ∈ [nTs, (n+1)Ts) and t2 = nTs we obtain

∆s
l (t) = ∆s

l (nTs)∆l(nTs)−1∆l(t) = ∆l0∆l(nT−s )−1∆l(t) (29)

where we used the continuity of ∆l(t) at t = nTs to replace
∆l(nTs) by ∆l(nT−s ). One can use the same method as was done
to derive (28) to conclude ∆s

l (t1)∆l(t1)−1 = ∆s
l (t2)∆l(t2)−1 for all

t1, t2 ∈ [(n−1)Ts, nTs). Choosing t1 = t − τ ∈ [nTs−τ, nTs) ⊂
[(n−1)Ts, nTs) and t2 = nT−s we obtain

∆s
l (t − τ)−1∆s

l (nT−s ) = ∆l(t−τ)−1∆l(nT−s ). (30)

Using (25) and (29), for all t ∈ [nTs, nTs + τ) we have

Λ(t)−1∆s
l (t) = ∆s

l (t−τ)−1∆s
l (nT−s )∆l(nT−s )−1∆l(t) (31)

Substituting (30) into (31) yields ∆b
l (t)−1∆s

l (t) = ∆l(t−τ)−1∆l(t)
for all t ∈ [nTs, nTs + τ). For t ∈ [nTs + τ, (n + 1)Ts), we chose
t1 = t−τ ∈ [nTs, (n+1)Ts−τ) and t2 = t and recall (28) to obtain
∆s

l (t−τ)−1∆s
l (t) = ∆l(t−τ)−1∆l(t). Using (25) for t ∈ [nTs +τ, (n+

1)Ts) we have ∆b
l (t)−1∆s

l (t) = ∆s
l (t−τ)−1∆s

l (t) = ∆l(t−τ)−1∆l(t).
Consequently, the Lemma holds for all t ∈ [nTs, (n+1)Ts). This
completes the proof. �

Lemma 1 proposes a resetting technique that keeps the tra-
jectories of the internal states of the predictor bounded while it
does not affect the trajectory of the prediction Xp(t) and hence
preserves the co-stability properties of those predictors. An al-
ternative resetting technique has been proposed in [35, Lemma
1] to bound the internal states of predictors while maintaining
their stability. That method involves employing two copies of
the internal dynamics of the predictor and appropriately reset-
ting the initial conditions of those copies and also switching
between the trajectories of those copies such that the final pre-
dictions (6a) and (7a) do not change. The method proposed here
requires less computational power compared to [35, Lemma 1]
since it employs only one copy of the predictor’s internal dy-
namics.

Remark 1. Theorem 2 assumes that cond(Zr(t)), cond(Zl(t)),
cond(∆r(t)∆r(t−τ)−1), and cond(∆l(t−τ)−1∆l(t)) are bounded
for all t ≥ 0. If G is a compact group, then these conditions are
automatically satisfied. Nevertheless, for general Lie groups
these conditions may not hold in general. One way to address
this issue is to resort to Lemma 1 and periodically switch the
initial conditions of (32), (34), (17) and (18) such that the tra-
jectories of ∆l(t), ∆r(t), Zl(t), and Zr(t) remain bounded for all

t ≥ 0. It is possible to show that switching can be done in a way
that does not change the trajectory of Xp

m(t) while the trajecto-
ries of the switched Zl(t) and Zr(t) still satisfy Xm(t) = Zr(t)Zl(t)
for all t ≥ 0, and Ξz

l (t) and Ξz
r(t) remain continuous. That

is to say, with the resetting scheme of Lemma 1, we can re-
place the boundedness conditions of cond(Zr(t)), cond(Zl(t)),
cond(∆r(t)∆r(t−τ)−1), and cond(∆l(t−τ)−1∆l(t)) with cond(Xm(t))
being bounded and the results of Theorem 2 still remain valid
for general Lie groups. �

Example 2. As was shown in Example 1, the velocity-aided
attitude estimation problem with GPS delay can be formulated
as a special case of predictor design for a mixed-invariant sys-
tem on the Lie group SE(3). Hence, one can directly employ
the predictor (6a), (7a), (8). Nevertheless, here we show that
the specific structure of dynamics (4)-(5) allows reducing the
dimension of the mixed-invariant predictor. We assume that an
estimate of X(t−τ) ∈ SE(3) is available and we decompose it into

X̂τ(t) =

[
R̂τ(t) v̂τ(t)

0 1

]
where R̂τ ∈ SO(3) and v̂τ ∈ R3. De-

compose ∆l and ∆r into ∆l =

[
∆̄l δl

0 1

]
and ∆r =

[
∆̄r δr

0 1

]
where ∆l,∆r ∈ SO(3) and δl, δr ∈ R

3. We need estimates of
the inputs ul(t) and ur(t) to formulate the predictor. As was
shown in Example 1, ur(t) is a known constant in this scenario.

So, we simply choose ûr(t) = ur =

[
0 ge3
0 0

]
∈ se(3). We

assume that estimates of â(t) and Ω̂(t) of the current specific
acceleration and angular velocity are available and we choose

ûl(t) =

[
Ω̂(t)× â(t)

0 0

]
∈ se(3). If accelerometers and gyros

directly measure a(t) and Ω(t), we use those direct measure-
ments as â(t) and Ω̂(t). Otherwise, if the accelerometers and
gyros have constant unknown biases and scaling factors, the
observer part of Fig 1 estimates those values and provides es-
timates of â(t) and Ω̂(t). Substituting for ∆r and ur in (6a) we
have [ ˙̄∆l(t) δ̇l(t)

0 0

]
=

[
∆̄l(t) δl(t)

0 1

] [
Ω̂(t)× â(t)

0 0

]
=

[
∆̄l(t)Ω̂(t)× ∆̄l(t)â(t)

0 0

]
. (32)

Also, we have

∆l(t−τ)−1∆l(t) =

[
∆̄l(t)> −∆̄l(t)>δl(t)

0 1

] [
∆̄l(t) δl(t)

0 1

]
=

[
∆̄l(t−τ)>∆̄l(t) ∆l(t−τ)>(δl(t) − δl(t−τ))

0 1

]
(33)

Similarly, substituting for ∆r and ur in (7a) we have[ ˙̄∆r(t) δ̇r(t)
0 0

]
=

[
0 ge3
0 0

] [
∆̄r(t) δr(t)

0 1

]
=

[
0 ge3
0 0

]
.

(34)
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This yields ˙̄∆r(t) = 0 and δ̇r(t) = ge3, implying ∆̄r(t−τ) = ∆̄r(t)
and δr(t) − δr(t−τ) = τge3. These together yield

∆r(t)∆r(t−τ)−1 =

[
∆̄r(t) δr(t)

0 1

] [
∆̄r(t−τ)> −∆̄r(t−τ)>δr(t)

0 1

]
=

[
I τge3
0 1

]
. (35)

Since the right hand side of (35) is a known constant, we do
not actually need to implement the right-invariant part of the
predictor (i.e. the dynamics (34)). We can use the known value
given by the right hand side of (35) to obtain the prediction
(8). This reduces the dimension of the predictor to the same
dimension as the actual system. Decomposing Xp into Xp =[

Rp vp

0 1

]
and replacing (33) and (35) into (8) and dropping

the argument t, we have[
Rp vp

0 1

]
=

[
I τge3
0 1

] [
R̂τ v̂τ

0 1

] [
∆̄l(t−τ)>∆̄l ∆l(t−τ)>(δl − δl(t−τ))

0 1

]
=

[
R̂τ∆̄l(t−τ)>∆̄l v̂τ + τge3 + R̂τ∆l(t−τ)>(δl − δl(t−τ))

0 1

]
(36)

Finally, using (32) and (36), we simplify the predictor (6a),
(7a), and (8) to

˙̄∆l(t) = ∆̄l(t)Ω̂(t)×, ∆̄l(0) = ∆̄l0 ∈ SO(3), t ≥ 0 (37)

δ̇l(t) = ∆̄l(t)â(t), δl(0) = δl0 ∈ R
3, t ≥ 0 (38)

Rp(t) = R̂τ(t)∆̄l(t−τ)>∆̄l(t), t ≥ τ (39)

vp(t) = v̂τ(t) + τge3 + R̂τ(t)∆̄l(t−τ)>(δl(t) − δl(t−τ)), t ≥ τ.
(40)

Since SO(3) is a compact manifold, there is no concern regard-
ing the boundedness of the internal state ∆̄l(t). However, the
state δl(t) might grow larger and larger as it lives inR3. Hence,
we need to employ the resetting technique proposed in Lemma 1
to bound the trajectory of δl(t). If we periodically reset the ini-
tial condition of (38) to δl0 every Ts seconds (and do not reset
(37)), (25) simplifies to adding δl0 − δl(nT−s ) to the term δl(t− τ)
in (40) for all t ∈ [nTs, nTs + τ), n = 1, 2, . . .. This resetting
scheme ensures the co-stability of the predictor as long as v(t)
is bounded (see Remark 1). The attitude predictor (37) and (39)
has exactly the same form as the attitude predictor proposed by
the authors in [35, Eq. (6)-(7)], however, the velocity predictor
(38) and (40) has an essentially different form compared to [35,
Equ. (8)-(9)]. It is easy to verify that the predictor proposed in
[35] is an example of predictor (6a)-(6b) when the underlying
Lie group is SO(3) ×R3 and the group multiplication is simply
given by (R1, v1)(R2, v2) = (R1R2, v1 + v2). �

5. Recursive implementation of non-recursive predictors

The predictor design methodologies presented in the previ-
ous sections only suit invariant systems on Lie groups. For a

general system of the form

Ẋ(t) = F(X(t), u(t)), (41)

where X ∈ G and u belongs to an input manifold Mu and
F : G×Mu → TG, F(X, u) ∈ TXG, a simple predictor with de-
sirable co-stability properties was presented in [41]. At time t,
this predictor uses the estimate X̂τ(t) as the initial condition of a
copy of the system dynamics at time t−τ. Then it forward inte-
grates the system dynamics from t−τ to t using the information
of the input u(t) to obtain a prediction of X(t). This procedure
is mathematically formulated as follows

d
ds

Xp
t (s) = F(Xp

t (s), u(s)), s ∈ [t−τ, t], (42a)

Xp
t (t−τ) = X̂τ(t), (42b)

Xp(t) = Xp
t (t). (42c)

where Xp
t is the internal state of the predictor and Xp is the

prediction of X(t). The subscript t of Xp
t emphasizes that the

predictor (42) is non-recursive in the sense that at each time t,
the forward integration of dynamics (42a) from s = t−τ to s = t
should be completely performed in order to compute the final
value Xp

t (t) and obtain the prediction Xp(t). This non-recursive
nature of predictor (42) is in fact its major drawback which pre-
vents its application in practical scenarios involving real-time
implementations in on-board computers of robots. Despite this
drawback, universally asymptotic and exponential co-stability
of this predictor has been shown in [41] for systems on Rn and
this result can be generalized for systems whose states evolve
on differentiable manifolds, including Lie groups.

There is an interesting link between the non-recursive pre-
dictor (42) and the recursive predictors we proposed in Section
4. When the underlying system (41) is of the form (1), (2), or
(3), the following lemma shows that the resulting predictor (42)
produces exactly the same prediction trajectory as is produced
by the recursive predictors we proposed in this paper. In other
words, for the case where the vector field F(X, u) is left, right,
or mixed-invariant, the non-recursive predictor (42) can be re-
cursively realized using the method we presented in this paper.

Proposition 1. Consider the predictor (42) for the system (41).

(a) (left resp. right-invariant case) Assume that the system
(41) is left-invariant (resp. right-invariant) in the sense
that F(X, u) = XFg

l (u) (resp. F(X, u) = Fg
r (u)X) where

Fg
l : Mu → g (resp. Fg

r : Mu → g) is a known map.
Define ul := Fg

l (u) (resp. ur := Fg
r (u)), rewrite the system

dynamics as Ẋ(t) = X(t)ul(t) (resp. Ẋ(t) = ur(t)X(t)), and
obtain the corresponding predictor (6) (resp. (7)) for this
system assuming that ûl = ul (resp. ûr = ur). If both predic-
tors (42) and (6) (resp. (7)) are fed with the same observer
trajectories i.e. X̂τ(t) = X̂τ

l (t) (resp. X̂τ(t) = X̂τ
r (t)), then the

prediction Xp(t) of (42c) equals Xp
l (t) of (6b) (resp. Xp

r (t)
of (7b)) for all t ≥ τ.

(b) (mixed-invariant case) Assume that the system (41) is
mixed-invariant in the sense that F(X, u) = XFg

l (u) +

Fg
r (u)X where Fg

l , F
g
r : Mu → g are known maps. Define
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ul := Fg
l (u) and ur := Fg

l (u), rewrite the system dynamics
as Ẋ(t) = X(t)ul(t) + ur(t)X(t), and obtain the correspond-
ing predictor (6a), (7a), and (8) for this system (assuming
ûl = ul and ûr = ur). If both predictors are fed with the
same observer trajectories (i.e. X̂τ(t) = X̂τ

m(t)), then the
prediction Xp(t) of (42c) equals Xp

r (t) of (8) for all t ≥ τ.

�
Proof: We prove part (a) for the left-invariant system. Proof

for the right-invariant case can be obtained similarly. We sug-
gest that the solution Xp

t (s), s ≥ t−τ of (42a)-(42b) is given
by Xp

t (s) = X̂τ(t)∆l(t−τ)−1∆l(s) where d
ds ∆l(s) = ∆l(s)ul(s). To

show this, we note that this solution satisfies the initial condi-
tion requirement Xp

t (s)|s=t−τ = X̂τ(t)∆l(t−τ)−1∆l(t−τ) = X̂τ(t) and
the derivative requirement d

ds Xp
t (s) = X̂τ(t)∆l(t−τ)−1 d

ds ∆l(s) =

X̂τ(t)∆l(t−τ)−1∆l(s)ul(s) = Xp
t (s)ul(s) = F(Xp

t (s), ul(s)). By
(42c) we have Xp(t) = Xp

t (s)|s=t = X̂τ(t)∆l(t−τ)−1∆l(t) which
is equal to (6b). Proof of part (b) is obtained similarly by
verifying that the solution of (42a)-(42b) is given by Xp

t (s) =

∆r(s)∆r(t−τ)−1X̂τ(t)∆l(t−τ)−1∆l(s) with d
ds ∆l(s) = ∆l(s)ul(s) and

d
ds ∆r(s) = ur(s)∆r(s) and by evaluating this solution at s = t. �

The results of [41] suggest that recursive implementability
of the predictor (42) is essentially (up to a change of variable)
restricted to the systems of the form (1), (2), or (3).

6. Simulations

A predictor for the velocity-aided attitude estimation prob-
lem with GPS delay is proposed by (37)-(40) in Example 2. In
this section, we provide extensive simulation studies to evalu-
ate the performance of the predictor (37)-(40) in practical situa-
tions where there are inaccuracies such as sensor noises, biases,
sampling, etc. According to Fig. 1, the total observer-predictor
estimation error (i.e. the difference between Xp(t) and X(t)) is
a combination of the pure error due to the observer (i.e. the
difference between X̂τ(t) and X(t − τ)) and the pure error due
to the predictor (i.e. the difference between Xp(t) and X(t) if
the predictor is fed with X(t − τ) instead of X̂τ(t)). We first
provide a set of simulations to evaluate the pure predictor er-
ror. Then we present realistic simulations using a sophisticated
Software-In-The-Loop (SITL) system to demonstrate the total
observer-predictor error.

6.1. Pure prediction error:

Using MATLAB R©, we feed the predictor (37)-(40) with the
true R(t − τ) and v(t − τ) instead of R̂τ(t) and v̂τ(t), respectively.
We add Gaussian noises with the high standard deviation of 2.5
(deg/s) and 1.5 (m/s2) to each axis of the gyro and accelerome-
ter, respectively. We consider various amounts of delay ranging
from a small delay of 0.2 (s) to a large delay of 1 (s). We con-
sider a plane that is flying in a circular trajectory with a linear
velocity of 22.5 (m/s). In order to demonstrate the effects of
both low acceleration and high acceleration maneuvers, we per-
form separate simulations with different values for the radius of
the plane’s flight trajectory (smaller radius implies higher ac-
celeration maneuvers). For each value of GPS delay and each
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Figure 2: Pure attitude and velocity prediction errors. The error bars show two
standard deviations. The linear velocity of the plane is 22.5 (m/s).

flight radius, we perform 100 simulations and we average the at-
titude prediction error2 and the velocity prediction error3 during
each simulation. Fig. 2 summarizes the results by showing an
error bar for the results of each set of 100 simulations. Accord-
ing to Fig. 2, the average error due to the predictor is small even
with large delays and even though we considered high gyro and
accelerometer noises. The error increases as the amount of de-
lay becomes larger. This is because the predictor relies on the
forward integration of noisy gyro and accelerometer data from
t − τ to t and hence the larger this period is, the more noise ag-
gregates in the final prediction. Also, the errors increase when
the flight radius decreases (i.e. when the plane performs higher
acceleration maneuvers). The attitude prediction error is much
less sensitive to this effect than the velocity prediction error.

6.2. Total observer-predictor error:

Here we aim to provide realistic simulations to demonstrate
that the observer-predictor approach is indeed capable of pro-
viding good estimates in practical situations. To this end, we
use a comprehensive open source SITL system designed mostly
by a group of ArduPilot/APM developers and CanberraUAV
team [36–39]. This simulator allows building the ArduPi-
lot/APM4 autopilot code using an ordinary C++ compiler, mak-
ing a native executable that allows testing the autopilot code
without implementing on an actual hardware. The native exe-
cutable emulates the hardware of the APM board at the register
level, so the key low level hardware drivers (such as gyros, ac-
celerometers, GPS, ADC, etc.) all run in the same way that
they would run in a real flight. The SITL consists of three main

2Attitude error between two rotation matrices R1 and R2 is computed using
the angle of rotation in the angle-axis representation of the error matrix R1R>2
given by 180

π arccos(1 − 0.5tr(I − R1R>2 )).
3Error between two velocity vectors is simply computed using the Euclidean

norm of the difference of two velocity vectors.
4An open-source autopilot system that is widely used among the UAV en-

thusiasts community.
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modules that interact with each other to simulate the whole sys-
tem. The first module is JSBSim, an open source flight dy-
namics model [47] that simulates the trajectory of the vehicle.
The second module is the ArduPilot/APM code that emulates
the onboard autopilot software of the robot (including the esti-
mation, control, navigation algorithms, etc.). The third module
is MAVProxy which is a MAVLink ground station written in
python [37].

For navigation purposes, SITL is capable of emulat-
ing various sensor measurements including GPS (longi-
tude/latitude/linear velocity vector), accelerometers, gyros, etc.
We setup the SITL parameters such that the GPS measurements
are delayed. Here, we aim to demonstrate the performance of
the observer-predictor approach when ArduPilot’s native EKF
[40] is used as an observer that takes the delayed measurements
and provides the estimates R̂τ(t) and v̂τ(t) to the predictor (37)-
(40)5. We take the estimates of gyro and accelerometer bias
from the observer and use them along with the current gyro and
accelerometer measurements to obtain estimates of current in-
puts Ω̂(t) and â(t) fed into the predictor. We setup SITL to use
ArduPlane (a fixed wing plane simulator) which tries to fol-
low a desired square path of about 700 (m) by 200 (m) with
the desired linear velocity of about 22.5 (m/s). Except for the
GPS delay, all other simulation parameters (including the sen-
sor sampling rates, noises, biases, EKF gain matrices, etc.) are
set to the SITL’s default values which correspond to typical
low cost sensor suites. We choose various amounts of GPS de-
lays and for each amount, we perform the simulation 20 times
where in each simulation the plane’s path is slightly different
from other simulations6. We average the error trajectory during
each flight simulation and then we compute the mean and stan-
dard deviation of all 20 flights. Repeating this procedure for
various amounts of GPS delay, Fig. 3 summarizes the results
by showing an error bar for the results of each set of 20 simu-
lations. This figure shows that the observer-predictor remains
stable even for large amounts of delay, which demonstrates the
robustness of the proposed approach. A large portion of the
total observer-predictor error is due to the observer itself. The
average pure error due to the predictor is roughly the differ-
ence between the means of the red and the green plots of Fig.
3. This difference increases as the amount of delay increases,
which is compatible to the results of Fig. 27. Nevertheless,
even when large GPS delay is present, the total error is within
a very reasonable range for navigation and control using low
cost sensor suites. It is worth noting that alternative estimation
methods that either do not compensate for the delay or compen-
sate with Lyapunov-Krasovskii terms perform poorly (or even
become unstable) with large delays (for instance see [35, Fig.
2] and [48, Fig. 7]) while the proposed observer-predictor ap-

5For simulation studies of this paper, we omit the delay compensation parts
of the ArduPilot’s native EKF and turn it into an standard EKF before we com-
bine it with the proposed predictor.

6This is because the ArduPilot system implements closed-loop control
based on noisy data

7The pure predictor error of Fig. 3 is larger than Fig. 2 since the observer’s
estimation error of gyro and accelerometer biases (in addition to the input noise
and plane’s acceleration) contribute to the prediction error.

Figure 3: Pure observer error and total observer-predictor error. The eror bars
show two standard deviations.

proach remains stable for all amounts of delay, demonstrating
the robustness of the proposed approach.

7. Conclusion

We consider a state estimation problem for invariant systems
on Lie groups where measurements of the outputs of the sys-
tem are delayed. Given an observer or filter that has desired
stability properties when the system outputs are delay-free, we
propose an estimation methodology that preserves those stabil-
ity properties when the system outputs are delayed. The pro-
posed approach relies on combining the observer with a predic-
tor that compensates for the delay. The delayed measurements
are fused in the observer to obtain estimates of the delayed
state. Those delayed estimates are then fed into the predictor
to obtain the prediction of the current state. We employ in-
variance of the underlying systems together with the Lie group
structure of the state space in order to design recursive predic-
tors that are computationally simple and demonstrate strong co-
stability properties ensuring that the observer-predictor combi-
nation preserves the stability properties of the observer. Using a
sophisticated Software-In-The-Loop simulator, we demonstrate
the robustness of the proposed predictors in practical situations
even when large sensor delay is present.
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APPENDIX

Lemma 2. The largest singular value of the adjoint map AdX :
g → g wrt. the induced Euclidean norm on g is bounded by
cond(X). �

Proof: Embed g into Rm×m. Since dim(g) ≤ m2, the largest
singular value of the adjoint map AdX : g → g is less than or
equal to the largest singular value of the map AdX : Rm×m →

Rm×m. We show that the later equals to cond(X). Invoking the
property vec(XwX−1) = X−> ⊗ Xvec(w) where vec(w) ∈ Rm2

is the vectorization of the matrix w ∈ Rm×m and ⊗ denotes the
Kronecker product, one can conclude that the matrix represen-
tation of AdX : Rm×m → Rm×m wrt. the standard basis for its
domain and co-domain is given by [[AdX]] = X−> ⊗ X. This im-
plies that σ([[AdX]]) = σ(X−>)σ(X) = σ(X)−1σ(X) = cond(X).
This concludes the proof. �

Lemma 3. We have dr(X,Y) ≤ σ(AdZ)dr(Z−1X,Z−1Y) for all
X,Y,Z ∈ G.

Proof: Define a right-invariant distance be-
tween X,Y ∈ G as the infimum of the lengths of
the curves connecting X and Y wrt. the metric
〈., .〉r, such that dr(X,Y) = inf

γ(0)=X, γ(1)=Y

∫ 1
0 |γ̇(s)|γ(s)

r ds.

Using a change of variable γ̄(s) := Z−1γ(s) we
have dr(X,Y) = inf

γ̄(0)=Z−1X, γ̄(1)=Z−1Y

∫ 1
0 |Z ˙̄γ(s)|Zγ̄(s)

r ds =

inf
γ̄(0)=Z−1X, γ̄(1)=Z−1Y

∫ 1
0 ‖Z ˙̄γ(s)γ̄(s)−1Z−1‖ds ≤

σ(AdZ) inf
γ̄(0)=Z−1X, γ̄(1)=Z−1Y

∫ 1
0 ‖

˙̄γ(s)γ̄(s)−1‖ds =

σ(AdZ) inf
γ̄(0)=Z−1X, γ̄(1)=Z−1Y

∫ 1
0 |

˙̄γ(s)|γ̄(s)
r ds =

σ(AdZ)dr(Z−1X,Z−1Y). �

Lemma 4. Consider the system Ξ̇l(t) = ub
l (t)Ξl(t) (resp. Ξ̇r(t) =

Ξr(t)ub
r (t)) with Ξl(0) = Ξ0 ∈ G (resp. Ξr(0) = Ξ0 ∈ G) where

ub
l (t), ub

r (t) ∈ g.

(I) If ub
l (t) (resp. ub

r (t)) is bounded for all t ≥ 0, then dl(Ξr(t−
τ),Ξr(t)) (resp. dl(Ξr(t−τ),Ξr(t))) is bounded for all τ ≥ 0
and all t ≥ τ.

(II) If ‖ub
l (t)‖ → 0 (resp. ‖ub

r (t)‖ → 0), then dr(Ξl(t −
τ),Ξl(t))→ 0 (resp. dl(Ξr(t−τ),Ξr(t))→ 0) for all τ ≥ 0.

(III) If ‖ub
l (t)‖

exp
−→ 0 (resp. ‖ub

r (t)‖
exp
−→ 0), then dr(Ξl(t −

τ),Ξl(t))
exp
−→ 0 (resp. dl(Ξr(t−τ),Ξr(t))

exp
−→ 0) for all τ ≥

0.

�

Proof: We prove the Lemma for the right-invariant system
Ξ̇l(t) = ub

l (t)Ξl(t) and the right-invariant distance dr(., .). The
proof for the left-invariant case can be obtained similarly. The
length of the curve s 7→ Ξl(s), s ∈ [t − τ, t] connecting Ξl(t−τ)
to Ξl(t) wrt. the metric 〈., .〉r is given by Lr(Ξl(t−τ),Ξl(t)) =∫ t

t−τ |Ξ̇l(s)|Ξl(s)
r ds =

∫ t
t−τ |u

b
l (s)Ξl(s)|Ξl(s)

r ds =
∫ t

t−τ ‖u
b
l (s)‖ds.

If ub
l (t) is bounded, there exists a constant cu such that

‖ub
l (t)‖ ≤ cu for all t ≥ 0. Hence Ll(Ξl(t−τ),Ξl(t)) ≤ τcu and

consequently dr(Ξl(t−τ),Ξl(t)) is bounded by dr(Ξl(t−τ),Ξl(t)) ≤
Lr(Ξl(t−τ),Ξl(t)) ≤ τcu. This proves part (I).

If ‖ub
l (t)‖ → 0, then for all εu > 0 there exist a Tu such that for

all t ≥ Tu we have ‖ub
l (t)‖ < εu and hence, Lr(Ξl(t−τ),Ξl(t)) <

τεu. Hence, we have dr(Ξl(t−τ),Ξl(t)) ≤ Lr(Ξl(t−τ),Ξl(t)) < τεu

for all t ≥ Tu. Consequently, dr(Ξl(t−τ),Ξl(t))→ 0. This proves
part (II).

If ‖ub
l (t)‖

exp
−→ 0, then there exist positive constants c and α >

0 such that ‖ub
l (t)‖ ≤ c exp(−αt) for all t > 0. We have Lr(Ξl(t−

τ),Ξl(t)) =
∫ t

t−τ ‖u
b
l (s)‖ds ≤

∫ t
t−τ c exp(−αs)ds = c

α
(exp(ατ) −

1) exp(−αt). Hence dr(X(t−τ), X(t)) ≤ Lr(Ξl(t−τ),Ξl(t))
exp
−→ 0.

This proves part (III). �
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