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Abstract
This thesis introduces Spatial Waveform Channels (SWCs) as a modelling tool to derive
fundamental performance bounds for Multiple-Input Multiple-Output (MIMO) antenna
systems. In practical MIMO systems, the transmitting and receiving antennas are constrained to be within finite volumes in space and the signals received on individual
antennas become mutually correlated with increasing number of antennas. In SWCs
one assumes that volumes in space, rather than antennas, can be used as the transmitting and receiving elements. The essential idea behind this assumption is that any rate
of transmission that can be achieved by the transmitting and receiving antennas can in
theory, also be achieved by using the volumes to which the antennas are constrained.
However, if the bounds calculated using SWCs are to be useful, one needs to model the
various physical constraints imposed on a MIMO system in the corresponding SWC.
This thesis formalises the notion of an SWC and gives it an abstract mathematical definition, the structure of which enables one to impose the limitations in a MIMO system
on the corresponding SWC.
Several properties of SWCs are examined. In particular, I study the very general
concepts of degrees of freedom at level-ǫ and essential dimension for compact operators
defined on normed spaces. The number of degrees of freedom at level-ǫ of an SWC can
be used to determine the number of mutually uncorrelated signals in the corresponding
MIMO system that has noise in the receiver proportional to ǫ. Essential dimension of
the channel operator determines the number of mutually uncorrelated signals present
at the receiver that is largely independent of the noise level at the receiver. Moreover,
I show that the concept of degrees of freedom can be used to generalise the notion of
singular values of compact operators. These generalised singular values are then used
to numerically compute the degrees of freedom and essential dimension for various
channels. Finally, uncertainty principles and their application in the context of SWCs
are studied.
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Notation and Symbols
AWGN
ISI
MIMO
SWC

Additive White Gaussian Noise
Intersymbol interference
Multiple Input Multiple Output
Spatial Waveform Channel

BP,X (x)
B P,X (x)
C
Cn
x·y
ℑ{·}
hx, yiX
·∩·
L2 (T, Cn )
|·|
k · kX
Prob(·)
R
ℜ{·}
Rn
·∪·
x×y
Z
Z+
0
Z+

Open ball of radius P centered at x in the normed space X
Closed ball of radius P centered at x in the normed space X
Complex numbers
n-dimensional complex space
Dot product on Rn
Imaginary part of a complex number
Inner product on the space X
Intersection of two sets
L2 space of equivalence classes of Cn valued functions defined on T
Modulus of an element in Rn or Cn
Norm on the space X
Probability of some event
Real numbers
Real part of a complex number
n-dimensional Euclidian space
Union of two sets
Vector product on R3
Integers
Non-negative integers
Positive integers
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Chapter 1
Introduction
1.1 Background
The advent of modern cellular systems such as mobile handsets and indoor wireless local area networks has meant that telecommunication engineers are increasingly exposed
to extremely harsh environments. The classical additive white Gaussian noise (AWGN)
channel [1, pp. 378], with statistically independent Gaussian noise corrupting data samples is no longer adequate to model such channels. In most practical communication
systems, a signal can travel from the transmitter to the receiver over multiple paths.
Due to multi-path propagation, electromagnetic signals are subject to random fluctuations in signal amplitude, phase and/or angle of arrival. This phenomenon is known
as fading or scintillation [2]. Fading can be classified into large-scale and short-scale
fading. Large-scale fading refers to the average signal attenuation over large areas and is
affected by prominent terrain contours. The statistics of large-scale fading can be used
to estimate the mean signal attenuation as a function of distance between the transmitter and receiver. Small-scale fading refers to the rapid fluctuations in signal amplitude
and phase that can be experienced as a result of small changes (as small as half a wavelength) in the position of the transmitter and/or receiver. Small-scale fading causes timespreading of the signals and time-variance of the channel. This results in intersymbol
interference (ISI) and pulse distortion at the receiver1 .
Various techniques are used to mitigate the effects of multipath propagation. These
techniques include, but are not limited to, using equalizers, diversity and channel coding2 . Equalizers compensate for the ISI introduced by the multipath channel and are
generally adaptive because of the time-varying nature of the channel. One, or a combination of frequency, time, spatial or antenna polarization diversity may be used to
ensure that the depth and duration of fades experienced by the receiver is reduced. Fi1
2

See [2] and [3, ch. 4,5 ].
See eg [3, ch. 7].

1

nally, channel coding can be used to correct some or all of the errors introduced by the
channel. Three general types of codes: block codes, convolution codes and turbo codes
are commonly used. There is a great deal of published material on the techniques that
can be used to mitigate the effects of channel fading. (See [4] for a good review of
mitigation techniques3 ).
The idea that the inherent diversity in multipath environments could be exploited to
improve the performance of a communication system began to emerge in the 1990s. Initial results of Winters [6] showed the potential benefits of using multiple input multiple
output (MIMO) antenna systems in Rayleigh fading environments. Results of Teletar [7]
and Foschini et. al. [8] proved the theoretic potential of MIMO systems. If a system
has n transmitting and m receiving antennas then assuming that the transfer matrix H
has independent identically distributed entries, taken from a Gaussian distribution, Foschini et. al. [8] proved that the capacity of the channel grows linearly with min{m, n}.
Several other results have appeared in the literature with varying assumptions about
channel state information at the transmitter and receiver [9–12]. Measurements on real
systems corroborate the theoretical findings [13,14]4 .
The underlying assumption that leads to the unbounded growth in capacity with increasing number of antennas is: signals received on individual antennas are mutually
uncorrelated. However, in any practical communication system, both the transmitting
and receiving antennas are constrained to be within some finite volume in space. Therefore, as the number of antennas increase, antenna separation reduces and the channel
capacity saturates at some finite level. Several research articles address the effects of antenna separation and mutual coupling of signals on the capacity of the channel [17–24].
However these results depend on specific antenna configurations and/or scattering environments.
This motivates the following question: Is there a fundamental limit, independent of
specific antenna configurations, to the number of mutually uncorrelated signals available at the receiver?
One approach to answering the above question consists of studying continuous spatial channels, where we assume the volumes, to which the antennas are constrained, to
be the transmitting and receiving elements. Suppose that the transmitting and receiving
antennas are constrained to be within volumes T and R respectively. We assume that
a current flows in the transmitting volume T that generates an electromagnetic field in
the receiving volume R that can be measured. I call such channels Spatial Waveform
Channels5 (SWC). We then calculate the number of linearly independent electromagnetic fields that can be measured by a physical receiver that measures the field only in
R given that the current in the transmitter is constrained in some way. The main idea
3

Also see [1,3,5].
There is an abundance of literature on MIMO results. See [15,16] for a review of MIMO results.
5
See definition 2.1.
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Transmitting antenna
Receiving antenna
Current in Transmitting volume
Electric Field in Receiving Volume
Magnetic Field in Receiving Volume

Γ

Transmitting Volume T

Receiving Volume R
Figure 1.1: MIMO system and SWCs

being that the number of linearly independent electromagnetic fields in R gives an upper bound on the number of mutually uncorrelated signals at the receiver of a MIMO
system with densely packed antennas.
The aim of the thesis is to study the properties of SWCs. In particular, I study how
the constraints imposed on a real MIMO system can be modeled in SWCs and how these
constraints effect the properties of SWCs.

1.2 Overview
The performance of any practical MIMO system is limited by the physical constraints
imposed on it. Examples of this include total power available for transmission, noise
at the receiver and total volume in space that the transmitting and receiving antennas
can occupy. In this section, I will discuss how the constraints considered in this thesis
influence our model and properties of SWCs.
Referring to figure 1.1, assume that the transmitting and receiving antennas are constrained to volumes T and R, respectively. Also assume that a current, of density J is
flowing in the volume T that generates a field [E H] in the volume R. Here E is the
electric field and H is the magnetic field. We need to impose restrictions on the volumes
T and R and also the current density J and field [E H] in order to ensure that the physical limitations imposed on the MIMO system can be captured in the model for SWCs.
3

The constraints on the MIMO system that are studied in this thesis are as follows:
1. The transmitting and receiving antennas are physically constrained to be within a
finite volume in space.
2. The total power/energy available for transmission is finite.
3. Physical quantities, such as source current densities and electromagnetic fields
must be continuous functions.
4. The final physical limitation that needs to be incorporated into the model for
SWCs is more subtle. This limitation is due to the inability of any practical receiver to measure the electric field in the receiving antennas to arbitrary accuracy.
There are several reasons for this including [25]
(a) Noise in the receiver.
(b) Dynamic range of the receiver.
(c) Resolution of the receiver.
Therefore, if two electric fields differ by too little then a practical receiver in a
MIMO system will not be able to differentiate between the signals and we call
such signals physically indistinguishable. We need to model this subtle concept
of two electric fields differing by too little to complete our description of SWCs.
I give an abstract mathematical definition for an SWC in section 2.1 that enables
one to use the structure of the definition to impose the constraints discussed above. An
eT of possible source current densities, a
SWC consists of three parts, a normed space X
e
eT → YeR
normed space YR of possible electromagnetic fields and a linear operator Γ : X
that determines the electromagnetic field for a given source current density. Each one
of these parts is used to capture different physical limitations imposed on the MIMO
eT and YeR to satisfy certain properties, we ensystem. By restricting the elements of X
eT is used to ensure
sure that constraints 1 and 3 are satisfied. The norm on the space X
e
that constraint 2 is satisfied. The norm on YR is used to ascertain if two electromagnetic
fields differ by too little as required by constraint 4. This is discussed further in chapter 2. Once we have an accurate description of an SWC, we can study its properties.
In this thesis, I study three properties of SWCs: 1) Degrees of freedom at level-ǫ, 2)
Essential Dimension, 3) Uncertainty Principles.
In MIMO systems with n transmitting and m receiving antennas, there will be
at most min{m, n} linearly independent signals that a receiver can measure. However, in the case of SWCs, there are infinitely many linearly independent signals in6
eT . Physically we can think of functions in
Here, B1,XeT (0) is the unit ball centered at the origin in X
this set as those sources that use less than 1 unit of power or energy.
6
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ΓB1,XeT (0) ⊂ YeR . But the finite receiver sensitivity discussed in constraint 4 above
ensures that only finitely many linearly independent signals can be measured by a real
receiver. The distance between any two electromagnetic fields is quantified using the
norm on the receiver space of functions YeR in the definition for SWCs. So, given some
level ǫ, which depends on the receiver, there exists a number N and a set of N elements,
φ1 , . . . , φN ∈ YeR such that all the signals that can be generated at the receiver differ by
less than ǫ from an element in the span of {φ1 , . . . , φN }. I call such an N the number
of degrees of freedom7 of the channel at level ǫ because a physical receiver that can
measure fields to level ǫ can only measure N linearly independent signals. This in turn
implies that as the number of antennas n, m → ∞, the number of linearly independent
signals for the MIMO system saturates at N.
Generally, in SWCs the number of degrees of freedom for a channel depends on the
level ǫ. However, in several important cases [25–28] it does not change much for a large
range of values of ǫ. This leads us to the concept of essential dimension8 of an SWC
which is the number of degrees of freedom at level ǫ for the largest range of values of
ǫ. This number only depends on the channel and can be used as an upper bound for the
number of mutually uncorrelated signals available at the receiver of a MIMO system
with densely packed antennas, largely independent of the receiver sensitivity.
Finally, I study Uncertainty Principles for SWCs. The classical uncertainty principle
constrains the amount of energy a function can simultaneously have in the frequency
and time domains [29,30]. We can develop a similar principle for SWCs which tries to
answer the question: what is the maximal fraction of the total radiated energy/power
that can be concentrated in the receiver? We can therefore find a bound on the best
connected mode in a MIMO system modeled by the corresponding SWC.

1.3 Summary of results
This thesis is divided into six chapters. Chapter 1 provides an overview of the subject
matter studied. In the following section of this chapter, I review some of the previous
results from the literature that are relevant to degrees of freedom in SWCs. In chapter 2
I discuss SWCs, explaining how the total radiated power/energy and received energy
can be used to define norms on the space of transmitting and receiving functions in
SWCs. In chapter 3 I show how one might define the very general concepts of degrees
of freedom and essential dimension for compact operators on normed spaces and also
develop sufficient machinery to compute the degrees of freedom and essential dimension
for such operators. In chapter 4 I develop numerical techniques for the computation of
generalised singular values of compact operators on normed spaces and show the results
of numerical simulations. In chapter 5 I review the classical uncertainty principle and
7
8

See definition 3.2.
See definitions 3.4 and 3.5
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discuss two novel principles that are more general and also give a physical interpretation
in terms of SWCs for the principles. Concluding remarks are given in chapter 6.
The principal results contained in chapters 2 to 5 are summarised below.
Chapter 2: In this chapter I give a novel definition 2.1 for SWCs that is sufficiently
general to encompass most9 of the cases reviewed in section 1.4. I also prove that the
total energy/power radiated and lost by a current in the transmitting volume T defines
a norm on the vector space of all possible current densities in sections 2.3 and 2.4.
Similarly, I prove that the energy stored in the electromagnetic field in the receiving
volume R defines a norm on the space of all electromagnetic fields in the receiver. The
definition of an SWC is such that all the constraints imposed on a MIMO system can be
incorporated into it through the norms defined by the energy/power. I also prove several
theorems in sections 2.3 and 2.4 which establish some useful properties of the space of
transmitter and receiver functions.
Chapter 3: The concepts of degrees of freedom and essential dimensionality are very
general and can be used for compact operators defined on arbitrary normed spaces. In
this chapter I prove in theorem 3.1 that it makes sense to talk about degrees of freedom
at level-ǫ for a compact operator defined on a normed space. I then use this theorem to
give a novel definition for the number of degrees of freedom at level-ǫ for a compact
operator (see definition 3.2). I prove some of the simple properties of degrees of freedom
in theorem 3.2 which are useful in their own right and are also helpful in proving other
theorems in later chapters.
The definition for degrees of freedom is a descriptive one and does not lend itself
to numerical evaluation for specific channels. I therefore give a novel definition 3.3 for
generalised singular values and prove in theorem 3.5 that they are generalisations of the
commonly accepted notion of singular values of compact operators defined on Hilbert
spaces. The advantage of defining generalised singular values is that the number of
degrees of freedom of a compact operator can be characterised in terms of its singular values and this characterisation lends itself to numerical computation of degrees of
freedom.
Finally, I give a novel definitions for essential dimension (3.4) and essential dimension of order-n (3.5) of a compact operator defined on a normed space. I argue that the
essential dimension of an operator is different from degrees of freedom at level-ǫ in the
sense that it is independent of the arbitrarily chosen constant ǫ and only depends on the
operator itself. It gives a bound on the number of mutually uncorrelated signals at the
receiver of a MIMO system that is largely independent of the noise at the receiver.
Chapter 4: In some cases, it is possible to write the operator in an SWC as an integral
operator (see eg. [26]). Though, it may be difficult to analytically calculate the singular
values of the integral operator, it is sometimes possible to calculate the singular values
of another integral operator that closely approximates the original operator. I demon9

The only exception is the work of Kennedy et. al. [31] which studies a different geometric model.
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strate in this chapter that perturbation techniques can be used to show that the singular
values of the approximate operator approach those of the original operator as the approximation gets better. I use these ideas to analytically calculate the singular values
of the operator that describes communication using scalar waves between rectangular
prisms [26]. The application of perturbation theory to the calculation of singular values
of SWCs is novel.
For most situations however, analytical techniques are inadequate and I develop an
important numerical technique for the computation of generalised singular values. This
technique is very similar to Galerkin’s method for the computation of singular values of
Hilbert space operators (see eg. [32]). I prove in theorem 4.1 that if a compact operator
is defined on a normed space that has a complete Schauder basis then one can use calculations on finite dimensional spaces to find approximations for the generalised singular
values of the operator that are also lower bounds for the gereralised singular values. This
theorem is useful because it gives a simple practical method of approximately computing the degrees of freedom. I also show results of numerical computations for several
specific channels.
Chapter 5: In this chapter I review the classical uncertainty principle and use it to motivate theorem 5.7 which is a generalisation of the classical principle to arbitrary bounded
operators defined on Hilbert spaces. I also give a physical interpretation of the general uncertainty principle for SWCs. I prove a second general uncertainty principle in
theorem 5.9 that is particularly pertinent to SWCs.

1.4 Review of previous results from the literature
In this section I briefly review some of the previous results from the literature for degrees of freedom of spatial waveform channels10 . One of the first papers that talks about
the number of degrees of freedom of an electromagnetic field is Bucci et. al. [25,33].
Bucci et. al. [33] assume that the sources and scatterers are confined to a sphere of
finite radius a and evaluate the number of degrees of freedom of an electric field generated by the source and induced current on some observation curve C. As explained
in section 2.5, the channel studied by Bucci et. al. [25,33] can be written as an SWC.
Bucci et. al. [25] show that the number of degrees of freedom at level-ǫ is equal to the
number of singular values of the channel operator that are greater than ǫ. However, because the singular values of the channel operator show a step like behavior, for a large
range of values of ǫ the number of degrees of freedom of the channel is independent of
the exact value of ǫ chosen. As explained in section 3.4 my novel definition for essential
dimension given in section 3.3 can be used to quantify the level-ǫ at which the singular
values of Γ change most rapidly and can therefore be used to uniquely identify the step
10

A review of previous results for uncertainty principles can be found in section 5.1.
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in the singular values. Moreover, their definition of degrees of freedom is a special case
of my definition of degrees of freedom given in section 3.2.
The work of Bucci et. al. [25] is similar to that of Miller [26] where scalar waves
are studied. The main assumption in Miller [26] is that the transmitter is constrained
to be in a volume V ⊂ R3 and the receiver is constrained to a volume W ⊂ R3 .
As shown in example 2.1, the channel studied by Miller can be written as an SWC.
Miller [26] evaluates the number of modes of communication that are possible between
the volumes V and W using scalar waves. Miller [26] explains how the number of
modes of communication is equal to the number of significant singular values of the
channel operator. Piestun and Miller [34] similarly analyse the case for vector waves
and use a similar definition for the number of modes of communication. As explained
in section 3.4, if we assume that a singular value of the channel operator is significant if
it is greater than some constant ǫ, then the number of modes of communication is equal
to the number of degrees of freedom at level-ǫ.
Miller [26] also analytically evaluates the singular values of the channel if the volumes V and W are rectangular prisms that are aligned along one of the Cartesian coordinate axis. Miller [26] uses the paraxial approximation of the channel’s Green’s function
to calculate the singular values. I use perturbation theory to find bounds on the approximation error as explained in section 4.1. Miller shows that if V and W are rectangular
prisms, then the singular values of the channel operator show a step like behavior and
claims that the number of modes of communication is essentially independent of how
one defines a singular value to be significant. As explained in section 3.4, the definition of essential dimension given in section 3.3 can be used to calculate the number of
modes of communication if the singular values of the channel operator show a step like
behavior.
Hanlen et. al. build on the results of Miller [26] for scalar waves to include the
effect of scatterers [35,36]. They assume that reflective scatterers are present and evaluate a new Green’s function to account for the scatterers. Then the singular values of
the channel operator are calculated numerically. Simulations are used to calculate the
singular values for different scatterer positions. Xu et. al. [37] build on the results of
Piestun et. al. [34] for vector waves to include the effect of scatterers. They numerically
evaluate the Green’s function for vector waves in the presence of reflective scatterers in
two dimensions using the finite moments method (FMM). Xu et. al. [37] then numerically calculate the singular values of the operator defined using the Green’s function. As
explained in section 2.5, the channels studied by Xu et. al. [37] and Hanlen et. al. [36]
can be written as SWCs. Xu et. al. [37] give a novel definition for the number of degrees
of freedom for the channel in terms of the singular value of the channel operator, the
power available for transmission and noise in the receiver. As explained in section 3.4
their definition is equivalent to a special case of my definition of degrees of freedom at
level-ǫ. Simulation results in both [36] and [37] indicate that the singular values of the
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channel operator decrease gradually with no sudden knee like behavior.
This is quite unlike the behavior predicted by Poon et. al. [28] who consider communication between finite volume transmitters and receivers in the presence of scatterers.
But, instead of considering individual scatterers, they consider a cluster of scatterers
that are constrained to be within some finite volume. Poon et. al. [28] use a heuristic
argument to show that the singular values σn of the channel operator show a step like
behavior with eigenvalues close to 1 for n < Ndof and close to 0 otherwise. Here Ndof
depends on the channel operator and the finite transmitting and receiving volumes. As
explained in section 3.4, my definition of essential dimension can be used to uniquely
identify Ndof . It should be noted that this step like behavior is observed in most analytical calculations of singular values where some assumptions are made regarding the
scatterer and/or antenna configurations (e.g. cluster of scatterers within a finite volume). In contrast, if numerical simulations are used to calculate the singular values of
channels, wherein the scatterers are placed at random locations, the singular values do
not generally show a step-like behavior11 . My numerical simulations show no step-like
behavior for singular values (Note that the physical model I simulated is considerably
different from that of Poon et. al. [28]. Therefore one cannot directly compare these
results.)
A step like behavior of eigenvalues is also found in [31,38,39]. The approach of
Kennedy et. al. [31] is substantially different from those discussed earlier in this section
wherein the transmitting volume was assumed to be constrained. Kennedy et. al. [31]
consider the possible wavefields within a volume constrained to a radius R provided all
sources are in the far field (outside a ball of radius RS ). The channel model used in
these papers is considerably different from that considered in this thesis. The physical
interpretation of these channels is discussed further in section 3.4. Kennedy et. al. [31]
use the error in approximating the field in the receiving volume by a finite dimensional
set of functions to evaluate the degrees of freedom of the wavefields in the receiving
volume. A similar approach can also be found in Dickins et. al. [40]. However, as
explained in section 3.4, these definitions cannot be directly compared with degrees of
freedom at level-ǫ or with essential dimension of the channel.
Newsam and Barakat [41] approach the problem of finding the degrees of freedom of
an operator
R differently. The primary interest of [41] is in the inverse problem: Suppose
g(t) = k(s − t)f (t)dt. Here g(t), f (t) ∈ L2 (R, C). Then given g can we determine
f ? As explained in section 3.4 their definition is equivalent to a special case of the
definition of degrees of freedom at level-ǫ.
All the channels discussed so far in this section constrain the total current in the
transmitting volume in some sense. Jensen and Wallace [42,43] also study communication between finite transmitting and receiving volumes using electromagnetic waves.
They assume that the source current is constrained to be within a finite volume T and
11

c.f. simulation results in [34,36,37]
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impose a restriction on the total power available for transmission. Wallace et. al. [43]
claim that if only the total power radiated is bounded then there are infinitely many
channels available between the transmitting and receiving volumes. They further claim
that if the super- directivity ratio is also bounded for a source current then only finitely
many channels transfer sufficient power from the transmitter to the receiver. No proofs
are provided for these claims in [42,43]. Further, unlike the SWCs described in chapter 2, Wallace et. al. [43] do not constrain the total power lost as heat in the transmitting
volume.
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Chapter 2
Spatial Waveform Channels
As explained in the previous chapter, SWCs may be used to find bounds on the performance of MIMO systems with an arbitrarily large number of transmitting and/or receiving antennas that are constrained to a finite volume. A MIMO system’s performance
is limited by several constraints imposed on it. So, in order to obtain useful bounds on
MIMO systems one needs to model the constraints imposed on it in the corresponding
SWC. The approach taken in this thesis to achieve the above is to give a definition for
SWCs that enables one to impose the required constraints by using the structure of the
definition. This definition, given in the following section is novel and is sufficiently
general to encompass most1 of the cases discussed in section 1.4.
There are two distinct cases considered here. Firstly, we assume that the underlying
MIMO system, which is constrained to be within some finite volume, can only radiate
for a finite duration of time. In this case we also assume that a finite amount of energy is
available for transmission. I refer to this case as the finite energy case. Any real MIMO
system is subject to the above restriction and this is the most important case considered
here. In the second case I assume that the MIMO system can radiate energy for all time
t ∈ (−∞, ∞). In this case I assume that the total power available for transmission is
finite. I refer to this case as the finite power case. In both the finite energy and finite
power cases I assume a monochromatic time dependence of ejωt . Here, ω is the angular
frequency of oscillation.
Finite energy case: The important constraints considered in this thesis and the approach taken to model them in SWCs is as follows:
1. Constraint: The transmitting and receiving antennas are physically constrained
to be within a finite volume in space.
1
The only exception being that studied by Kennedy et. al. [31] where the physical situation considered
is much different.
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Approach taken to model the constraint: This constraint can easily be incorporated into the SWC model by requiring that the transmitting volume T and
receiving volume R be compact subsets of R3 . I then impose the restriction that
the source current density must be zero outside T and the electromagnetic field
can only be measured within the volume R.
2. Constraint: The total energy available for transmission is finite.
Approach taken to model the constraint: Suppose XT is the space of Lebesgue
measurable C3 -valued functions defined on T that are square integrable. It turns
out2 that the total energy required to set up a current density J ∈ XT in T defines
eT be the set of equivalence classes of functions
a semi-norm ρXT (·) on XT . Let X
eT and if x1 , x2 ∈ x
in XT such that if x
e∈X
e then ρXT (x1 − x2 ) = 0. The semieT . I assume that the source
norm ρXT induces a norm k · kXeT on the space X
current density is modeled by an equivalence class of functions which have norm
less than the energy available for transmission.
Now, suppose that YR is the space of Lebesgue measurable C6 -valued functions
defined on R that are square integrable. The total energy stored in the electromagnetic field within volume R defines a semi-norm ρYR (·) on the space YR . Let
YeR be the space of equivalence classes of functions similar to the source current
density case above and let k · kYeR be the norm induced by the semi-norm ρYR on
this space. I assume that the electromagnetic field is modeled by an element of
the space YeR with a finite norm.

3. Constraint: Physical quantities, such as source current densities and electromagnetic fields must be continuous functions.
Approach taken to model this constraint: An indirect approach is taken to
model this constraint. Obviously, the current density on the antenna cannot be
an equivalence class of square integrable functions. However, as shown in seceT and ǫ > 0, there exists an x
eT such that ke
tion 2.3, for all x
e∈X
eǫ ∈ X
x −e
xǫ kXeT ≤
ǫ and at least one member of the equivalence class x
eǫ is a continuous function.
e ∈ X
eT ,
Physically, we can interpret this statement as follows: for any given J
there is a current density J that is continuous and the electromagnetic field gene We can similarly
erated by J is approximately equal to the field generated by J.
e
interpret the elements of YR as electromagnetic fields.
4. Constraint: Receiver sensitivity cannot be arbitrarily high.
Approach taken to model this constraint: This constraint is not directly modeled in the definition of SWCs. However, the definition gives enough structure to
an SWC, so that this structure can be used in studying the properties of SWCs that

2

See section 2.3.
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depend on the sensitivity of the receiver. At any instant in time, the energy radiated by the transmitter is stored in the electromagnetic field. For the receiver to be
able to measure the field, the energy stored in the field in volume R cannot be too
small. As explained earlier, the energy stored in the received field induces a norm
on the space YeR . So, for a receiver with finite sensitivity to be able to measure
the electromagnetic field we assume that only those fields with norm greater than
some small positive constant ǫ are measurable. A simple way of incorporating
this idea is to say that two signals [E1 H1 ], [E2 H2 ] ∈ YeR are physically indistinguishable at some level ǫ > 0 if the energy of the field [E H] = [E2 H2 ]−[E1 H1 ]
is less than ǫ. Or equivalently, if k[E H]kYeR < ǫ. This concept is not novel and
has been used for instance in Bucci et. al. [25] and Landau et. al. [27].
Finite power case: The finite power case is very similar to the finite energy case. Now
eT consists of equivalence classes of C3 -valued functions defined on some
the space X
compact set T . Again, it can be shown that the total power lost and radiated defines a
eT . One significant difference is that we can now look at the power
norm on the space X
received by a volume R ⊂ R3 or the energy stored in the electromagnetic field in the
volume R ⊂ R3 . If we assume that the receiving volume consists of empty space then
the total power received would be zero. If on the other hand we assume that it consists of
a conductor with finite resistance then it would be difficult to determine the total power
received by it. So I use the total energy stored in the receiving volume to determine the
number of degrees of freedom of the channel.
The above discussion motivates the definition of an SWC given in the following
section. In sections 2.3 and 2.4, I show how the energy/power can be used to define
norms on the space of current densities and electromagnetic fields.

2.1 Definition of Spatial Waveform Channels
At the beginning of this chapter, I explained that one could use the energy/power to
define a norm on the space of source current densities. However, in defining an SWC
channel, I allow any physical constraint to be used to define a norm on the space of
source current densities. This ensures that an SWC is sufficiently general to accommodate several models used in the literature.
Let T ⊂ Rn be compact and Lebesgue measurable and let FT be some linear vector
space of Cm valued functions defined on T . Here, m ∈ Z+ . For instance, FT can be
the space of all Lebesgue measurable, square integrable functions defined on T . Now
suppose that ρFT : FT → [0, ∞] is some semi-norm defined on the space FT . Then we
can define an equivalence relation ∼ on FT as f ∼ g if f, g ∈ FT and ρFT (f − g) = 0.
It follows from the definition of a semi-norm that this is in fact an equivalence relation.
Let FeT be the set of all equivalence classes in FT . Then, ρFT induces a norm on the
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elements of FeT as follows
kfekFfT = ρFT (f ).

fT is an equivalence class of functions in FT and f ∈ FT is some member
Here fe ∈ F
of the equivalence class fe. From the definition of the equivalence classes it is apparent
that the above norm is well defined. Note that if the semi-norm ρFT is in fact a norm on
the space FT then FT is isomorphic to FeT .

Definition 2.1. A spatial waveform channel (SWC) consists of a triple (FeT , FeR , Γ).
Here, T ⊂ Rn and R ⊂ Rn are compact and Lebesgue measurable3. Also, FeT is a
normed space of equivalence classes of Cm -valued functions defined on T with norm
k·kFeT and similarly FeR is a normed space of equivalence classes of Cp -valued functions
defined on R with norm k·kFeR . Here m, n and p are positive integers. Further, Γ : FeT →
FeR is a bounded linear operator.

In the following example I will show how the special case of communication using
scalar waves between finite volumes can be written as an SWC. This channel was studied by Miller [26]. This example also demonstrates how a general channel, that does
not necessarily constrain the total power/energy used, can be written as an SWC.
Example 2.1. Consider communication using scalar waves between a transmitting volume T ⊂ R3 and a receiving volume R ⊂ R3 which are compact and measurable such
that T ∩R = ∅. Suppose that FT and FR are the spaces of all complex valued, Lebesgue
measurable, square integrable functions defined on T and R, respectively. Then we can
define semi-norms on these spaces as
Z
1/2
2
ρFT (·) =
| · | dr
T

ρFR (·) =

Z

R

2

| · | dr

1/2

Therefore, we have FeT = L2 (T, C) and FeR = L2 (R, C).
Now suppose that there are sources ψ ∈ L2 (T, C) in the transmitting volume T that
generate waves φ(r) according to the scalar Helmholtz equation
∇2 φ(r) + k 2 φ(r) = −ψ(r) ∀r ∈ R3 .
Here k is the wave number. Then it can be shown (see eg. [26]) that for all r ∈ R
Z
φ(r) =
G(r, r′)ψ(r′ )dr′ .
T

3

We can think of T and R as subsets of R3 to which the transmitting and receiving antennas are
constrained.
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Here,
exp{−ik|r − r′ |}
.
G(r, r ) =
4π|r − r′ |
′

We can now define an operator Γ : L2 (T, C) → L2 (R, C) as ψ 7→ φ. It is obvious
that Γ is a linear map. To prove that it is bounded, note that because T and R are
compact and have empty intersection, there exists an r > 0 such that for all r ∈ R and
r′ ∈ T , r < |r − r′ |. Therefore |G(r, r′)| is bounded for r ∈ R, r′ ∈ T . Suppose b is
some upper bound for |G(r, r′)| for all r ∈ T and r′ ∈ R. Then
Z
2
kφkL2(R,C) =
|φ(r)|2dr
RZ Z
2
|ψ(r′ )|2 dr′ d3 r
≤ b
R

T

2

≤ b µ(R)kψk2L2(T,C)

Here, µ(R), the volume of R is finite because R is compact. This proves that Γ is
bounded. Therefore (L2 (T, C), L2(R, C), Γ) is an SWC. It describes communication
through free space between a finite volume transmitter and a finite volume receiver
using scalar waves.
In the following section I will describe how one can calculate the total energy/power
radiated by a given source current density. This radiated energy/power is then used to
define semi-norms on the spaces of transmitter and receiver functions.

2.2 Energy and Power for Electromagnetic Waves
Suppose T is a compact subset of R3 and let J(x, t), with x ∈ T and t ∈ (−∞, ∞), be
the source current density that generates an electric field E(x, t) and a magnetic field
H(x, t) defined for all x ∈ R3 and t ∈ (−∞, ∞).
Let us now consider the finite energy and finite power cases separately. In the finite
power case we assume a monochromatic time-dependence. That is, we assume that the
source current density is of the form
J(r, t) = ℜ{J′ (r)ejωt } ∀t ∈ (−∞, ∞).

Here ℜ{·} denotes the real part of a complex number and J′ : T → C3 . Because
Maxwell’s equations are linear and time-invariant, the electric and magnetic fields are
of the form
E(r, t) = ℜ{E′ (r)ejωt } ∀t ∈ (−∞, ∞) and
H(r, t) = ℜ{H′ (r)ejωt } ∀t ∈ (−∞, ∞),
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with E′ , H′ : R3 → C3 .
Now suppose that Ω is some smooth surface the interior of which contains T . Then
the time-averaged, total power radiated by the current of density ℜ{J′ (r)ejωt } can be
calculated using Poynting’s theorem [44, section 6.9]:
Z
1
′
ℜ{(E′ (r) × H′∗ (r)) · n}da.
(2.1)
Prad (J ) =
2 Ω
Here, · × · denotes the vector-product in R3 and da is the surface area element. Note
that the energy stored in the near-field of the transmitting volume does not contribute to
the above integral. Therefore, this stored energy plays no part in calculating the norm
on the space of transmitter functions. Also, I define the time-averaged power lost (as
heat) in the transmitting volume to be
Z
1
′
Plost (J ) = Rloss |J′ (r)|2 dr.
(2.2)
2
T
This definition is motivated by the analogous definition for power lost in radiating antenna. So the total power, lost as heat is proportional to the square of the current and
a loss resistance Rloss . The loss resistance is a constant that depends on the material
used to construct the antenna and the antenna configuration. We study the behavior of
an SWC for varying loss resistances.
Let R ⊂ R3 be some compact three dimensional receiving volume. Then the timeaveraged power entering the volume R is given by
Z
1
′
ℜ{(E′(r) × H′∗ (r)) · n}da.
(2.3)
Prec (J ) = −
2 ∂R
Here, ∂R is the boundary of R, n is the unit normal vector to the surface pointing
outwards and da is the surface area element. We get the negative sign because we use
the convention that n is pointing out from the surface. If we assume that R ∩ T = ∅,
then the time-averaged power received by the receiving volume is in fact zero because
we assume a monochromatic time-dependance. However, in a real antenna system, due
to the presence of conductors that have finite conductivity in the receiving volume, some
of the incident electromagnetic power is absorbed by the receiver. So, we can calculate
the time-averaged incident power on the receiving volume R as follows:
Z
1
′
min{ℜ{(E′(r) × H′∗ (r)) · n}, 0}da.
(2.4)
Pinc (J ) = −
2 ∂R
We assume that the power received by the receiving volume is equal to Rrad Pinc (J′ ).
Here, Rrad is the radiation resistance of the receiving antenna. This approach is however
not ideal because the radiation resistance of an antenna system depends on the antenna
configuration. I therefore do not take this approach in this thesis.
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Instead, we look at the energy stored in the electromagnetic field within the receiving
volume R. At any instant in time the total power radiated by the current density J(x, t)
is stored in the electromagnetic field throughout R3 . The time-averaged energy stored
in the field within the volume R is [44, section 6.7]
Z
1
1
′
ǫ0 |E′(r)|2 + |H′ (r)|2dr.
(2.5)
Erec (J ) =
4 R
µ0

Here, ǫ0 and µ0 are the permittivity and permeability of free space. The motivation behind using this energy is that it simplifies calculations considerably. We do not specifically calculate the total energy re-radiated from the receiver. We assume that the total
energy lost as heat and also lost due to re-radiation is proportional to the incident energy. We absorb this constant of proportionality into Rloss the loss resistance of the
transmitting antenna and therefore do not need to state it explicitly.
Now consider the finite energy case wherein we assume that the transmitting volume
has current flowing in it only during a finite time interval [0, t1 ]. I again assume a
monochromatic time-dependance for the source current density, i.e.
J(r, t) = ℜ{J′ (r)ejωt ξt1 (t)}.
Here,
ξt1 (t) =



1 0 ≤ t ≤ t1
0 otherwise

Note that because of the indicator function ξt1 , we cannot assume that the electric and
magnetic fields are monochromatic.
In this case we need to calculate the total energy radiated by the volume T during
the time interval [0, t1 ]. One needs to be careful in calculating this total radiated energy,
because the electromagnetic field is not well defined in the transmitting volume T . I
assume that the total radiated energy is the energy that is stored in the field outside a
closed surface Ω the interior of which contains T . By making the surface Ω arbitrarily
close to the volume T , we can ensure that the total radiated energy is very close to the
actual radiated energy. This is not a problem when modeling a real antenna system
because it would have finite conductivity and therefore the energy stored in the field in
the small volume Ωint \ T will be very small and goes to zero as Ω gets closer to the
volume T . Here, Ωint is the interior of the closed surface Ω.
In this case we can write the total energy radiated by the transmitting volume as
Z
1
′
[Erad (J )](t1 ) =
ǫ0 |E(r, t1)|2 + |H(r, t1 )|2 dr
(2.6)
µ0
Ωext

where Ωext is the exterior of the surface Ω. Again, I define the total energy lost (as heat)
to be
Z t1 Z
′
[Elost (J )](t1 ) = Rloss
|J(r, t)|2drdt.
(2.7)
0

T
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Finally, if R ⊂ R3 is some compact receiving volume, then the total energy stored in
this volume at time instant t1 is given by
Z
1
′
(2.8)
[Erec (J )](t1 ) =
ǫ0 |E(r, t1)|2 + |H(r, t1 )|2 dr
µ0
R
Note that for the remainder of this document I will refer to both J(r, t) and J′ (r) as
the source current density in both the finite energy and finite power cases. The reader
should interpret the current density J′ (r) to be ℜ{J′ (r)ejωt ξt1 (t)} in the finite energy
case and ℜ{J′ (r)ejωt } in the finite power case.

2.3 Finite Energy Case
In this section I will describe how a MIMO system with antennas that are constrained to
finite volumes and radiate for a finite time duration can be modeled as an SWC. I assume
that the transmitting antennas have a finite amount of energy available for transmission
and that the energy is radiated in the form of electromagnetic fields and lost as heat in
the transmitting volume.
Suppose T ⊂ R3 is a compact set and 0 < t0 < ∞ is some instant in time and the
antennas are constrained to volume T and can only radiate energy during the interval
[0, t0 ]. Let L2 (T, C3 ) be the space of equivalence classes of C3 -valued functions defined
on T with finite L2 norm. In this section, I will define a different norm on this space of
functions that depends on the total energy lost and radiated.
Also suppose J ∈ L2 (T, C3 ) is some function, such that ℜ{J(r)ejωtξt0 (t)}, r ∈ T ,
t ∈ (−∞, ∞) is the current density. Then we can calculate the total energy radiated
[Erad (J)](t0 ) from equation (2.6) and the total energy lost as heat, [Elost (J)](t0 ) from
equation (2.7).
Theorem 2.1. Let T ⊂ R3 be some compact set and let t0 < ∞ be some instant in time
and let Ω be a closed surface the interior of which contains T . Then we can define an
inner product on L2 (T, C3 ) as follows. For all J1 , J2 ∈ L2 (T, C3 ),
hJ1 , J2 iXeT,t = I1 + I2
where
R t0 R 0′ ∗
I1 = Rloss 0 T J1 (r, t)J′2 (r, t)drdt
and
R
R
1
∗
∗
I2 = ǫ0 Ωext E1 (r, t0 )E2 (r, t0 )dr + µ0 Ωext H1 (r, t0 )H2 (r, t0 )dr.
(2.9)

Here, for i = 1, 2, J′i (r, t) generates the electric field Ei(r, t) and magnetic field Hi (r, t)
and J′i (r, t) = Ji (r)ejωt ξt0 (t).

Proof. Let x, y, z ∈ L2 (T, C3 ), α ∈ C and let Ex , Ey , Ez and Hx , Hy , Hz be the
corresponding electric and magnetic fields generated by x, y, z. From the linearity of
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Maxwell’s equations, we know that the electric and magnetic fields generated by x + y
are Ex + Ey and Hx + Hy . Therefore, we get the following after some simple algebraic
manipulations
hx + y, ziXeT,t = hx, ziXeT,t + hy, ziXeT,t ,
0

0

0

hαx, zi = α∗ hx, ziXeT,t .
0

It is easy to show that hx, yiXeT,t is the complex conjugate of hy, xiXeT,t . Finally, note
0
0
that if J1 = J2 then I2 is always non-negative and I1 is proportional to the L2 norm.
Therefore, hJ1 , J1 iXeT,t is always non-negative and if it is zero, then J1 must be the
0
equivalence class of functions that are zero almost everywhere.
Consequently, h·, ·iXT,t0 is an inner product on L2 (T, C3 ).
eT,t0 denote the
Let k · kXeT,t denote the norm induced by this inner product and let X
0
subset of L2 (T, C3 ) functions with finite k · kXeT,t norm4. From the definition of the
0
eT,t0 is equal to the total
inner product in equation (2.9), we can tell that the norm on X
energy lost and radiated by the source current of density J.
Similarly, if R ⊂ R3 is compact, then we can define an inner product on the space
L2 (R, C6 ), that gives the total energy stored in the field in volume R. The inner product
is
Z
1
ǫ0 E∗1 (r)E2(r) + H∗1 (r)H2 (r)dr.
h[E1 H1 ], [E2 H2 ]iYeR =
(2.10)
µ0
R
It is trivial to show that h·, ·iYeR is an inner product. Let k · kYeR be the norm induced by
this inner product and let YeR denote the set of functions whose k · kYeR norm is finite. The
following theorem shows that the case of communication using electromagnetic waves,
with an energy constraint on the transmitter can be written as an SWC.
eT,t0 and YeR be as described above. Then, the operator Γ : X
eT,t0 →
Theorem 2.2. Let, X
eT,t0 to the corresponding electric and magnetic
YeR which maps any current density in X
fields in YeR at time t0 is linear and bounded.

eT,t0 generates a unique field
Proof. Because each current density in the space J ∈ X
in R, there exists an operator Γ that maps J to some field [E H]. The linearity of
the operator Γ follows from the linearity of Maxwell’s equations. To show that Γ is
bounded, note that if the total energy radiated is bounded (i.e. if kJkXeT,t < b < ∞) then
0
the energy stored within volume R is less than the same bound (i.e. k[E H]kYeR < b).
Therefore Γ is bounded and kΓk ≤ 1.
4

eT,t0 .
It will be shown in theorem 2.3 that all elements of L2 (T, C3 ) are also elements of X
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eT,t , YeR , Γ) is a spatial waveform channel. The electromagTherefore the triple (X
0
netic field for a given current density depends on the position of the scatterers. Therefore, the operator Γ, in the above theorem depends on the position of the scatterers. Note
that it is not important to have a closed form description of the operator Γ. One only
needs to calculate the electromagnetic field for a given source current density in order
to study the properties of the SWC. This calculation is done numerically in section 4.3.
Finally note that if R ∩ T = ∅ then the operator Γ is compact. This is a direct
consequence of the following theorem.
eT,t0 be the normed space described
Theorem 2.3. Let T be a compact set and let X
2
3
eT,t0 . Moreover, if x ∈ L2 (T, C3 ) and {x1 , x2 , . . .}
above. If x ∈ L (T, C ) then x ∈ X
is a sequence in L2 (T, C3 ), then
lim kxn − xkXeT,t = 0 ⇔ lim kxn − xkL2 (T,C3 ) = 0.

n→∞

0

n→∞

eT,t0 , we need to show that kxk e
Proof. Let x ∈ L2 (T, C3 ). Then to prove that x ∈ X
XT,t0
is finite. But,
kxk2Xe

T,t0

= Rloss kxk2L2 (T,C3 ) + [Erad (x)](t0 )

Then as shown in appendix A.2, there exists a constant b < ∞ such that
[Erad (x)](t0 ) ≤ bkxk2L2 (T,C3 ) .

Therefore,
kxk2Xe

T,t0

≤ (Rloss + b)kxk2L2 (T,C3 ) < ∞

(2.11)

eT,t0 .
and x ∈ X
2
3
Now suppose {xi }∞
i=1 is a sequence in L (T, C ). Then it is also a sequence in
eT,t0 . Also, suppose that limi→∞ kx − xi kL2 (T,C3 ) = 0 and let δ > 0 be given. Then
X
there exists an N such that for all n > N,
kxn − xkL2 (T,C3 ) ≤

δ
.
b + Rloss

Therefore, from equation (2.11) we know that for all n > N,
kxn − xkXeT,t ≤ δ.
0

Hence, limi→∞ kx − xi kXeT,t = 0.
0
The converse statement follows very easily from,
kxkL2 (T,C3 ) ≤

1
Rloss

kxkXeT,t .

(2.12)

0
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The above theorem is very useful because it shows that the k · kXeT,t norm induces
0
the same topology on the space L2 (T, C3 ) as k · kL2 (T,C3 ) norm. This is useful because it
allows us to use several well established properties of L2 (T, C3 ). The following corollaries are simple consequences of the above theorem.
eT,t0 be as described above. Then
Corollary 2.3.1. Let T be some compact set and let X
3
eT,t0 .
the space of C -valued continuous functions defined on T is dense in X

Proof. This statement follows form theorem 2.3 and the fact that C3 -valued continuous
functions defined on T are dense in L2 (T, C3 ).
eT,t0 be as described above. If
Corollary 2.3.2. Let T be some compact set and let X
∞
2
3
{xi }i=1 is a complete Schauder basis for L (T, C ) then it is a complete Schauder basis
eT,t .
for X
0

eT,t0 , YeR and Γ be as described in theorem 2.2. Then, the operator
Corollary 2.3.3. Let X
Γ is compact.
Proof. The integral kernel that describes the operator Γ is continuous on T × R. Therefore the operator is compact if it is defined on L2 (T, C3 ). Hence the operator Γ is
compact from theorem 2.2.

The first corollary above is used to ensure that constraint 3 specified in the introduceT,t0 ,
tion to this chapter is satisfied. Because the set of continuous functions is dense in X
eT,t0 and any δ > 0, there exists a J1 ∈ X
eT,t0 such that kJ − J1 k e
for any J ∈ X
XT,t0 ≤ δ
and a continuous function is a member of the equivalence class J1 . The second corollary is useful in the numerical computation of degrees of freedom. As explained in the
following two chapters, the existence of a complete Schauder basis is essential for the
numerical computation of degrees of freedom. Because there are several well known
Schauder bases for L2 (T, C3 ), the corollary ensures that we have an adequate supply of
eT,t0 .
Schauder bases for X

2.4 Finite Power Case

The finite power case is almost identical to the finite energy case. The only difference
is that the total lost and radiated power is used to define a norm on the space of source
current densities. The proofs of the following theorems are almost identical to the finite
energy case and are omitted here.
Suppose J ∈ L2 (T, C3 ) is some function, such that ℜ{J(r)ejωt}, r ∈ T , t ∈ R
is the current density. Then we can calculate the total energy radiated Prad (J) from
equation (2.1) and the total energy lost as heat, Ploss (J) from equation (2.2).
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Theorem 2.4. Let T ⊂ R3 be some compact set. Then we can define a norm on
L2 (T, C3 ) as follows. For all J ∈ L2 (T, C3 ),
kJkXeT = [Ploss (J) + Prad (J)]1/2 .
Here, Ploss and Prad are as defined in equations (2.1) and (2.2) respectively.
The major difference between the finite energy case and the finite power case is that
there is no obvious way of defining an inner product on the space of source functions
eT in the finite power case. This is because the radiated power in equation (2.1) is
X
determined using a vector product and not a scalar product. Therefore the space of
source current densities is not an inner product space. In the following section I develop a novel theory to cope with compact operators on normed spaces without an inner
product structure.
Now, let R be some compact subset of R3 . Then the space of receiver functions YeR
is similar to the space of receiver functions in the finite energy case. Instead of using
the energy stored in the receiving volume R at time instant t0 , we use the time-averaged
energy stored in the receiving volume as defined in equation (2.5) to induce a norm on
the space YeR . We can again prove the following theorem which shows that the finite
power case can be written as an SWC.
eT and YeR be as described above. Then, the operator Γ : X
eT → YeR
Theorem 2.5. Let X
e
which maps any current density in XT to the corresponding electric and magnetic fields
in YeR is linear and bounded.

We can also prove the following theorem and corollaries, but the proofs are omitted
here because they are identical to the finite energy case.

eT be the normed space described above.
Theorem 2.6. Let T be a compact set and let X
2
3
e
If x ∈ L (T, C ) then x ∈ XT . Moreover, if x ∈ L2 (T, C3 ) and {x1 , x2 , . . .} is a
sequence in L2 (T, C3 ), then
lim kxn − xkXeT = 0 ⇔ lim kxn − xkL2 (T,C3 ) = 0.

n→∞

n→∞

eT be as described above. Then
Corollary 2.6.1. Let T be some compact set and let X
3
eT .
the space of C valued continuous functions defined on T is dense in X

eT be as described above. If xi is
Corollary 2.6.2. Let T be some compact set and let X
2
3
eT .
a Schauder basis for L (T, C ) then it is a Schauder basis for X

eT , YeR and Γ be as described in theorem 2.5. Then, the operator
Corollary 2.6.3. Let X
Γ is compact.
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2.5 Discussion
The abstract concept of an SWC was introduced in definition 2.1. In this section I
explain how the channels discussed in several papers can be written as SWCs.
As discussed in section 1.4, Bucci et. al. [25,33] study the degrees of freedom of
electromagnetic fields. Suppose that all sources and scatterers are restricted to be within
a sphere B ⊂ R3 of radius a and the field is measured over an observation curve C ⊂ R3
of arc length 2S. Suppose that J(r′ ), r′ ∈ B gives the total current density of the sources
and that induced on the scatterers. The total current (source and induced) density is
assumed to be constrained so that
Z
|J(r′)|2 d3 r′ ≤ Ia.
(2.13)
B

where I is some positive constant. Then the electric field at a point r is given by
Z
E(r) =
J(r′ )G(r, r′)dr′ ∀r ∈ C.
(2.14)
B

Here, the dyadic Green’s function [25]
ωµ0
G(r, r′ ) = −i 4πR
exp[iβ(r − R)]N(R),
exp(−iβr)
N(R) = I + R exp(jβR) ∇∇
β2
R

(2.15)
(2.16)

with, r ∈ C, r′ ∈ B and R = |r−r′ |. Also, ω is the angular frequency of the electromagnetic wave, β is the wave number and µ0 is the permeability of free space. One can now
define the operator Γ : J 7→ E. Therefore, (L2 (B a,R3 (0), C3 ), L2(C, C3 ), Γ) is the SWC
studied in [33]. There is a subtle difference between the physical situation modeled by
this channel and the corresponding SWC. In an SWC, we assume that any source current density in the transmitter space of functions, the norm of which is less than some
pre-specified bound, can be generated on a real antenna. However, Bucci et. al. [25]
assume that the scatterers and sources are within the volume B a,R3 (0). Therefore, only
certain source/induced current densities are possible that depend on the scatterer distribution within this volume. However, in all subsequent analysis in [25,33] it is assumed
that any element of L2 (B a,R3 (0), C3 ) that satisfies the constraint in equation (2.13) can
be a source/induced current density. So, we can assume that the channel used in [25,33]
can be written as an SWC.
The work of Bucci et. al. [25] is similar to that of Miller [26] where scalar waves are
studied. Miller [26] analyses communication between volumes using scalar waves. The
main assumption in Miller [26] is that the transmitter is constrained to be in a volume
V ⊂ R3 and the receiver is constrained to a volume W ⊂ R3 . We can assume that V and
W are compact. Miller [26] assumes that the transmitter wave function ψ ∈ L2 (V, C)
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generates a wave function Γψ ∈ L2 (W, C) according to
Z
(Γψ)(y) =
G(x, y)ψ(x)dx ∀y ∈ W.
V

Here, the operator Γ : L2 (V, C) → L2 (W, C) and [26]
G(x, y) =

exp{ik|x − y + e3 r0 |}
.
4π|x − y + e3 r0 |

Here x ∈ V, y ∈ W , r0 ∈ R is the distance between the centers of the transmitter and
receiver and e3 is a unit vector in the direction of the vector connecting these centers. It
was shown in example 2.1 that this channel can be written as an SWC. Piestun et. al. [34]
study communication using vector waves and their work is very similar to that of [26]
which studies communication using scalar waves. Therefore, the channel studied in [34]
can similarly be written as an SWC.
Hanlen et. al. [36] generalise the work in [26] by including the effect of scatterers. The effect of scatterers is incorporated into the channel operator Γ in an SWC.
Therefore, the channel studied in [36] can be written as an SWC. Similarly, the channel
studied in Xu et. al. [37], which generalises the work of [34] to include the effect of
scatterers can be written as an SWC by changing the operator Γ.
Poon et. al. [28] also consider communication between finite volume transmitters
and receivers in the presence of scatterers. But instead of considering individual scatterers, they consider a cluster of scatterers that are constrained to be within some finite
volume. The scatterers reflect waves from the transmitter to the receiver provided the
waves from the transmitter emerge from some solid angle Ωt [28]. The Green’s function,
G(rR , rT ) is split up into three components
Z Z
G(rR , rT ) =
AR (rR , K̂)H(K̂, k̂)AT (k̂, rT )dK̂dk̂.
(2.17)
Here AT models the transmitting volume, AR models the receiving volume and H models the scatterers. Also, K̂ and k̂ are unit vectors in the transmitting and receiving
volumes and the integration is performed over the unit spheres. In order to model the
scattering environment, [28] assumes that
H(K̂, k̂) 6= 0 if and only if k ∈ Ωt and K ∈ Ωr .
Here, Ωt and Ωr are solid angles over which the scatterers are assumed to be visible from
the transmitting and receiving volumes [28]. The channel studied by Poon et. al. [28]
can be written as an SWC similar to the channel studied by Miller [26]. The SWC is
simply (L2 (AT , C3 ), L2 (AR , C3 ), Γ). Here the channel operator Γ is determined by the
Green’s function in equation (2.17).
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2.6 Chapter Conclusion
Spatial waveform channels have previously been used to calculate performance bounds
for MIMO channels [26,28,36,37,45]. However, SWCs have not been clearly defined in
any of these papers. In this chapter I give a novel definition for SWCs that is sufficiently
general to include the works of [25,26,28,36,37,45] as special cases. This definition
gives SWCs sufficient structure to model the different physical constraints imposed on
MIMO systems.
According to definition 2.1 an SWC is a triple (FeT , FeR , Γ). Here FeT is the space
of all the transmitter current densities, FeR is the space of electromagnetic fields in the
receiving volume and Γ : FeT → FeR is a bounded linear operator that determines the
electromagnetic field in the receiving volume given the current density in the transmitting volume. The spaces FeT and FeR are normed spaces and the norms on these spaces
can be physically interpreted as energy or power.
The main contributions of this chapter are as follows:
1. Novel definition for spatial waveform channels and a physical interpretation of
the definition.
2. Demonstrated that communication using electromagnetic waves in MIMO systems can be written as an SWC. The constraints imposed on a MIMO system can
be incorporated into the corresponding SWC model.
3. Established several properties in sections 2.3 and 2.4 of SWCs that can be used
to model communication using electromagnetic waves in: finite energy and finite
power cases.
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Chapter 3
Degrees of Freedom and Essential
Dimension for Compact Operators
The concepts of degrees of freedom and essential dimension are very general. In this
chapter I motivate the definition for degrees of freedom at level ǫ for a compact operator
on an arbitrary normed space. I then explain how the notion of degrees of freedom can
be used to define generalised singular values. As the name suggests, singular values
of compact operators on Hilbert spaces are special cases of generalised singular values.
These generalised singular values play the same role that the well known singular values
of compact operators on Hilbert spaces do. I also distinguish between the terms essential
dimension and degrees of freedom and show that one can associate a unique essential
dimension with any compact operators on normed spaces.

3.1 Motivation
I motivate the definition of degrees of freedom at level ǫ for compact operators on
normed spaces by considering linear operators on finite dimensional spaces. I will discuss several possible definitions for degrees of freedom. I will explain the physical
intuition behind each definition using a simple example.
Consider a communication channel that uses n transmitting antennas and m receiving antennas which can be mathematically modeled as follows. Let the current on the
n transmitting antennas be given by x ∈ Cn . This current on the transmitting antennas
generates a current y ∈ Cm in the m receiving antennas according to the equation
y = Hx.
Here, H ∈ Cm×n is the channel matrix. We can define the operator H : Cn → Cm as
x 7→ y.
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Note that y is not assumed to be the current on the receiving antenna but is the
current generated by the transmitting antenna in the receiving antenna. To complete the
model let the current on the receiving antenna be given by
yr = Hx + n.
Here n is the additive noise present at the receiver. The fundamental problem in communication is to determine the signal x that was transmitted given that some signal yr
was received. Generally this problem is ill-conditioned.
Firstly, H need not be injective. Therefore, there might exist a y ∈ HCn and
x1 , x2 ∈ Cn such that x1 6= x2 and
Hx1 = Hx2 = y.
Even if H is injective the problem could be ill-conditioned owing to the presence of
noise. Suppose the noise in the receiver can be modeled as follows:
 1
|n| ≤ ǫ,
N (ǫ)
Prob(n) =
0 |n| > ǫ.
Here, ǫ > 0 is some constant and N(ǫ) is a normalisation constant. So, if y is the
received signal then we can only tell for certain that the transmitted signal x is in the
set H −1 (B ǫ,Cm (y) ∩ HCn ). Here, B ǫ,Cm (y) is the closed ball of radius ǫ centered at y.
Therefore, the noise in the receiver fundamentally determines whether or not one can
calculate the transmitted signal given the received signal.
It is possible to overcome the above problem by using the following method. For all
sets Q ⊂ Cm let B ǫ,Cm (Q) = ∪y∈Q B ǫ,Cm (y). Also, let the set S ⊂ Cn be such that
∀y ∈ B ǫ,Cm (HS) : H −1 (B ǫ,Cm (y) ∩ HS) ∩ S contains exactly one element. (3.1)
If we ensure that the transmitted signal is an element of S, then for each received signal,
one can uniquely determine the transmitted signal. Generally, there will exist sets that
satisfy the above condition and have infinitely many elements.
However, along with non-zero receiver noise, in most physical channels only a finite
amount of power P > 0 is available for transmission. That is,
|x| ≤ P.
Without loss of generality, we can assume that P = 1 because if the available power is
different from 1, then we can always scale ǫ accordingly. This leads us to
Possible Definition for Degrees of Freedom 1. Suppose H : Cn → Cm is a linear
operator and let ǫ > 0. Then the number of degrees of freedom at level-ǫ is the largest
number N such that there exists a set S ⊂ B 1,Cn (0) ⊂ Cn with N elements that satisfies
property (3.1).
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One can think of the number of degrees of freedom as the maximal number of different signals that a transmitter can send so that, even in the presence of noise and a
power constraint on the transmitted signal, the receiver can decode the received signal
to accurately determine the transmitted signal.
An alternative way of defining the degrees of freedom is in terms of finite ǫ-nets1 .
If y and y′ are two received signals then I will call the signals y and y′ physically
indistinguishable at level-ǫ if |y−y′ | ≤ ǫ (see eg. [25]). The intuition behind calling two
such functions physically indistinguishable is fairly obvious. If the distance between the
vectors y and y′ is less than ǫ, the noise at the receiver can make y look like y′ so a
real physical receiver cannot tell the difference between y and y′ . Also we will call a
set S physically indistinguishable from a set S ′ at level-ǫ if for all x ∈ S there exists an
x′ ∈ S ′ such that |x − x′ | ≤ ǫ. That is, S ′ is an ǫ-net for S.
The notion of physical indistinguishability can be used to define the degrees of freedom because the set HB 1,Cn (0) is physically indistinguishable from some set with a
finite number of elements. To see this note that HB 1,Cn (0) is a bounded subset of a
finite dimensional space and is therefore totally bounded. It therefore has a finite ǫ-net.
Possible Definition for Degrees of Freedom 2. Suppose H : Cn → Cm is a linear
operator and let ǫ > 0 be given. Then the number of degrees of freedom at level-ǫ of H
is the smallest number N such that HB 1,Cn (0) has an ǫ-net with N elements.
One can think of the degrees of freedom N as the minimum number of vectors
x1 , . . . , xN ∈ Cn so that for all possible transmitter functions x ∈ B 1,Cn (0), there exists
some xi , 1 ≤ i ≤ N such that Hx and Hxi are physically indistinguishable at the
receiver.
The following example will make the two definitions clearer.
Example 3.1. Let m = n = 2, P = 1, ǫ = 0.25 and


1 0
H=
0 2
Now suppose that N1 and N2 are respectively the degrees of freedom of H if degrees of
freedom are defined as in the possible definitions 1 and 2
The set S = {(x, y) : x ∈ {0, 0.5}, y ∈ {0, 0.25, 0.5}} satisfies (3.1). Therefore, the
number of elements of S, 6 is a lower bound for N1 .
The set Sǫ = {(x, y) : x = 0.1n, y = 0.1m, n = 1, . . . , 10 and m = 1, . . . , 20} is
an ǫ-net for HB P,C2 (0). Therefore the number of elements in Sǫ , 200 is an upper bound
for N2 .
1

If S is any subset of a metric space then Sǫ is an ǫ-net for S if for all x ∈ S, there exists an xǫ ∈ Sǫ
such that dist(x, xǫ ) < ǫ.
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The above example illustrates the physical interpretation of the degrees of freedom.
But, the problem with using either of these definitions for degrees of freedom is that it is
very difficult to calculate the exact number of degrees of freedom. This fact is obvious
from the very simple example considered above. This problem is commonly know as
the sphere packing problem. Though we cannot easily solve this problem, we can look
at the dimensionality of the sphere packing problem. That is, instead of looking at
specific subsets S and Sǫ of Cn and Cm , we can look at linear subspaces.
The singular value decomposition theorem tells us that there exists a set of basis
functions in Cn and Cm such that the matrix representation for H in these basis function
is diagonal. Let H be such a matrix with the basis functions ordered such that the
diagonal elements are in decreasing order. A simple examination of the diagonal matrix
proves that2
1. for all ǫ > 0 there exist a number N1 and a set of mutually orthogonal vectors,
{v1 , . . . , vN1 } ⊂ Cn such that if any vector v is orthogonal to vi , i = 1, . . . , N1
and if |v| ≤ 1, then |Hv| < ǫ. For a given ǫ, call the smallest number that satisfies
the above condition N1 (ǫ). Note that the vectors v1 , . . . , vN1 span the space of
all linear combinations of the right singular vectors of H whose corresponding
singular values are greater than ǫ.
2. for all ǫ > 0 there exist a number N2 and a set of linearly independent vectors,
{u1 , . . . , uN2 } ⊂ Cm such that for all v ∈ B 1,Cn (0),
inf |Hv −
ai

N2
X
i=1

ai ui | < ǫ.

For a given ǫ, call the smallest number that satisfies the above condition N2 (ǫ).
Note that the vectors u1 , . . . , uN1 span the space of all linear combinations of the
left singular vectors of H whose corresponding singular values are greater than ǫ.
A simple examination of the diagonal matrix tells us that both N1 (ǫ) and N2 (ǫ) are
equal to the number of singular values of H that are greater than ǫ. This leads us to our
definition for degrees of freedom in finite dimensional spaces.
Definition 3.1. Let H : Cn → Cm be a linear operator and let ǫ > 0 be given. Then the
number of degrees of freedom at level-ǫ for H is the smallest number N such that there
exists a set of vectors u1 , . . . , uN ∈ Cm such that for all v ∈ B 1,Cn (0),
inf |Hv −

a1 ,...,aN
2

N
X
i=1

ai ui | < ǫ.

I will not go through a detailed proof here because this is just a special case of theorem 3.4.
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This particular characterisation for the number of degrees of freedom is the one
that is most easily generalised to compact operators on normed spaces. Moreover, it is
fairly straightforward to compute the singular values of matrices and therefore one can
calculate the degrees of freedom for a given matrix. The following example illustrates
the use of the above definition for degrees of freedom.
Example 3.2. Let n = 5, m = 4 and 3

0.2 0.2 0.5 1.0 0.8
 0.8 0.6 0.9 0.2 0.1
H=
 0.1 0.3 0.6 0.8 0.6
0.5 0.1 0.0 0.6 0.1






The singular values of H are 4.6, 1.0, 0.30, 0.01 and 0. Therefore the number of degrees
of freedom at level-0.1 is 3 and the number of degrees of freedom at level-0.001 is 4.
I will look at one final example to show how the ideas in the previous example can be
generalised to infinite dimensional function spaces. The main tool used in this example
is the singular value decomposition of compact operators in Hilbert Spaces.
Example 3.3. Consider communication using scalar waves in free space using finite
volume transmitting and receiving
antennas (see example 2.1). Let V, W ⊂ R3 be
T
measurable, compact and V W = ∅ and G : V × W → C be defined by
G(x, y) =

ejk|x−y|
.
4π|x − y|

Then,
1. Γ : L2 (V, C) → L2 (W, C) defined by
Z
(Γφ)(z) =
G(x, z)φ(x)dx
V

is compact [46].
2. K : V × V → C defined by
Z
K(x, y) =
G∗ (x, z)G(y, z)dz
W

is continuous and Hermitian.
3

This matrix was generated using the rand function in Matlab.
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3. Ψ : L2 (V, C) → L2 (W, C) defined by
Z
(Ψφ)(y) =
k(x, y)φ(x)dx
V

is compact, self-adjoint and non-negative.
4. We now have the spectral theorem [47, pp. 261]
Ψ = Γ∗ Γ
∞
X
=
αj2 h·, φj iL2 (V,C) φj .
j=1

Here, φj are the set of orthonormal eigenfunctions of Ψ that we can get via GramSchmidt orthogonalisation and αj are the singular values of Γ. Note that we can
have αj = αi even if i 6= j.
5. We also have the singular value decomposition (SVD) theorem [47, pp. 261]
X
Γ=
h·, φj iL2 (V,C) (Γφj )
(3.2)
j

6. The eigenvalues {αj2 } of Ψ form a countable set with 0 being the only possible
point of accumulation [48, thm 8.3-1].
Now suppose ǫ > 0 is some small positive number. Then the number of mutually orthogonal functions φ ∈ L2 (V, C) such that kφkL2(V,C) ≤ 1 and kΓφkL2 (W,C) > ǫ is finite. To
see this note that if φi is an eigenfunction of Ψ then
∗ Z
Z Z
2
G(y, z)φi(y)dydz
G(x, z)φi(x)dx
kΓφi kL2 (W,C) =
V
V
ZW
=
φ∗i (x)(Ψφi )(x)dx
=

V
αi2 .

From point 6 above, we know that if {λj = αj2 } is the set of all eigenvalues of Ψ
then there is a finite subset {λji }N
i=1 of the set of eigenvalues such that λj > ǫ if and
only if j ∈ {j1 , . . . , jN }. The set {φj1 , . . . , φjN } has the required
P property. Now, if
2
φ ∈ L (V, C) with kφkL2(V,C) ≤ 1, then we can write φ =
j aj φj + φr . Here,
aj = hφ, φj iL2 (V,C) and φr is the remainder term. From Parseval’s theorem we have
X
|aj |2 + kφr k2L2 (V,C) ≤ kφk2L2(V,C)
j

≤ 1.
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Finally, if φ ∈ L2 (V, C) is orthogonal to all the φji , i = 1, . . . , N, the SVD theorem
(point 5) gives
X
kΓφk2L2(W,C) =
|aj |2 λj
j

=

≤

X

j
j 6= j1 , . . . , jN
X

j
j 6= j1 , . . . , jN
≤ ǫ.

|aj |2 λj

ǫ|aj |2

Equally, for all ǫ > 0 there exists a number N and a set of functions ψ1 , . . . ψN such
that for all φ ∈ L2 (V, C), kφkL2(V,C) ≤ 1
inf kΓφ −

a1 ,...,aN

N
X
i=1

ai ψi kL2 (W,C) ≤ ǫ

The proof follows from choosing ψi = Γφji .
The singular value decomposition theorem was used in the previous example to
prove the required result. However, the compactness of the operator Γ is essential to
ensure that the eigenvalues of Γ∗ Γ form a countable set with zero being the only possible point of accumulation. This leads us to the idea that the compactness of Γ is
sufficient to ensure that we can generalise the notion of degrees of freedom to compact
operators in normed spaces. In fact, the definition for degrees of freedom can then be
used to define singular values for compact operators on arbitrary normed spaces. This
will be extremely useful in numerically calculating the degrees of freedom for compact
operators.

3.2 Degrees of Freedom for Compact Operators
In this section I show how the definition of degrees of freedom in finite dimensional
spaces can be generalised to compact operators on arbitrary normed spaces. The following theorem shows that it makes sense to talk about the number of degrees of freedom
for compact operators.
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Theorem 3.1. Suppose X and Y are normed spaces with norms k · kX and k · kY
respectively and T : X → Y is a compact operator. Then for all ǫ > 0 there exists
N
N ∈ Z+
0 and {ψi }i=1 ⊂ Y such that
inf kT x −

a1 ,...,aN

N
X
i=1

ai ψi kY ≤ ǫ ∀x ∈ B 1,X (0)

(3.3)

Proof. The proof is by contradiction. Let ǫ > 0 be given. Suppose no such N exists.
Let x1 ∈ B 1,X (0) be any vector. Choose ψ1 = T x1 . Then,
inf kT x1 −
a1

1
X
i=1

ai ψi kY = 0 ≤ ǫ.

Suppose that {ψ1 , . . . , ψN } and {x1 , . . . , xN } have been chosen. Then, by our assumption, there exists an xN +1 ∈ B 1,X (0) such that
inf kT xN +1 −

a1 ,...,aN

N
X
i=1

ai ψi kY > ǫ.

(3.4)

Choose, ψN +1 = T xN +1 . Also, if M ≤ N, by choosing ai = 0 if i ≤ N, i 6= M and
ai = 1, i = M in the inequality (3.4), we have
kT xN +1 − T xM kY > ǫ.
Therefore, using the Cauchy criterion, the sequence {T xn }∞
n=1 chosen by induction cannot have a convergent subsequence. This is the required contradiction because {xn }∞
n=1
is a bounded sequence and T is compact.
So we can use the following definition for the number of degrees of freedom at
level-ǫ for compact operators on normed spaces.
Definition 3.2 (Number of degrees of freedom at level-ǫ). Suppose X and Y are normed
spaces with norms k · kX and k · kY respectively and T : X → Y is a compact operator.
Then the number of degrees of freedom at level-ǫ is the smallest N ∈ Z+ such that there
exists a set of vectors {ψ1 , . . . , ψN } ⊂ Y such that
inf kT x −

a1 ,...,aN

N
X
i=1

ai ψi kY ≤ ǫ ∀x ∈ B 1,X (0).

This definition is a descriptive one and can not be used to calculate the number of
degrees of freedom for a given compact operator. In the finite dimensional case we can
calculate the degrees of freedom by calculating the singular values. However, as far as
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I am aware, there is no known description of singular values for compact operators on
arbitrary normed spaces. In the following I will give a novel definition for generalised
singular values of compact operators4 . In fact we use the degrees of freedom to define
singular values.
I will first establish some very simple properties of degrees of freedom at level-ǫ of
compact operators.
Theorem 3.2. Suppose X and Y are normed spaces with norms k · kX and k · kY
respectively and T : X → Y is a compact operator. Let N (ǫ) denote the number of
degrees of freedom T at level-ǫ. Then
1. There exists an ǫ0 ≤ kT k < ∞ such that for all ǫ > ǫ0 , N (ǫ) = 0.
2. N (ǫ) is a non-increasing function of ǫ.
3. In any finite interval, (ǫ1 , ǫ2 ) ⊂ R, with ǫ2 > ǫ1 > 0, N (ǫ) has only finitely many
discontinuities (different values).
4. Unless T is identically zero, there exists an ǫ0 such that for all ǫ < ǫ0 , N (ǫ) ≥ 1.
Proof.
1. Because T is compact, it is bounded and therefore kT k < ∞. Suppose
ǫ > kT k then from the definition of kT k, if φ ∈ X and kφkX ≤ 1, then kT φk ≤
kT k < ǫ. Therefore N (ǫ) = 0.
2. Suppose ǫ1 < ǫ2 . Then there exist functions ψ1 , . . . , ψN (ǫ1 ) such that for all φ ∈
B 1,X (0),
N (ǫ1 )

inf

a1 ,...,aN (ǫ1 )

kT φ −

X
i=1

ai ψi kY < ǫ1 < ǫ2

Therefore N (ǫ2 ) ≤ N (ǫ1 ) from the definition of degrees of freedom at level-ǫ.
3. This follows from part 2 and the definition of degrees of freedom at level-ǫ.
4. Because kT k > 0, there exists a function φ ∈ X, kφkX ≤ 1 such that kT φkY > 0.
Then for all ǫ < kT φk, N (ǫ) ≥ 1.
The following examples show that as ǫ goes to zero, N (ǫ) can both be bounded or
go to infinity.
4

In chapter 4 I will explain how one can use numerical methods to calculate these singular values.
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Example 3.4. Let l1 be the Banach space of all real-valued sequences with finite l1
norm and let (e1 , e2 , . . .) be the standard Schauder basis for l1 . Then define the operator
T : l1 → l1 as en 7→ e1 ∀n.
This operator is compact.
P∞
To see this let xn = i=1 αin ei , n = 1, 2, . . . be a sequence in the unit ball in l1 .
Then
∞
X
|αin | ≤ 1.
i=1

So

T xn =

"∞
X
i=1

#

αin e1

is well defined and bounded. Because the dimension of the range of T is one, it is
compact [48] and for all ǫ > 0 the N (ǫ) ≤ 1.

Example 3.5. Let l1 and (e1 , e2 , . . .) be as defined in the previous example. Define
T : l1 → l1 as en 7→ n1 en ∀n. It is fairly trivial to show that T is compact and also that
limǫ→0 N (ǫ) = ∞.
Figure 3.1 shows a typical example of degrees of freedom at level-ǫ for some compact operator that satisfies all the properties in the above theorem. We identify the
discontinuities in the number of degrees of freedom of T at level-ǫ with the singular
values of T .
Definition 3.3 (Generalised Singular Values). Suppose X and Y are normed spaces and
T : X → Y is a compact operator. Let N (ǫ) denote the number of degrees of freedom
of T at level ǫ. Then ǫm is the mth generalised singular value of T if
supǫ>ǫm N (ǫ) = m − 1 and
inf ǫ<ǫm N (ǫ) = M ≥ m.

Further, if m < M then for all m < n ≤ M, ǫn := ǫm is the nth generalised singular
value of T .
Note that we used the behavior of degrees of freedom to identify the generalised
singular values. Let the degrees of freedom of the operator Γ be as shown in figure 3.1.
Then the generalised singular values, ǫm , of Γ identify the jumps in the degrees of
freedom. So, ǫ1 = 0.9, ǫ2 = ǫ3 = ǫ4 = 0.8, ǫ5 = 0.6 . . ..
The intuition behind the definition for generalised singular values needs further clarification. In the finite dimensional case, if ǫp is the pth singular value of some operator
Γ : Cn → Cm , then there exist corresponding left and right singular functions vp ∈ Cn
and up ∈ Cm such that vp is of unit norm, Γvp = up and the norm of up is ǫp . This is
not necessarily true for arbitrary compact operators on normed spaces as the following
example proves.
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Figure 3.1: Degrees of Freedom of a Compact Operator
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Example 3.6. Let l1 be the sequence space of real numbers with the standard Schauder
basis (e1 , e2 , . . .). Define the operator Γ : l1 → l1 as Γen = (1 − n1 )e1 ∀n. Then Γ
is bounded and because the range of Γ is finite dimensional it is compact. Also, the
number of degrees of freedom of Γ at level-ǫ is

0 if ǫ ≥ 1,
N (ǫ) =
1 if ǫ < 1.
So ǫ1 = 1. However, for any vector u in the unit ball in l1 , kΓukl1 < 1.
The above example motivates the following theorem which explains the intuition
behind the definition of generalised singular values.
Theorem 3.3. Suppose X and Y are normed spaces with norms k · kX and k · kY
respectively and Γ : X → Y is a compact operator. Let ǫm be a singular value of the
operator Γ. Then for all θ > 0, there exists a function ψ ∈ B 1,X (0) such that
ǫm + θ ≥ kΓψkY ≥ ǫm − θ.
Proof. The proof is by contradiction. Assume that there exists a θ > 0 such that for all
ψ ∈ X, if kψkX = 1 then kΓψkY ∈
/ [ǫm − θ, ǫm + θ]. Let N (ǫ) denote the number
of degrees of freedom at level ǫ of the operator Γ. From the definition of degrees of
freedom at level-ǫ we have
N (ǫm + θ) ≤ m − 1,
N (ǫm − θ) ≥ m.

(3.5)
(3.6)

So there exist functions φ1 , . . . , φm−1 such that for all ψ ∈ B 1,X (0)
inf

a1 ,...,am−1

kΓψ −

m−1
X
i=1

ai φi k ≤ ǫm + θ.

Because for all ψ ∈ X, if kψkX = 1 then kΓψkY ∈
/ [ǫm − θ, ǫm + θ],
inf

a1 ,...,am−1

kΓψ −

m−1
X
i=1

ai φi k ≤ ǫm − θ.

if kψkX = 1. So N (ǫm − θ) ≤ m − 1. This contradicts equation (3.6). Therefore there
exists a ψ ∈ B 1,X (0) that satisfies the conditions of the theorem.
The above theorem shows how the generalised singular values are related to the traditionally accepted notion of singular values of compact operators on Hilbert spaces.
However, we still need to prove that in the special case of Hilbert spaces, the new definition for generalised singular values agrees with the traditionally accepted definition.
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Recall that if H1 and H2 are Hilbert spaces with inner products h·, ·iH1 and h·, ·iH1
respectively and if T : H1 → H2 is a compact operator then the Hilbert adjoint operator
for T is defined as the operator T ∗ : H2 → H1 that satisfies [48, Sec. 3.9]
hT x, yiH2 = hx, T ∗ yiH1 ∀x ∈ H1 and y ∈ H2 .
The singular values of T are defined to be the square roots of the eigenvalues of the
operator T ∗ T : H1 → H1 . I will refer to these as Hilbert space singular values to
distinguish them from generalised singular values.
In order to prove that the generalised singular values are equal to Hilbert space
singular values we need the following theorem. This theorem is important in its own
right because it shows that there are two other equivalent ways of calculating the degrees
of freedom of a Hilbert space operator.
Theorem 3.4. Suppose H1 and H2 are Hilbert spaces and T : H1 → H2 is a compact
operator. Then for all ǫ > 0 there exists an N ∈ Z+ and a set of N mutually orthogonal
functions {φi }N
i=1 such that if
x ∈ H1 , kxkH1 ≤ 1 and hx, φi iH1 = 0
then
kT xkH2 ≤ ǫ.
Moreover the smallest N that satisfies the above condition for a given ǫ is equal to the
number of degrees of freedom of T at level-ǫ.
Proof. I first prove that such an N exists and then prove that the smallest such N is in
fact equal to the number of degrees of freedom.
Let ǫ > 0 be given. Because T is compact, we can use the singular value decomposition theorem which says [47, pp. 261]
X
T· =
σi h·, φiiH1 ψi .
(3.7)
i

Here, σi , φi and ψi are the Hilbert space singular values and left and right singular
functions of T , respectively. Because T is compact, the set of singular values is at most
countable [48, thm 8.3-1] and we can reorder the Hilbert space singular values so that
σi ≥ σj if i < j. Also, because 0 is the only possible point of accumulation for the
Hilbert space singular values [48, thm 8.3-1], there exists a number N1 ∈ Z+ such that
σn > ǫ if and only if n ≤ N1 .
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Now, if x is orthogonal to φi , i = 1, . . . , N1 and if kxkH1 ≤ 1 then from equation (3.7)
∞
X
2
kT xkH2 =
σi2 |hx, φi iH1 |2 kψi k2H2
i=1
2

< ǫ

∞
X

i=N1 +1
2

≤ ǫ.

|hx, φiiH1 |2

It is fairly trivial to prove that N1 is the smallest number that satisfies the conditions
of this theorem because otherwise some element in the span of {ψ1 , . . . , ψN1 } will be
′
orthogonal to the span of any chosen set of elements {ψ1′ , . . . , ψM
} if M < N1 .
To prove the second part of the theorem let N2 denote the number of degrees of
freedom of T at level-ǫ. Then to
that N2 ≥ N1 note that if x is in the unit ball
Pprove
∞
in H1 then we can write x =
i=1 hx, φi iH1 φi + xr . Here xr is the remainder term
that is orthogonal to all the φi . So, from the singular value decomposition theorem
(equation (3.7))
kT x −

N1
X
i=1

σi hx, φi iH1 ψi kH2 ≤ ǫ.

To prove that N1 ≥ N2 assume that N2 > N1 for a contradiction. Then there exists
1
a set {ψi′ }N
i=1 such that
inf

a1 ,...,aN1

kT x −

N1
X
i=1

ai ψi′ kH2 ≤ ǫ ∀x ∈ H1 , kxkH1 ≤ 1.

Because we assume NP
. . . , ψN2 } which is orthogo2 > N1 , there exists a y ∈ span{ψ1 , P
N1 bi
1
nal to all ψi′ . Let y = N
b
ψ
.
Then
y
=
T
x
where
x
=
i=1 i i
i=1 σi φi from the singular
value decomposition theorem. We can assume, w.l.o.g. that the bi are normalised so that
kxkH1 = 1. Then
inf kT x −

a1 ,...,aN

N2
X
i=1

ai ψi′ k2H2 = kyk2H2
=
>

N1
X

i=1
N1
X
i=1
2

b2i
b2i 2
ǫ
σi2

= ǫ.
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(3.8)

(3.9)
(3.10)
(3.11)

In the above we get equation (3.8) from the fact that y is orthogonal to ψi′ , inequality (3.10) from the definition of N1 and equation (3.11) from kxkH1 = 1.
The inequality (3.11) is the required contradiction. This proves that N2 = N1 .
Corollary 3.4.1. Suppose that H1 and H2 are Hilbert spaces and T : H1 → H2 is
a compact operator. Then the number of degrees of freedom at level-ǫ is equal to the
number of Hilbert space singular values of T that are greater than or equal to ǫ.
We can now easily prove that the new definition for generalised singular values
agrees with the traditionally accepted definition for singular values on Hilbert spaces.
Theorem 3.5. Suppose H1 and H2 are Hilbert spaces and T : H1 → H2 is a compact
operator. Suppose {ǫm } are the generalised singular values of T and {λm } are the
possibly repeated eigenvalues written in non-increasing order of the operator T ∗ T :
H1 → H1 . Then
λm = ǫ2m .

Proof. From corollary 3.4.1 we know that N (ǫ) is equal to the number of Hilbert space
singular values of T that are greater than or equal to ǫ. Therefore if ǫm is the mth
generalised singular√value of T then ǫm must also be the mth Hilbert space singular
value of T which is λm .
In Hilbert spaces we have three characterizations for degrees of freedom: 1) As
in Definition 3.3, 2) As in Corollary 3.4.1 in terms of singular values and 3) As in
Theorem 3.4 in terms of mutually orthogonal functions in the domain.
The first two characterisations can be generalised to normed spaces. However, the
final characterisation is more difficult to generalise. It would be extremely useful to
generalise the final characterisation because, for the Hilbert space case, the functions φi
in theorem 3.4 are the best functions to transmit. One could possibly replace the mutual
orthogonality by using Riesz’s lemma which states (see eg. [48, pp. 78])
Lemma 3.6 (Riesz’s lemma). Let Y and Z be subspaces of a normed space X and
suppose that Y is closed and is a proper subspace of Z. Then for all θ ∈ (0, 1) there is
a z ∈ Z such that
kzk = 1 and ky − zk > θ∀y ∈ Y.

(3.12)

The following conjecture is still an open question.
Conjecture 3.1. Let X and Y be reflexive Banach spaces and let T : X → Y be
compact. Given any ǫ > 0 and some θ ∈ (0, 1), there exists a finite set of vectors
{φi }N
i=1 such that for all x ∈ X
kxkX ≤ 1 and

inf kx −

a1 ,...,aN

N
X
i=1

ai φi kX ≥ θ,
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(3.13)

implies
kT xkY < ǫ.
Comparing with theorem 3.4, equation (3.13) is analogous to requiring that x be
orthogonal to φi . The conjecture is definitely not true if the requirement of reflexivity is
removed as the next example proves.
Example 3.7. Consider the sequence space l1 and let {en } be the standard Schauder
basis for l1 . Then define the operator T : l1 → l1 as en 7→ e1 for all n. It was proven in
example 3.4 that T is compact.
Now if ǫ < 1, for any function x ∈ l1 if kxk = 1, kT xk = kxk = 1 > ǫ. So no finite
set of functions can satisfy the conditions in the conjecture.

3.3 Essential Dimension for Compact Operators
The definition for degrees of freedom given in the previous section depends on the
arbitrarily chosen number ǫ and therefore this definition does not give a unique number
for a given channel. The physical intuition behind choosing this arbitrary small number
ǫ is best explained in [37]. In this paper ǫ = σ 2 is the noise at the receiver, and Xu and
Janaswamy [37] claim that the number of degrees of freedom fundamentally depends
on this noise at the receiver.
However, in several important cases the number of degrees of a channel is essentially
independent of this arbitrarily chosen positive number [25–28,31,45]. This is due to the
fact that in these cases the singular values of the channel operator show a step like
behavior. Therefore, for a big range of values ǫ, the number of degrees of freedom at
level-ǫ is constant. This leads us to the concept of essential dimensionality5 which is
only a function of the channel and not the arbitrarily chosen positive number ǫ. Some
of the properties that one might require from the essential dimension of an operator are:
1. It must be uniquely defined for a given operator Γ.
2. The definition must be applicable to a general class of operators under consideration so that comparisons can be made between different operators. (c.f. the essential dimension definition in [49] that is only applicable to the time-bandwidth
problem.)
3. It must in some sense represent the number of degrees of freedom at level-ǫ.
5

Note that the term essential dimension has been used instead of degrees of freedom in several papers.
As far as I am aware, this is the first time a distinction has been made between the two terms.
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The final requirement in defining the essential dimension needs further clarification.
Obviously the essential dimension of Γ can not in general be equal to the number of
degrees of freedom at level-ǫ because the latter is a function of ǫ. However, if the
singular values of Γ (in decreasing order) change suddenly from being large to small
then the ‘knee’ is at the essential dimension of Γ. The following definition for the
essential dimension tries to identify this ‘knee’ in the set of generalised singular values.
Each level-ǫ defines a unique number of degrees of freedom NΓ (ǫ) for a given compact operator Γ. So for each positive integer n ∈ Z+ we can calculate E(n) = µ({ǫ :
n = NΓ (ǫ)}). Here µ(·) is the Lebesgue measure. This function is well defined because
of the properties of generalised singular values discussed in theorem 3.2. We can now
define the essential dimension of Γ as follows.
Definition 3.4. The essential dimension of an operator Γ is
EssDim(Γ) = argmax{E(n) : n ∈ Z+ }
where E(n) is as defined above. If argmax above is not uniquely defined then one can
choose the smallest n of all the n that achieve max{E(n)} as the essential dimension.
In this definition we are simply calculating the maximum range of values of the
arbitrarily chosen ǫ over which the number of degrees of freedom of an operator does
not change.
This definition uniquely determines the essential dimension of all compact operators. Further, it is equal to the number of degrees of freedom at level-ǫ for the maximum
range of ǫ. Choosing this value for the number of degrees of freedom in order to model
MIMO communication has the big advantage that it is largely independent of the noise
level at the receiver. Further, if for a given noise level the number of degrees of freedom
is greater than the essential dimension then one can be sure that even if the noise level
varies by a significant amount the number of degrees of freedom is always greater than
the essential dimension.
The essential dimension of Γ is the number of generalised singular values of Γ after
which the change in two consecutive singular values is at a maximum. However, one
can also look at how the generalised singular values are changing gradually. The above
definition is a special case of the following definition of essential dimension of order-n
with n = 1.
Definition 3.5. Let X, Y be normed spaces and let Γ : X → Y be a compact operator.
Let λi be the generalised singular values of Γ written in descending order. For n even,
define the essential dimension of Γ of order-n to be N if
λN −n/2 − λN +n/2 ≥ λM −n/2 − λM +n/2
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Figure 3.2: Singular values of an Operator

for all M 6= N. If there are several N that satisfy the above condition, then choose the
smallest N that satisfies the above condition. If n is odd then we require N to satisfy
λN −(n−1)/2 − λN +(n+1)/2 ≥ λM −(n−1)/2 − λM +(n+1)/2
for all M 6= N.
A simple example illustrates the concepts of essential dimensionality and degrees of
freedom.
Example 3.8. Figure 3.2 shows the singular values of some operator Γ. For this operator the number of degrees of freedom at level-0.75 is 7 and at level-0.05 is 9. So the
number of degrees of freedom do not change much even though the number ǫ changed
by a great amount. One can identify the location of the ‘knee’ in the singular values
with the essential dimension of the channel.
The essential dimension of the channel is 7. This is because for ǫ ∈ (0.8, 0.4),
NΓ (ǫ) = 7. Therefore E(7) = 0.4 which is greater than E(n) for all n 6= 7. The
essential dimension of order-2 is 8 because λ7 − λ9 = 0.7 which is greater than λM −1 −
λM +1 for all M 6= 8.
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3.4 Discussion
There are several other known definitions for essential dimension and degrees of freedom as discussed in section 1.4. In this section I compare my definition with others
that are commonly used in the literature. Because no clear distinction has been made
between degrees of freedom and essential dimension in the literature, I compare definitions that depend on some arbitrary constant with my definition for degrees of freedom
at level-ǫ and those that determine a unique number for a given channel to that of essential dimension.

3.4.1 Degrees of Freedom
There are several definitions for degrees of freedom at level-ǫ that are used in the literature. The definition of Bucci et. al. [25] is a special case of definition 3.2 for degrees
of freedom at level-ǫ. They study the case of communication using electromagnetic
waves. Suppose the current, both source and induced are elements of B Ia,L2 (S,C3 ) (0)
and the electric field is an element of L2 (C, C3 ). Here, S is a sphere of radius a, C is
some compact observation curve and I provides a finite bound on the source and induced currents. Also, suppose that the operator Γ : L2 (S, C3 ) → L2 (C, C3) determines
the electric field for a given source current.
Now let E = {g = Γf : f ∈ L2 (B, C3 ), kf kL2(B,C3 ) ≤ Ia} and given any two sets
A, B ⊂ L2 (C) let
δ(A, B) = sup inf ka − bkC .
a∈A b∈B

Bucci et. al. [25] assert that the operator Γ has a finite number of degrees of freedom
if the set E is physically indistinguishable at level ǫ from another set that has a finite
number of functions. Bucci et. al. [25] defines E to be physically indistinguishable from
a set L ⊂ L2 (C, C3 ) at level ǫ if L is an ǫ-net of the set E . That is, if
δ(E , L ) ≤ ǫ.
One could define the number of elements in the smallest ǫ net of E to be the number
of degrees of freedom of the channel. However, as Bucci et. al. [25] point out, this
definition is not the easiest one to use because it is extremely difficult to determine the
smallest ǫ-net in many important cases. They suggest an alternative definition that is
easier to use in practice. The number of degrees of freedom of the operator Γ at level-ǫ
is defined to be the dimension of the smallest subspace Ln ⊂ L2 (C, C3 ) such that
δ(E , Ln ) ≤ ǫ.
This definition is a special case of my definition for degrees of freedom at level-ǫ.
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Miller [26] analyses communication between volumes using scalar waves. The main
assumption in [26] is that the transmitter is constrained to be in a volume V ⊂ R3
and the receiver is constrained to a volume W ⊂ R3 . We can assume that V and W
are compact. Miller [26] assumes that the transmitter wave function ψ ∈ L2 (V, C)
generates a wave function Γψ ∈ L2 (W, C) according to
Z
(Γψ)(y) =
G(x, y)ψ(x)dx ∀y ∈ W.
V

Here, the operator Γ : L2 (V, C) → L2 (W, C) and
G(x, y) =

exp{ik|x − y + e3 r0 |}
.
4π|x − y + e3 r0 |

Here x ∈ V, y ∈ W , r0 ∈ R is the distance between the centers of the transmitter and
receiver and e3 is a unit vector in the direction of the vector connecting these centers.
Miller [26] asserts that in order to find the best communication modes, we need to
find the source wave function ψ that maximises the norm of the received wave function
φ which is given by
Z
2
kφkL2(V,C) =
φ∗ (y)φ(y)dz
ZW
Z Z
∗
=
ψ (x1 )
G∗ (y, x1 )G(y, x2 )dyψ(x2 )dx1 dx2
ZV
ZV W
ψ ∗ (x1 ) K(x1 , x2 )ψ(x2 )dx1 dx2 .
(3.14)
=
V

V

(3.15)

Here
K(x1 , x2 ) =

Z

G∗ (y, x1 )G(y, x2 )dy.

W

It is well known that the function ψ that achieves the maximum value in equation (3.14)
is the eigenfunction with the highest eigenvalue of the integral equation
Z
λψ(x1 ) =
K(x1 , x2 )ψ(x2 )dx2 .
(3.16)
V

Let {λi } and {ψi } be the sets of eigenvalues and their corresponding normalised eigenfunctions of equation (3.16), respectively, written in descending order of eigenvalues.
Because K(x1 , x2 ) is self-adjoint the eigenfunctions {ψi } form an orthonormal set 6 .
6

For repeated eigenvalues one can use the Gram-Schmidt method to ensure orthogonality.
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The eigenfunctions ψ1 , ψ2 , . . . are the best source functions to transmit in the sense
that out of all functions ψ ∈ L2 (V, C) of unit norm, ψ1 maximises kΓψkL2 (W,C) . Also,
given functions {ψi }1n−1 , the function orthogonal to ψ1 , . . . , ψn−1 and of unit norm that
maximises kΓψkL2 (W,C) is ψn [26]. Moreover, if φi = Γψi then
Z
Z
2
∗
kφi kL2 (V,C) =
ψi (x1 ) K(x1 , x2 )ψi (x2 )dx1 dx2
V

V

= λi .

Therefore Miller [26] asserts that the number of significant eigenvalues λi determine
the number of physically distinguishable signals φi at the receiver. Hence the number of
significant eigenvalues of equation (3.16) gives the number of modes of communication.
Piestun and Miller [34] similarly analyse the case of vector waves. If we can assume
that an eigenvalue is significant if it is greater than some pre-specified level ǫ, then we
know from corollary 3.4.1 that the number of modes of communication
is equal to the
√
number of degrees of freedom of the channel operator at level- ǫ using my definition.
Xu et. al. [37] build on the results of [34] for vector waves to include the effect
of scatterers. They numerically evaluate the Green’s function for vector waves in the
presence of reflective scatterers in two dimensions using the finite moments method
(FMM). Xu et. al. [37] then numerically calculate the singular values of the operator
defined using the Green’s function. Suppose λn are the singular values in descending
order and also suppose that there is transmit power constraint PT > 0 and receiver noise
level Q > 0. Xu et. al. [37] define the number of degrees of freedom of Γ to be7
Ndof (PT , Q) = max{N : Pn = |an |2 |λn | ≥ Q, n = 1, 2, . . . , N
N
X
and
|an |2 = Pt }.
n=1

The definition of Xu and Ganaswamy [37] is equivalent to definition 3.2 for the special
case of operators on Hilbert spaces. This is a direct consequence of corollary 3.4.1.
Newsam and Barakat [41] approach the problem of finding the degrees of freedom of
an operator
R differently. The primary interest2of [41] is in the inverse problem: Suppose
g(t) = k(s−t)f (t)dt. Here g(t), f (t) ∈ L (R, C). Then given g can we determine f ?
This inverse problem is ill-posed in the sense that it is extremely sensitive to noise [41].
However, some components of f (t) can be accurately determined and the number of
such components is defined to be the number of degrees of freedom of the operator [41].
7

[37] use Qn instead of Q in their definition. However they make Qn = Q subsequently and use that
in all their calculations. I do not think using Qn instead of Q makes sense because then Ndof will depend
on how Qn is chosen which in turn depends on ψn , the nth eigenfunction of Γ. Therefore, the definition
for DOF is not unique anymore.
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Let X and Y be Hilbert spaces and let Γ : X → Y be a compact operator. If
g ′ ∈ Γ(X) is a perturbation of g ∈ Γ(X) such that kg − g ′kY < ǫ and if Γf = g and
Γf ′ = g ′ , then for some tolerance δ, [41] define the number of degrees of freedom to be
Ndof = max{dim(V ) : V subspace of X and kPV (f − f ′ )k < δ ∀kg − g ′ k < ǫ}
Here PV is the projection operator.
Newsam and Barakat [41] prove that if σn2 is the nth eigenvalue of Γ∗ Γ then the
number of degrees of freedom is N1 if σN1 +1 ≤ ǫ/δ ≤ σN1 . The definition of Newsam
and Barakat [41] is equivalent to definition 3.2 for the special case of operators on
Hilbert spaces. This is a direct consequence of corollary 3.4.1.

3.4.2 Essential Dimension
Several articles do not give an explicit definition for essential dimension but argue that
the “knee” in the singular values of the channel operator corresponds to the essential
dimension of the channel [25,26,28,45]. It is therefore difficult to compare the definition of essential dimension with these works. However, the definition 3.4 for essential
dimension tries to identify the knee in the singular values and gives a unique number
for a given channel. Further, one can use the definition 3.5 for essential dimension
of order-n to ensure that outliers do not effect the identification of the knee. In summary, the definition of essential dimension enables one to uniquely quantify the results
of [25,26,28,45].
A step like behavior of eigenvalues is also found in [31,38,39]. The approach
of Kennedy et. al. [31] is substantially different from those discussed earlier in this
section wherein the transmitting volume was assumed to be constrained. In contrast,
Kennedy et. al. [31] consider the possible wavefields within a volume constrained to a
radius R provided all sources are in the far field (outside a ball of radius RS ). Most of
their results are for wavefields in two dimensions. However, they emphasise that their
results can be extended to three dimensions. The channel model used in these papers
is considerably different from that considered in this thesis. However, their definition
of degrees of freedom is comparable to my definitions of essential dimension because
they evaluate the number of significant eigenvalues of a specific operator to calculate
the degrees of freedom.
Let BR (0) ⊂ R2 be an open ball of radius R centered at the origin. A wave field in
BR (0) is a function F : BR (0) → C that satisfies the scalar Helmholtz equation [31].
∇2 F (x) + k 2 F (x) = 0, x ∈ BR (0).

Here k = 2π/λ is the wave number and λ is the wavelength. Kennedy et. al. [31] use
the following model: if all the sources are in the far field, then F (x) can be written as
Z 2π
F (x) =
a(φ)eikhx,ŷ(φ)i dφ
(3.17)
0
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using polar coordinates (x = [kxk, arg(x)] = [rx , φ(x)]). Here, ŷ = (1, φ) is a unit
vector with azimuth angle φ. Physically, the wave field F (x) can be interpreted as the
superposition of planar waves arriving from each azimuth angle φ with amplitude a(φ).
This model is suitable for far field sources because the waves arriving from these sources
can be approximated by planar waves.
Using an orthonormal series expansion for the planar waves, equation (3.17) can be
rewritten as [31]
∞
X
p
2πJ (R)αn Φn (x).
F (x) =

(3.18)

n=−∞

Here, the set {Φn (x)} are a set of functions orthonormal over the unit circle and can be
written as
Jn (kkxk) exp{inφ(x)}
√
,
Φn (x) = in p
2π
Jn (R)

where Jn (·) is the nth order Bessel function of the first kind and
Z R
Jn (R) =
Jn2 (r)rdr
0

is a normalization term. Also, αn are the Fourier expansion coefficients of a(φ):
Z 2π
αn =
a(φ)e−inφ dφ.
0

Even though the series representation of the wave field requires infinitely many
terms, it is shown that F (x) can be approximated with arbitrary accuracy using only
finitely many terms. Specifically if
FN (x) =

N
X
p

2πJ (R)αn Φn (x)

n=−N

and
A=

Z

2π
0

|a(φ)|dφ

then the relative truncation error for the wave field within BR (0) and for a truncated
series of length 2N + 1 can be defined as
Z
1
|F (x) − FN (x)|
ǫN (R) =
dx.
πR2 BR (0)
A
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Kennedy et. al. prove that [31]
ǫN < ηe−∆
if
N = ⌈eπR/λ⌉ + ∆.
Because the normalised truncation error decreases exponentially with increasing N for
all N > ⌈eπR/λ⌉, [31] asserts that ⌈eπR/λ⌉ is the number of degrees of freedom of
the multipath field. A similar definition for degrees of freedom is also found in Dickins
and Hanlen [40]. Let X be some normed space and Y be a Hilbert spaces. Also, let
Γ : X → Y be some operator. Then if for some choice of N0 and a set of functions
8
{φi }∞
i=1 and for any x ∈ X with kxkX ≤ 1
Γx −

N0
X
n=1

hΓx, φn iY φn

Y

≤ǫ<∞

and if ∀n > N0
Γx −

n
X
n=1

hΓx, φn iY φn

Y

≤ ǫe−α(n−N0 )

then Dickins and Hanlen [40] assert that N0 is the number of degrees of freedom of the
operator Γ.
However, this definition does not give a unique number N0 for a given channel
because if the above condition is satisfied by some finite N then it is also satisfied by
all N ∈ Z+ . So it does not satisfy all the conditions that the essential dimension of an
operator is required to satisfy as explained in the previous section. Another commonly
used definition is that of Landau and Pollak [27]9 . This definition however is only
applicable to time-bandwidth problems and cannot be used for arbitrary SWCs.

3.5 Chapter Conclusion
In this chapter I prove that for a compact operator Γ on some normed space, for any
given number ǫ > 0 there is a unique number Ndof (ǫ) which is the number of degrees
of freedom of the operator Γ at level ǫ. Physically we can interpret this number as the
maximum number of linearly independent functions a receiver that has noise of variance
8

The definition given here is different from that in [40], which does not assume anything about kxkX
but using that definition the spaces that have degrees of freedom N0 would actually be finite dimensional.
9
Also see [49].
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σ 2 = ǫ can measure. This definition has been used previously for specific operators on
Hilbert spaces (see eg. [25]). However, as far as I am aware, this is the first definition
that is applicable to an arbitrary compact operator on normed spaces.
I prove that one can use this definition for degrees of freedom to define generalised
singular values which are generalisations of commonly accepted singular values defined
for Hilbert space operators. A direct consequence of these definitions is that the number of degrees of freedom of compact operators can be characterised in terms of their
generalised singular values. The advantage of this characterisation is that it lends itself
to numerical computations as shown in the next chapter.
In this chapter, I also distinguish between the terms “degrees of freedom” and “essential dimension” though they have been used interchangeably in the literature. In the
situation where the singular values of an operator change rapidly from being large to
small, the position of the “knee” in the singular values is unique for a given channel. In
such channels, the number of degrees of freedom at level ǫ depends very little on the
actual value of ǫ. I define the essential dimension of an operator as the smallest number
of singular values after which the difference between two consecutive singular values is
at a maximum.
The main contributions of this chapter are:
1. Novel definition of degrees of freedom at level-ǫ for arbitrary compact operators
on normed spaces. I prove that the definition gives a unique number for a given
level ǫ for any compact operator.
2. Novel definition for normed space singular values. I give a physical interpretation
for this definition and show that it is a generalisation of singular values of compact
operators on Hilbert spaces.
3. Novel definitions for essential dimension and essential dimension of order-n for
any normed space compact operator.
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Chapter 4
Computation of Generalised Singular
Values
In this chapter I develop techniques for the calculation of generalised singular values
of normed space operators. In some special cases it is possible to analytically calculate
bounds on the generalised singular values using perturbation theory. This is discussed in
the following section. However, in a majority of cases analytical computations are nigh
on impossible and one has to resort to numerical techniques. Several numerical techniques are known for the computation of singular values of integral operators. The one
that can be most easily generalised to normed space operators is the Galerkin method
(see eg. [32]). The essential idea behind this method is to use some complete Hilbert
basis and use finite dimensional approximations of the integral operator. I will prove
in section 4.2 that in the special case of normed spaces with complete Schauder bases
it is possible to use the same techniques to calculate the generalised singular values.
The results of the numerical computation of generalised singular values in some special
cases is given in section 4.3

4.1 Perturbation Theory Applied to Scalar Wave Communication
In several cases it is difficult to evaluate the singular values and the left and right singular
eT , YeR , Γ). However,
functions of the operator Γ for a given spatial waveform channel (X
in some cases it is possible to calculate the singular values and functions for another opeT → YeR that closely approximates Γ. Therefore, one can use perturbation
erator Γ′ : X
theory to show that the the singular values of Γ can in some sense be approximated by
the singular values of Γ′ .
We can use the following perturbation theory result [47, ch V, th. 4.10]: If Ψ :
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e1

e2
e3

2∆zT

2∆zR

2∆yT
r0
2∆xT

2∆yR
2∆xR
Receiving Volume W + r0 e3

Transmitting Volume V

Figure 4.1: Communication Using Scalar Waves Between Rectangular Prisms
L2 (T ) → L2 (T ) and Ψ∆ : L2 (T ) → L2 (T ) are self-adjoint, compact then
dist(σ(Ψ), σ(Ψ + Ψ∆ )) ≤ kΨ∆ k

(4.1)

Here σ(Ψ) = {σi (Ψ)}N
i=1 is the spectrum of Ψ indexed in decreasing order and N ∈
+
Z ∪ {∞} and
dist(σ(Ψ), σ(Ψ + Ψ∆ )) = sup inf |σi (Ψ) − σj (Ψ + Ψ∆ )|.
i

j

Also if we can write
Z
(Ψ∆ φ)(y) =
K∆ (x, y)φ(y)dy

(4.2)

V

then
kΨ∆ k ≤

sZ

V ×V

|K∆ (x, y)|2dxdy

(4.3)

Now consider communication between rectangular prisms using scalar waves. This
problem was studied by Miller [26]. I use slightly different notation to that used in [26].
Let V, W ⊂ R3 be two compact and measurable sets, let 0 ∈ V, W and let (e1 , e2 , e3 )
be unit vectors in R3 . Also, let r0 > 0 such that V ∩ (W + r0 e3 ) = ∅ (see figure 4.1).
We can define the linear operator Γ : L2 (V ) → L2 (W ) as (c.f. example 2.1)
Z
(Γf )(z) =
G(x, z)f (x)dx ∀x ∈ W
V
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where
G(x, z) =

exp{jk|z + r0 e3 − x|}
.
4π|z + r0 e3 − x|

Because G|V ×W is continuous, Γ is compact and (L2 (V ), L2 (W ), Γ) is an SWC. Now
we can define the operator Ψ : L2 (V ) → L2 (V ) as
Z
(Ψf )(y) =
k(x, y)f (x)dx.
V

Here
k(x, y) =

Z

G∗ (z, x)G(z, y)dz.

W

We wish to calculate the eigenvalues of the operator Ψ. Miller [26] uses the paraxial
approximation to find these eigenvalues. The paraxial approximation consists of using
Taylor series expansions of the terms under the modulus signs in the denominator and in
the exponent of the Green’s function G(x, y), respectively. Note that this approximation
is commonly used in antenna theory and is also used in calculating the singular values
in other papers on waveform channels [25,33].
The approximating operator ΨT : L2 (V ) → L2 (V ) is defined as
Z
(ΨT f )(y) =
kT (x, y)f (x)dx.
V

Here
kT (x, y) =

Z

W

G∗T (z, x)GT (z, y)dz

and
GT (z, x) =

exp{jkfT2 (z, x)}
,
fT0 (z, x)

where fT2 and fT0 are the second and zeroth order Taylor Series expansions of |z +
r0 e3 − x| with respect to x and z about the respective origins.
We can write Ψ = ΨT + Ψ∆ where Ψ∆ : L2 (V ) → L2 (V ) is defined by
[Ψ∆ f ](y) = [(Ψ − ΨT )(f )](y)
Z
=
(K(x, y) − kT (x, y))f (x)dx
V
Z
=
K∆ (x, y)f (x)dx.
V
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Let xi be the ith Cartesian coordinate of x. If 1
bi =

sup |xi | , i = 1, 2, 3,

x∈V −W

b = max bi ,
i

l =

inf

x∈V −W

|r0 e3 + x|

then it can be shown that (see appendix A.1)


2
bb
b b2
bµ(W ) π λb b22 c1
π λb b2 c1
e l · 2π c1 + c3 + c3 e l · 2π 2 c1 .
|K∆ (x, y)| ≤
l3
λl
λl
Here, c1 , c3 are constants and µ(W ) is the Lebesgue measure of W . Therefore,
Z Z
1/2
2
kΨ∆ k ≤
|K∆ (x, y)| dxdy
V

≤

V

bµ(W )µ(V )
×
l3


2
2
bb
b b2
π λb b2 c1
π λb b2 c1
e l · 2π c1 + c3 + c3 e l · 2π 2 c1
λl
λl

(4.4)

Equation (4.4) provides a bound for kΨ∆ k. All the terms in the square brackets in this
equation, except for the constant c3 can be made arbitrarily small as b/l → 0. Therefore,
for small b/l, |k∆ (x, y)| is proportional to bµ(W )µ(V )/l3 . It is very interesting to note
that the norm of kΨ∆ k does not actually go to zero if b/l goes to zero. We not only need
b to be small compared to l but also to be small compared to λ for this approximation to
be valid.
Miller [26] proves that the eigenvalues of the operator ΨT show a step like behavior.
The eigenvalues, indexed in decreasing order of magnitude are close to 1 until they
reach a critical value Nmax and then decrease rapidly to zero. Here,
Nmax =

µ(W )µ(V )
1
2
2
r
λ ∆zT ∆zR

and ∆zT , ∆zR and r are as shown in figure 4.1. Therefore, if the right hand side of
equation (4.4) is small, then the eigenvalues of Ψ show a similar behavior and if this is
the case, then Nmax is the essential dimension of the channel.
1

Specifically, referring to figure 4.1, b1 = 2∆xT + 2∆xR , b2 = 2∆yT + 2∆yR and b3 = 2∆zT +
2∆zR and l = r0 + 2∆zT + 2∆zR .
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4.2 Computing DOF for Compact Operators
In chapter 3 it was proved that in order to calculate the degrees of freedom of a compact operator on a normed space, one needs to calculate its generalised singular values.
However, no known method exists for computing these singular values. In this section, I
will develop a numerical method based on finite dimensional approximations that could
be used to calculate the generalised singular values.
Suppose X and Y are normed spaces and T : X → Y is a compact operator. Also
suppose that X has a complete Schauder basis {ψ1 , ψ2 , . . .}. Let Sn = span{ψ1 , . . . , ψn }.
Then we can define the operator Tn = T |Sn : Sn → Y . Let ǫm and ǫm,n be the mth
singular values of T and Tn respectively. Then, I will prove in theorem 4.1 that
1. As n → ∞, ǫm,n → ǫm .
2. For all n, if ǫm,n exists, then it is a lower bound for ǫm .
The crux of the argument used to prove the theorem is as follows. Assume ǫ > 0 is
given and let N (ǫ) denote the number of degrees of freedom at level ǫ for the operator T .
This is the case if and only if there exist functions {φ1 , . . . , φN (ǫ) } ⊂ Y such that for all
ψ ∈ X, T ψ can be approximated to level-ǫ by a linear combination of the φi and further,
no set of functions, {φ′1 , . . . , φ′N } ⊂ Y can approximate all ψ ∈ X if N < N (ǫ).
Equivalently, there is a function in the unit ball in X whose image under T can be
approximated by a function in the span{φ1 , . . . , φN (ǫ) } that cannot be approximated by
span{φ′1 , . . . , φ′N }.
So we take the inverse image of an ǫ-net of points in span{φ1 , . . . , φN (ǫ)} and choose
n large enough so that all the inverse images are close to Sn . We can do this because
the ψi form a complete Schauder basis for X. I then show that there exists a function
in Sn such that its image under T cannot be approximated by a linear combination of
φ′1 , . . . , φ′N for N < N (ǫ). This will prove that the number of degrees of freedom at
level-ǫ of Tn approaches that of T and consequently so do the singular values. The
details are as follows.
Theorem 4.1. Suppose X and Y are normed spaces and T : X → Y is a compact
operator. Suppose that X has a complete Schauder basis {ψ1 , ψ2 , . . .} and let Sn =
span{ψ1 , . . . , ψn }. Let Tn = T |Sn : Sn → Y . If ǫm , the mth singular value of T exists
then for n large enough, ǫm,n , the mth singular value of Tn will exist and
lim ǫm,n = ǫm .

n→∞

Furthermore, if ǫm,n exists then it is a lower bound for ǫm .
Proof. I will prove this theorem in two parts. In part a) I will prove that if ǫm,n exists
for some n = N ∈ N then ǫm,n exists for all n > N and is a non-decreasing sequence
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that is bounded from above by ǫm . In part b) I prove using a contradiction argument that
ǫm,n exists for some n ∈ N and that ǫm,n must converge to ǫm .
I will use the following notation in the proof:
P
spanǫ {φ1 , . . . , φN } = {φ ∈ Y : inf a1 ,...,aN kφ − N
i=1 ai φi k < ǫ} and
Br = {ψ ∈ X : kψkX ≤ r}.
Part a Let T and Tn be as described in the theorem and let N (ǫ) and Nn (ǫ) be the
numbers of degrees of freedom at level ǫ of T and Tn , respectively. Assume that
ǫm,n1 exists and let n2 > n1 .
Then for all {φ1 , . . . , φNn1 (ǫ)−1 } ⊂ Y there is a ψ ∈ Sn1 ∩ B1 such that
T ψn1 = T ψ ∈
/ spanǫ {φ1 , . . . , φNn1 (ǫ)−1 }.
Because Sn1 ⊂ Sn2 , for all {φ1 , . . . , φNn1 (ǫ)−1 } ⊂ Y we have ψ ∈ Sn2 ∩ B1 and
Tn2 ψ = T ψ ∈
/ spanǫ {φ1 , . . . , φNn1 (ǫ)−1 }.
Therefore,
Nn2 (ǫ) ≥ Nn1 (ǫ) ∀ǫ > 0.

(4.5)

Because
inf Nn1 (ǫ) ≥ m

(4.6)

ǫ<ǫm,n1

we have Nn2 (ǫ) ≥ Nn1 (ǫ) ≥ m for ǫ < ǫm,n1 . Hence ǫm,n2 must exist.

From the definition of generalised singular values, we have equation (4.6) and
supǫ>ǫm,n2 Nn2 (ǫ) ≤ m − 1
If ǫm,n1 > ǫm,n2 then there exists an ǫ1 such that ǫm,n1 > ǫ1 > ǫm,n2 . Therefore,
Nn1 (ǫ1 ) ≥ m > m − 1 ≥ Nn2 (ǫ1 ).
This contradicts equation (4.5). Therefore ǫm,n1 ≤ ǫm,n2 .

The same argument used above shows that if ǫm,n exists then ǫm ≥ ǫm,n . Therefore, if ǫm,n exists for n = n1 ∈ N then ǫm,n is a non-decreasing sequence in
n ≥ n1 that is bounded from above by ǫm .
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Part b By part a, if ǫm,n exists for n ≥ n1 then because ǫm,n is a bounded monotonic
sequence in n it must converge to some ǫ′m ≤ ǫm .
Now there are two situations to consider. Firstly, ǫm,n might not exist for any
n ∈ N. Secondly, ǫm,n might exist for some n but the limit ǫ′m might be strictly
less than ǫm . We consider the two situations separately and arrive at the same set
of equations. We then show a contradiction to this set of equations.
Situation 1: Assume, to arrive at a contradiction, that ǫm,n does not exist for any
n ∈ N. Then
Nn (ǫ) ≤ m − 1 ∀n ∈ N and ∀ǫ > 0.

(4.7)

From the definition of degrees of freedom, there exist constants α < β < ǫm such
that
Nn (α) ≤ m − 1 ∀n ∈ N and
N (β) ≥ m.

(4.8)
(4.9)

Situation 2: Assume, to arrive at a contradiction, that ǫ′m < ǫm . From the definition of generalised singular values we know,
supǫ>ǫm,n Nn (ǫ) ≤ m − 1 and
inf ǫ<ǫm N (ǫ) ≥ m.
Because ǫm,n ≤ ǫ′m , we know that there exist numbers α and β, ǫ′m < α < β < ǫm
such that
Nn (α) ≤ m − 1 ∀n ∈ N and
N (β) ≥ m.

(4.10)
(4.11)

Therefore, in both situation 1 and situation 2, we need to prove that equations (4.11)
and (4.10) cannot be simultaneously true.
Because T is compact, T B1 is totally bounded [48, ch. 8]. Therefore, for all ǫ
T B1 has a finite ǫ-net. Hence there exists a set of vectors {ξ1 , . . . , ξP } ⊂ B1 such
that for all φ ∈ T B1 , there exists a p, 1 ≤ p ≤ P with
kφ − T ξp kY <

β−α
.
2

(4.12)
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Now, because {ψ1 , ψ2 , . . .} is a complete Schauder basis for X and because P <
∞, there exists a number N such that for all n > N and for all p, 1 ≤ p ≤ P ,
there exists a ξp,n ∈ Sn ∩ B1 such that
kξp − ξp,nkX <

β−α
.
2kT k

(4.13)

Therefore, for all φ ∈ T B1 and for all n > N there exists a p, 1 ≤ p ≤ P and a
ξp,n ∈ Sn ∩ B1 such that
kT ξp,n − φkY

= kT ξp,n − T ξp + T ξp − φkY
≤ kT ξp,n − T ξp kY + kT ξp − φkY (Triangle Inequality)
β−α
(equation (4.12))
< kT (ξp,n − ξp )kY +
2
β−α β−α
+
(equation (4.13))
< kT k
2kT k
2
= β − α.
(4.14)

From equation (4.10) and the definition of degrees of freedom, we know that for
all n ∈ N there exist vectors {φ1,n , . . . , φm−1,n } ⊂ Y such that
ξ ∈ spanα {φ1,n , . . . , φm−1,n } ∀ξ ∈ T (B1 ∩ Sn ).

(4.15)

But, from the definition of degrees of freedom and equation (4.11) we know that
for all n and all vectors {φ1,n , . . . , φm−1,n } there exists a vector φ ∈ T B1 such
that
φ∈
/ spanβ {φ1,n , . . . , φm−1,n }.
From equation (4.14) we know that for all n > N there exists a ξp,n ∈ Sn ∩ B1
such that
kφ − T ξp,n k < β − α.
Therefore, for all n > N there exists a ξp,n ∈ Sn ∩ B1 such that
T ξp,n ∈
/ spanα {φ1,n , . . . , φm−1,n }.

(4.16)

This directly contradicts equation (4.15). Therefore, if ǫm exists then ǫm,n exists
for n large enough and
lim ǫm,n = ǫm .

n→∞
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The theorem shows that if the domain of the operator has some complete Schauder
basis then we can calculate the generalised singular values of the operator restricted to
finite dimensional subspaces and as the subspaces get bigger we will approach the generalised singular values of the original operator. Moreover, the theorem also proves that
the generalised singular values of the finite dimensional operators provide lower bounds
for the original generalised singular values. We, however, need a practical method of
calculating the generalise singular values of linear operators defined on finite dimensional normed spaces.
Let X, Y be two finite dimensional Banach spaces and let T : X → Y be a linear
operator. Suppose ǫ1 , . . . , ǫn are the generalised singular values of T . Denote B1 =
{x ∈ X : kxkX ≤ 1} and let
ǫ′1 = sup kT xkY .
x∈B1

Then for all ǫ > ǫ′1
ǫ > sup kT xkY
x∈B1

and for all ǫ < ǫ′1 , there exists an x ∈ B1 such that kT xkY > ǫ. Therefore ǫ′1 = ǫ1 , the
first generalised singular value of T . Suppose for ease of argument that limǫ→ǫ−p N (ǫ) =
p (i.e. ǫp is not a repeated singular value). Therefore, for all ǫ ∈ [ǫp+1 , ǫp ), N (ǫ) = p.
Now for each ǫ ∈ [ǫp+1 , ǫp ) there exists a {ψi }pi=1 ∈ Y such that
sup inf kT x −

p
x∈B1 {ai }i=1

p
X
i=1

ai ψi kY ≤ ǫ.

Let Ψp,ǫ denote the set of all sets {ψi : kψi kY ≤ 1}pi=1 that satisfy the above equation
for a given ǫ ∈ [ǫp+1 , ǫp ) and let
[
Ψp =
Ψp,ǫ .
ǫ∈[ǫp+1 ,ǫp )

Suppose the sets Ψ1 , . . . , Ψp have been chosen as above. Then
)
(
p
X
= ǫp+1 .
ai ψi
x−
inf
sup infp
p
{ψi }i=1 ∈Ψp x∈B1 {ai }i=1

i=1

To prove this let ǫ′p+1 denote the left hand side of the above equation. We show by
contradiction that ǫp+1 ≤ ǫ′p+1 . Otherwise, let ǫ ∈ (ǫ′p+1 , ǫp+1 ). Then because ǫ > ǫ′p+1 ,
we know that there exists a {ψi }pi=1 such that
)
(
p
X
< ǫ.
ai ψi
x−
sup infp
x∈B1 {ai }i=1

i=1
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If this is the case then N (ǫ) ≤ p. But we know from the definition of generalised
singular values that if ǫ < ǫp+1 then N (ǫ) ≥ p + 1. This is a contradiction and proves
that ǫp+1 ≤ ǫ′p+1 .
To prove the converse, suppose, to arrive at a contradiction, that ǫ′p+1 > ǫp+1 . Let
ǫ ∈ (ǫp+1 , ǫ′p+1 ). Then, N (ǫ) = p. Therefore there exists a set of functions {φi }pi=1 such
that
(
)
p
X
< ǫ.
ai φi
x−
sup infp
x∈B1 {ai }i=1

i=1

Therefore {φi}pi=1 ∈ Ψp,ǫ ⊂ Ψp . Hence,
)
(
p
X
< ǫ.
ai ψi
x−
sup infp
inf
p
{ψi }i=1 ∈Ψp x∈B1 {ai }i=1

i=1

By definition, the left hand side of the above equation is ǫ′p+1 and this contradicts the
assumption that ǫ ∈ (ǫp+1 , ǫ′p+1 ). The following theorem summarises the above result.
Theorem 4.2. Let X, Y be two finite dimensional Banach spaces and let T : X → Y
be a linear operator. Also let B1 be the closed unit ball in X and suppose Ψp is defined
as explained above. Then,
sup kT xkY = ǫ1

x∈B1

and if ǫp is not a repeated generalised singular value then
)
(
p
X
= ǫp+1 .
ai ψi
x−
inf
sup infp
p
{ψi }i=1 ∈Ψp x∈B1 {ai }i=1

i=1

The above theorem characterises the singular values in terms of a maximisation
problem over a finite dimensional domain and one can use several well-know maximisation methods to calculate the generalised singular values. However, it is difficult to
check whether a given set of functions {ψi }pi=1 is an element of Ψp . I therefore use the
following algorithm to calculate bounds on the generalised singular values.
Suppose X, Y , T : X → Y and ǫ1 , . . . , ǫn are as defined above. Let
ǫ′1 = sup kT xkY .
x∈B1

Because B1 ⊂ X is a compact set and k · kY and T are continuous, there exists an
x1 ∈ B1 such that kx1 kY = ǫ′1 . Choose ψ1 = T x1 .
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Now suppose ψ1 , . . . , ψp have been chosen. Then let
)
(
p
X
= ǫ′p+1 .
ai ψi
x−
sup infp
x∈B1 {ai }i=1

(4.17)

i=1

Again, because B1 ⊂ X is a compact set and k · kY and T are continuous, there exists
an xp+1 ∈ B1 such that xp+1 attains the maximum in the above equation. Choose
ψp+1 = T xp+1 . Comparing with theorem 4.2 we note that ǫ′p is an upper bound for ǫp .
It is an open conjecture as to whether ǫ′p = ǫp .
In this algorithm, instead of searching over all possible sets {ψi } ∈ Ψp we select
a special set that is in some sense (it is the image of the x ∈ B1 that maximises equation (4.17)) the best possible set to use. This choice is essential because otherwise the
calculation of generalised singular values becomes too cumbersome (one needs to find
the set Ψp before calculating ǫp+1 .) Note however, that the above algorithm gives the
right value for ǫ1 . In the next section, I use this algorithm to calculate approximations
for the generalised singular values of some specific spatial waveform channels.

4.3 Software design and techniques used for numerical
simulations
In this chapter I present the results of numerical simulations. I describe the software
used for the simulations and several techniques that are used to reduce the running
time of the simulations are also discussed. All simulations were done in two dimensions because the number of grid points required to do simulations in three dimensions
makes it infeasible to do computations over distances greater than a few wavelengths
(c.f. eg. [37] and [31], where simulations were also done in two dimensions). In this
thesis, Finite-Difference Time-Domain (FDTD) simulations were used to calculate the
electromagnetic field in the presence of reflective scatterers.
In order to calculate the degrees of freedom of SWCs, one needs to calculate the
generalised singular values of the compact operators in SWCs. This is a direct consequence of the definition of generalised singular values. In order to calculate these
generalised singular values we use several theorems proved in earlier chapters. Suppose
T is the transmitting volume, R is the receiving volume, t0 is some instant in time and
eT,t0 , YeR , Γ) is an SWC. The essential idea involved in the calculation of the gener(X
alised singular values is:
2
3
1. Let {xi }∞
i=1 be a Schauder basis for L (T, C ). Then we know from the second
e
corollary to theorem 2.3 that {xi }∞
i=1 is also a Schauder basis for XT,t0 .

2. Let Γn = Γ|span{xi }Ni=1 . Then we know from theorem 4.1 that the generalised
singular values of Γn approach those of Γ as n → ∞.
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3. We can use any convenient, finite subset of a Schauder basis of L2 (T, C3 ) to
calculate approximations of the generalised singular values of Γ.
In this thesis, I assume that the source and receiver antennas are restricted to square
areas of size 1λ × 1λ or 2λ × 2λ, where λ is the wavelength (see eg. [37] where a similar
assumption was made). I divide the transmitting and receiving squares into several
smaller squares and use functions that are non-zero on one of the smaller squares to
form a subset of a Schauder basis for the space of transmitting and receiving functions.
The task of finding the generalised singular values can be split into three compoeT,t from a finite
nents. Firstly, one needs to find the orthonormal source functions in X
0
subset of the chosen Schauder basis using the Gram-Schmidt method. This step is only
required for the finite energy case. It is easy to use existing Matlab routines to calculate singular values of compact operators defined on finite dimensional spaces once
the channel operator has been specified as a matrix expressed in terms of orthonormal bases. In the finite power case, the space of source functions does not necessarily
carry an inner product structure and therefore we need to develop alternative algorithms
to calculate the singular values as explained in the previous section. Secondly, one
needs to calculate the received field for each one of the (orthonormal) source functions in the presence of randomly placed scatterers. Finally one needs to calculate the
transfer matrix in terms of the Schauder bases for the source and receiver functions
and calculate the singular values of the operator Γn . The first two tasks were completed using programs written in C++ and the last one was undertaken using Matlab
in the finite energy case and C++ in the finite power case. The source code used
for these programs can be found on the attached compact disk or downloaded from
http://users.rsise.anu.edu.au/˜somaraju.
The interactive C++ program consist of five files and allows the user to calculate the
orthonormal source functions and the received field. Several settings such as loss resistance and simulation domain size can be set interactively before starting the simulations.
The functionality of different files in the program is briefly explained below.
main.cpp: The program execution starts in the function main() within this file.
field.cpp,field.hpp: These files are used to define the field object. This
object is used to calculate the electromagnetic field for a given set of sources and
scatterers possibly in the presence of a perfectly matched layer (PML) (see subsection 4.3.2). The field object allows the user to specify the simulation region,
step sizes, the number of randomly placed scatterers in the simulation region and
the position of all the sources and their magnitudes. One can also specify if the
simulation domain has a PML. Once all the above have been specified, the simulation can start and the field object can be used to calculate the electromagnetic
field after n time steps by calling the function timeStep(int n).
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field util.cpp,field util.hpp: These files contain several utility functions
that can be used on objects of the field class.
gramSchmidt.cpp,gramSchmidt.hpp: These files are used to calculate the orthonormal source functions. The basis expansion of the orthonormal source functions in terms of the subset of the Schauder basis {xi }∞
i=1 is stored in a file. See
subsection 4.3.1 for a more detailed description of the algorithms used in this file.
receiverField.cpp,receiverField.hpp: These files are used to calculate
the field at several randomly placed receivers in the presence of randomly placed
scatterers and the calculated fields are stored in a file. See subsection 4.3.2 for a
more detailed description.
svalClass.cpp,svalClass.hpp Objects of this class are used to calculate the
generalised singular values in the finite power case as explained in subsection 4.3.3
genSval.cpp,genSval.hpp The functions in this file are used to perform the
maximisation routines for calculating the generalised singular values. Functions
from the the GNU scientific library are used to perform the maximisation (see
http://www.gnu.org/software/gsl/).
sval.m The matlab file sval.m uses the orthonormal basis expansion and receiver
fields calculated using the C++ program to evaluate the singular values of SWCs
in the finite energy case.

eT,t
4.3.1 Calculating Orthonormal Source Functions for X
o

2
3
∞
Suppose {xi }∞
i=1 is an orthonormal basis in L (T, C ). Then the set {xi }i=1 is a comeT,t0 with respect to the norm k · k e
plete Schauder basis for X
XT,t0 (see theorem 2.3).
However, the functions are not orthogonal with respect to the inner product h·, ·iXeT,t
0
where,

hJ1 , J2 iXeT,t = I1 + I2
with
R t0 R 0′ ∗
I1 = Rloss 0 T J1 (r, t)J′2 (r, t)drdt
and
R
R
I2 = ǫ0 Ωext E∗1 (r, t0 )E2 (r, t0 )dr + µ10 Ωext H∗1 (r, t0 )H2 (r, t0 )dr.

The source functions {xi }N
i=1 need to be orthonormalised with respect to the inner product h·, ·iXeT,t using the Gram-Schmidt process.
0
In order to calculate the inner product hx1 , x2 iXeT,t for a given time instant t0 , one
0
needs to calculate both I1 and I2 in the above equation. However, to calculate I2 , one
needs to calculate the fields generated by the source functions at time instant t0 in free
space. Therefore the simulation region needs to be as big as the distance travelled by
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light in the time t0 . This makes the simulation region extremely large and the numerical
computations take a great amount of time. We can however assume that the sources are
contained in a cell made of a perfect electric conductor. Suppose Ω′ is such a cell and
Ω′int is the interior of this cell. If I2′ is defined by
Z
Z
1
∗
′
′∗
′
H′1 (r, t0 )H′2 (r, t0 )dr,
I2 = ǫ0
E1 (r, t0 )E2 (r, t0 )dr +
µ0 Ωext ∩Ω′int
Ωext ∩Ω′int
then I1 + I2′ defines an inner product on the space of source current densities. Here,
E′i and H′i are the electric and magnetic fields generated by the sources Ji for i = 1, 2
that are contained within the cell Ω′ . Now, the norm defined by this inner product
gives the total energy radiated by the sources. Because the perfect electrical conductors
absorb no energy, this norm is actually equal to the norm induced by the inner product
h·, ·iXeT,t . Therefore we can tell from the parallelogram law for inner products that
0
I2 = I2′ . Because the perfect conductors are also perfect reflectors of electromagnetic
radiation, the field outside the conductors is zero. Therefore, we can reduce the total
simulation region and speed up the calculation of the orthonormal source functions by
using I2′ instead of I2 .

4.3.2 Calculating the Receiver Field
FDTD simulations using the Yee scheme [50] are used to calculate the field at different
receiver locations for a given source function (see eg. [51–54]). Sixteen points per
wavelength were chosen in each cartesian direction to minimise the effects of numerical
dispersion (see eg [52]). In order to maximise the distance between the transmitting and
receiving volumes, it was decided that Perfectly Matched Layers (PMLs) be used2 [56].
PMLs are absorbing layers that do not reflect any of the electromagnetic waves that are
incident upon them and the magnitude of electromagnetic waves reduces exponentially
as they travel in the PML. Also, reflective scatterers were placed at random locations
in the simulation region. The reflective scatterers were also placed within the PML.
This enables one to model the effect of distant scatterers because the PML reduces the
magnitude of the electromagnetic waves and the total energy reflected is very small. The
received field is calculated at random positions within the simulation region. Figure 4.2
on page 68 shows an example of a typical simulation region.

4.3.3 Calculating the Generalised Singular Values
In the finite energy case, the spaces of source and receiver functions are Hilbert spaces.
Therefore, as was proven in theorem 3.5, the generalised singular values of the channel
2

Also see [52,55]

64

operator are equal to the traditionally accepted notion of the singular values of compact
operators defined on Hilbert spaces. There are several well known methods that can
be used to calculate these singular values and the Matlab function SVD is used to
calculate these singular values.
In the finite power case, the space of source functions is not an inner product space.
Therefore a new program was written in C++ in order to calculate the generalised singueT , X
eR , Γ) is an SWC and {xi }∞
lar values. Suppose (X
i=1 is a complete Schauder basis
eT and Γn = Γ|
for X
is the restriction of Γ to the span of the first n vectors in
span{xi }n
i=1
the Schauder basis. Then we know from theorem 4.1 that the singular values of Γn are
approximately equal to those of Γ for n large enough. Therefore, we only need to calculate the singular values of the operator Γn . The algorithm described after theorem 4.2 is
used to calculate these generalised singular values and the results of these calculations
are presented in the following section.

4.4 Results and Discussion
The singular values of various SWCs were calculated. The source resistance, number
of scatterers and the receiver and scatterer locations were varied and the results of these
simulations are presented in this subsection. The simulations were performed under the
following conditions (see figure 4.2 on page 68):
1. Because we are performing the simulations in 2D, the sources and scatterers were
assumed to be invariant in the z-direction and only transverse magnetic fields were
considered3 . The sources and receivers were assumed to be restricted to within
squares of sizes 1λ × 1λ or 2λ × 2λ.
2. The total size of the simulation region is 16λ ×256λ (c.f. Xu and Janaswamy [37]
where the simulation region is of a similar size). It was decided that 16 grid
points be chosen per wavelength in order to minimise the effect of dispersion (see
eg [52]). The simulation region was surrounded by a PML of thickness 2λ which
proved to be sufficient to absorb all the incident electromagnetic waves.
3. The center of the source was always located at 8λ×8λ. Ten receivers were placed
at random locations in the half of the simulation region that did not contain the
source. A variable number of scatterers were placed both within the simulation
region and in the PML. The scatterers were assumed to be perfectly conducting
materials of variable length between 1λ and 4λ. The exact form of the scatterers is
not important because we are using them to create a rich scattering environment.
3

Reciprocity between the electric and magnetic fields shows that exactly the same behavior can be
observed for the transverse electric case.
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Figure 4.3 on page 69 shows the first twenty singular values of a typical SWC in
the finite energy case. In this figure, the field was calculated at 10 randomly placed
receivers. Hundred scatterers were randomly placed in the simulation region and the
loss resistance was assumed to be 5Ω. The error bars indicate the variability of the
singular values for different receivers. The number of degrees of freedom for this SWC
at level-10−4 is about 6.
This behavior is typical of all the SWCs that were simulated. No ‘knee’ type behavior is detected for any of the simulations performed. The essential dimension of all the
simulated channels is 1. This is similar to the behavior predicted by Xu et. al. [37] and
other numerical results [34,36]. Notice that the ‘knee’ type behavior is only observed
in analytic evaluations of singular values of channels with specific assumptions made
about the sources and/or scatterers [25,26,28,31]. For instance, in Bucci et. al. [25] it
was assumed that all sources and scatterers were constrained to a ball of radius a. In
Miller [26] it was assumed that the sources and receivers were rectangular prisms. In
Poon et. al. it was assumed that the scatterers coupled the electromagnetic field from
the source to the receiver only if the source radiation was within some solid angle (see
section 1.4).
Figure 4.4 on page 70 shows how the singular values change with varying loss resistance Rloss in the finite energy case. As expected, as the loss resistance increases, the
generalised singular values decrease. This is because most of the energy is lost as heat
in the transmitting antenna. The energy lost as heat is comparable to the energy radiated
if the loss resistance is about 1Ω. Therefore, below this value of loss resistance, the total
energy radiated dominates and there is little change in the singular values as the loss
resistance changes.
Figure 4.5 on page 71 shows the behavior of the singular values with increasing
number of scatterers in the finite energy case. As the number of scatterers increases,
the singular values reduce in magnitude. This is explained if one examines the physical situation modeled by the simulation region. Reflective scatterers that are randomly
placed between the source and the receiver ensure that a large fraction of the energy is
reflected. Therefore, the total energy in the receiver is reduced. However, the amount
of reduction in the magnitude of the singular values ǫn reduces with increasing n. This
indicates that there are a greater number of reflected signals in the path with increasing
number of scatterers. Therefore, the smaller singular values are effected less by the
increasing number of scatterers due to the presence of multiple reflective paths.
Figure 4.6 on page 72 shows the behavior of the singular values for zero loss resistance in the finite energy case. In this case the singular values show a similar behavior to the case where the loss resistance is not zero. This is contrary to what is
predicted by Wallace and Jensen [43]. If the norm on the space of source functions is
given by the total power/energy radiated the resulting operator of the SWC need not
be compact. Therefore, the singular values should not go to zero. However, because
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the channel operator is not compact in this case, the theory developed in this thesis can
not be used. Specifically, we can not prove that the singular values of the operator Γn
approach those of Γ. This is to be expected because the operator Γn defined on a finite dimensional space is compact but the operator Γ is not. Therefore we cannot have
limn→∞ kΓn − Γk = 0 because the uniform operator limit of a compact operator must
be compact.
Figure 4.7 on page 73 shows the values4 ǫ′n for various values of loss resistance calculated for the finite power case. If ǫm is the mth singular value of the channel operator
Γ and ǫm,n is the mth singular value of Γn then ǫ′n is an upper bound for ǫm,n . The legend
shows the loss resistance in Ohms for different plots shown in the figure. The values ǫ′n
were calculated by maximising the function in equation (4.17). The maximisation was
performed by choosing a random initial vector and this procedure was repeated several
times. The error bars in the graph indicate the maximum range of ǫ′n for different initial
vectors. As expected as the loss resistance increases ǫ′n gets smaller. It should be noted
that the loss resistance chosen was always greater than 5Ω. This is because of the following: it is possible to get high concentrations of energy in a small receiving volume
R for arbitrarily small amount of radiated power (e.g. think of a source between two
perfect reflectors, so that all the energy ever radiated by the source is restricted to be
between the reflectors).
Therefore it is possible to have current configurations for which the radiated power is
close to zero. The total power radiated is calculated using Poynting’s theorem. In order
to use Poynting’s theorem one needs to calculate the vector product of the electric and
magnetic fields on a surface enclosing the source. However, because the Yee scheme is
used for FTDT simulations, the electric field is calculated on integer grid points and the
magnetic field is calculated on half-integer grid points. Therefore if the surface is on
the integer grid points then one can only approximate the magnetic field on the surface.
Therefore there is a small, but inevitable numerical error that enters the calculation of
the total power radiated. This error is not significant when the loss resistance is large
because the functions which radiate very small amount of energy but still concentrate
high amounts of energy in the receiving volume tend to have high amplitudes. Therefore
the total power lost as heat is high and this factor dominates the power used by the source
functions. However, for small loss resistances, it is possible that a numerical calculation
of the total power used to set up a current might be negative and this could result in
some absurdly large values for singular values. So different types of simulations need
to be performed to study the performance of the channel for smaller loss resistances.
4

see section 4.2 for a definition of ǫ′n
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Figure 4.2: Typical Simulation Region for FDTD Simulations
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Figure 4.6: Singular Values for Zero Loss Resistance
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5.5

4.5 Chapter Conclusion
In this chapter I showed that it is possible to use perturbation theory to calculate the
essential dimension of the scalar waveform channel studied by Miller [26]. But, as
it is generally not possible to analytically calculate the degrees of freedom, numerical
techniques are required. In this chapter I prove that if the normed space on which the
compact operator is defined has a complete Schauder basis then we can use numerical
techniques similar to Galerkin’s method. I proved in theorem 4.1 that the singular values of finite dimensional approximations of an operator approach those of the original
operator if the domain of the operator has a complete Schauder basis. I also developed
an alternative formulation of singular values in theorem 4.2 that is more conducive to
numerical calculations. Numerical simulations were performed in both the finite energy
and finite power cases using the finite-difference time-domain (FDTD) method and the
simulation results were presented in section 4.4 The main contributions of this chapter
are:
1. Used perturbation theory to analytically calculate the essential dimension of a
scalar waveform channel.
2. Developed a numerical technique to calculate normed space generalised singular
values.
3. Numerical results of simulations were presented.

74

Chapter 5
Uncertainty Principles for Energy
Concentrations
Uncertainty Principles (UPs) have gained great popularity since Heisenberg [57]. The
famous original example is Heisenberg’s Uncertainty Principle: it is impossible to exactly measure the location and the momentum of a particle simultaneously. This is a
special case of a more general framework, which may be formulated (via various Hilbert
space techniques) to apply to a wide range of scenarios.
In a communication theory setting, a similar uncertainty principle has been well
known: that a signal cannot be arbitrarily confined in both time and frequency. The
reader is directed to Slepian [49] for a discussion. The works of Landau, Slepian and
Pollak [27,30,58] has formalised this result, although without explicit reference to the
operator theoretic nature of the problem1 . Similar to the classical UP, one can generalise
this UP to arbitrary operators on Hilbert spaces as well. This generalisation is particularly pertinent to SWCs. We shall pose the following question: Given a signal (source
current) which has energy in one volume VA , how well can we constrain a function
(electromagnetic field) of that signal to have energy in another volume VB ?
The remainder of this chapter is arranged as follows: In Section 5.1 I collate classic results on uncertainty and formulate UPs in terms of operator theoretic terminology.
Section 5.2 develops an Uncertainty Principle for communication between volumes with
a particular form of operator channel. In section 5.3 I prove a second uncertainty principle and explain its interpretation in a communication theory setting.

5.1 A Review of the Uncertainty Principle
Before explaining the Uncertainty Principle, we develop some relevant notation.
1

Landau provides some work in this regard [27].
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5.1.1 Notation
Following Selig [29], let H be a Hilbert space with inner product h·, ·i and norm k · k ≡
h·, ·i1/2 . Further, let A be a linear operator with domain D(A) ⊆ H and range in
H. We then define the normalised expectation value, τA (f ) and standard deviation
(uncertainty), σA (f ) of the operator A with respect to f ∈ D(A) to be [29]
hAf, f i
hf, f i
σA (f ) ≡ k(A − τA (f ))f k.
τA (f ) ≡

(5.1)
(5.2)

If the domain of some operator A is dense in H then we can define its adjointA† using
the following equation [48]
hAx, yi = hx, A† yi ∀x ∈ D(A), y ∈ D(A† ).

(5.3)

The domain of D(A† ) consists of vectors x ∈ H such that the function
y 7→ hx, Ayi
(which is a linear map defined on a dense subset of H) is a continuous linear functional.
Furthermore, A is said to be Hermitian or self-adjoint if A = A† . Therefore, for a
self-adjoint operator
hAx, yi = hx, Ayi ∀x, y ∈ D(A).

(5.4)

Any operator that obeys equation (5.4) is said to be symmetric. Note that it is possible
that an operator A is symmetric but not self-adjoint if its domain D(A) is not dense in
H.
Given two linear operators A and B with domains D(A) and D(B) respectively, the
commutator is defined as
[A, B] ≡ AB − BA
and the anti-commutator is defined as
[A, B]+ ≡ AB + BA
with domains D(AB) ∩ D(BA) for either one. The operators A and B are said to
commute with each other if [A, B] = 0. Otherwise they are called non-commutative
operators.
Also, let L2 [R] be the set of all square integrable real-valued functions defined on
the real line with norm kf k2 = hf, f i1/2 . Here the inner product h·, ·i is defined as
Z ∞
hf, gi =
f (t)g(t)dt.
(5.5)
−∞
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We can now think of kf k22 as the energy of the function f ∈ L2 [R]. The angle between
two non-zero functions f and g is defined as
θ(f, g) = cos−1
We also define
Z
ˆ
f (ω) =

∞

ℜ{hf, gi}
.
kf k2kgk2

(5.6)

f (x)e−iωx dx

(5.7)

−∞

to be the fourier transform of f (x) whenever this integral exists.

5.1.2 The Classical Uncertainty Principle
The classical uncertainty principle states that the concurrent values of two non-commuting
observables such as position and momentum cannot be precisely determined in any
quantum state. That is, the standard deviation of two non-commuting operators cannot
be made arbitrarily small simultaneously.
Theorem 5.1. If A and B are two self-adjoint operators on a Hilbert space H, then
1
k(A − a)f kk(B − b)f k ≥ |h[A, B]f, f i|
2

for all f ∈ D(AB) ∩ D(BA) and all a, b ∈ R. Equality holds precisely when (A − a)f
and (B − b)f are purely imaginary scalar multiples of one another.
Selig realizes that the only property of self-adjoint operators required in the proof of
the above theorem is given by equation (5.4). He therefore reformulates theorem 5.1 in
terms of symmetric operators.
Theorem 5.2. [29, theorem 3.4] If A and B are two symmetric operators on a Hilbert
space H, then
1
k(A − a)f kk(B − b)f k ≥ {|h[A, B]f, f i|2
2
+ |h[A − aI, B − bI]+ f, f i|2 }1/2
for all f ∈ D(AB) ∩ D(BA) and all a, b ∈ R. Equality holds precisely when (A − a)f
and (B − b)f are purely imaginary scalar multiples of one another.
Proof. Let A, B, a, b and f be as stated in the theorem. From the Cauchy-Schwarz
inequality we have
2k(B − b)f kk(A − a)f k = 2|h(B − b)f, (A − a)f i|
= 2[ℑ{h(B − b)f, (A − a)f i}2 +
ℜ{h(B − b)f, (A − a)f i}2 ]1/2
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(5.8)

Here, ℜ{·} and ℑ{·} denote the real and imaginary parts of a complex number. We can
evaluate the real and imaginary parts of h(B − b)f, (A − a)f i.
2iℑ{h(B − b)f, (A − a)f i} = h(B − b)f, (A − a)f i
− h(A − a)f, (B − b)f i
= h(A − a)(B − b)f, f i
− h(B − b)(A − a)f, f i
= h[A − aI, B − bI]f, f i
= h[A, B]f, f i

(5.9)

The symmetry of the operators is used in the second step and the fact that scalar multiplication commutes with all linear operators is used in the last. Also,
2ℜh(B − b)f, (A − a)f i = h(B − b)f, (A − a)f i
+ h(A − a)f, (B − b)f i
= h[A − aI, B − bI]+ f, f i

(5.10)

Substituting equations (5.10) and (5.9) into equation (5.8) proves the theorem.
Theorem 5.2 is valid for arbitrary values of a and b. However, the left hand side
of the inequality in this theorem is minimized if a and b are the magnitudes of the
projection vectors of Af and Bf onto f , respectively. That is
hAf, f i
fk
hf, f i
= kAf − τA (f )f k
= σA (f )

min kAf − af k = kAf −
a

Note that σA (f ) is the uncertainty (standard deviation) of the operator A. Therefore we
obtain the following special case of the UP.
Corollary 5.2.1. [29, Corollary 3.6] If A and B are two symmetric operators on a
Hilbert space H, then
q
1
σA (f )σB (f ) ≥
|h[A, B]f, f i|2 + 4COV 2AB (f )
2

for all f ∈ D(AB) ∩ D(BA) and all a, b ∈ R. Equality holds precisely when (A −
τA (f ))f and (B − τB (f ))f are scalar multiples of one another.
Here, the covariance of the operators A and B is defined as
COV AB (f )

1
= h[A − τA (f )I, B − τB (f )I]+ f, f i
2
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Heisenberg’s Uncertainty Principle
The first UP discovered by Heisenberg is a special case of Corollary 5.2.1. We can
derive Heisenberg’s UP by substituting Af = ·f , the position
operator and Bf = −if ′ ,
√
the momentum operator into corollary 5.2.1. Here i = −1. Making this substitution2
and noting that [A, B]f = if we get
q
1
σA (f )σB (f ) ≥
|h[A, B]f, f i|2 + 4COV 2AB (f )
2
1
≥
|h[A, B]f, f i|
2
1
|hif, f i|
=
2
1
=
kf k2
2
Here, σA (f ) and σB (f ) are the uncertainties in position and momentum respectively.
Note that equality is attained iff (A − τA (f ))f and (B − τB (f ))f are purely imaginary
scalar multiples of each other (see Theorem 5.1). That is
−if ′ (x) − τB (f )f (x) = ir(x − τA (f ))f (x)
and r ∈ R. Therefore, f(x) is a complex gaussian function:
2 /2

f (x) = ceibx e−r(x−a)

for some c ∈ C and r > 0. Here a = τA (f ) and b = τB (f ) are the expectation values of
the position and momentum operators respectively.
Heisenberg’s principle shows that a quantum system described by a wave function
f cannot have precise values for position and momentum at the same time. This principle is often stated in terms of a function and its fourier transform as explained in the
following theorem .
Theorem 5.3. [29, theorem 6.1]] Let f ∈ L2 (R), kf k = 1 and set
Z
xo =
x|f (x)|2 dx
Z
2
ˆ
ωo =
ω|f(ω)|
dω
Z
∆x =
(x − xo )2 |f (x)|2 dx
Z
2
ˆ
∆ω =
(ω − ωo )2 |f(ω)|
dω
2

We can make this substitution because both operators are symmetric.
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whenever these integrals exist. Then ∆x∆ω ≥ π/2, where equality is attained iff
2
f (x) = (r/π)1/4 eiωo x e−r(x−xo ) /2 for any r > 0.
The theorem is proved trivially by noting that σA (f ) = ∆x and σB (f ) = ∆ω/2π,
where Af = ·f and Bf = −if ′ [29].
This theorem gives valuable insight into how localized a function can be in both
time and frequency. If one defines ∆x and ∆ω to be the root mean square (RMS) measure of approximate time duration and bandwidth of the signal, respectively, then the
theorem says that the product of time duration and bandwidth of a function is bounded
from below by π/2. Therefore, if the time-spread gets very small, the frequency-spread
must be large and vice-versa. It therefore validates our intuition that a function cannot
simultaneously be both time and frequency limited.
Though a very good qualitative tool, this theorem is inadequate for the purposes
of signal processing. The theorem does not for instance answer the question, given a
ˆ
bandlimited function (i.e. f(ω)
= 0 for ω ∈
/ [−Ω, Ω]), how much of the energy of
f is ‘concentrated’ in any finite duration of time. This would be useful in answering
the question: “given a bandlimited channel, how much of the transmitted signal can a
receiver measure over a finite period of time?”

5.1.3 An Uncertainty Principle for energy concentrations
Landau and Pollak propose that for the purposes of signal processing, a more relevant uncertainty principle should use sharper measures of concentrations in time and
frequency than the one used in Heisenberg’s principle [30]. To help derive their uncertainty principle [30] define D = {f : f ∈ L2 [R], f (t) = 0 ∀|t| > T /2} to be the class
of all time-limited functions and B = {f : f ∈ L2 [R], fˆ(ω) = 0 ∀|ω| > Ω} to be
the class of all band-limited functions. Here, fˆ(ω) is the fourier transform of f (t) as
defined in equation (5.7). Also T , the time duration and W = Ω/2π, the bandwidth are
fixed for the remainder of this chapter. It is easy to prove [58] that D and B are complete
subspaces of L2 [R].
We can therefore define the projection operators B : L2 [R] → L2 [R] and D :
L2 [R] → L2 [R] as follows

f (t), |t| ≤ T /2
Df (t) =
(5.11)
0, |t| > T /2
Z Ω
1
jωt
ˆ
Bf (t) =
f(ω)e
dω
(5.12)
2π −Ω
Note that the ranges of operators B and D are B and D, respectively. Using these
operators we can calculate the fraction of energy, α2 of any function f ∈ L2 [R] in the
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finite duration of time [−T /2, T /2].
kDf k22
.
α =
kf k22
2

(5.13)

Similarly, we can calculate, β 2 , the fraction of energy of a function in a finite bandwidth
[−Ω, Ω].
β2 =

kBf k22
.
kf k22

(5.14)

Note that α, β ≤ 1.
Prolate Spheroidal Wave Functions
Slepian and Pollak [58] show that the prolate spheroidal functions are eigenfunctions of
the finite fourier transform and discuss several interesting properties for these functions.
In the following I motivate the usefulness of these functions and list some of their key
properties.
A special case of the UP for energy concentrations arises when we choose the functions to be time-limited, i.e. f ∈ D or equivalently, α = 1. The UP then puts constraints
on the values β can take as explained in the following theorem.
Theorem 5.4. Let f (t) ∈ D. Then, β 2 = kBf k22 /kf k22 ≤ λ0 . Equality is achieved
if and only if f (t) = cDψ0 (t), where ψ0 (t) is an eigenfunction corresponding to the
largest eigenvalue λ0 of the integral equation
Z T /2
sin Ω(t − s)
f (s)dt
(5.15)
λf (t) =
π(t − s)
−T /2
and c is an arbitrary multiplicative constant.
Proof. Let f (t) and β be as stated in the theorem. Then,
Z Ω
1
Bf (t) =
eiωt fˆ(ω)dω
2π −Ω
Z Ω
Z T /2
1
iωt
e
f (s)e−iωs dsdω
=
2π −Ω
−T /2
Z T /2
sin Ω(t − s)
f (s)ds
=
π(t − s)
−T /2

Because,
Z ∞

−∞

sin Ω(t − u) sin Ω(u − s)
sin Ω(t − s)
du =
π(t − u)
π(u − s)
π(t − s)
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we have
kBf (t)k22

=
=

Z

∞

Bf (t)Bf (t)dt

−∞
Z ∞

−∞

=

Z

Z

T /2

−T /2

T /2
−T /2

Z

Z

T /2

−T /2

T /2

−T /2

sin Ω(u − t) sin Ω(t − s)
f (u)f (s)dudsdt
π(u − t)
π(t − s)

sin Ω(u − s)
f (u)f (s)duds
π(u − s)

It is well known that the maximum value of the right hand side is λ0 , the largest eigenvalue of the integral equation (5.15) [59]. The maximum is attained when f = cDψ0
is the time-limited version of the corresponding eigenfunction. Here, c is an arbitrary
multiplicative constant. Note that f is proportional to Dψ0 and not to ψ0 because ψ0 is
not time-limited.
We can conclude from this theorem that the time-limited function that has the greatest fraction of energy in the finite bandwidth W is cDψ0 . From the symmetry of the
fourier transform, we can also deduce that the bandlimited function that has maximum
energy in the finite time interval [−T /2, T /2] is g = cψ0 .3 We therefore have the following corollary.
Corollary 5.4.1. Let f (t) ∈ B. Then, α2 = kDf k22 /kf k22 ≤ λ0 . Equality is achieved if
and only if f (t) = cψ0 (t), where ψ0 (t) is an eigenfunction corresponding to the largest
eigenvalue λ0 of the integral equation
Z T /2
sin Ω(t − s)
f (s)dt
(5.16)
λf (t) =
π(t − s)
−T /2
and c is an arbitrary multiplicative constant.
The integral equation (5.15) is the defining equation for the prolate spheroidal wave
functions. Therefore they play an important role in the analysis of time/frequency limited functions. Slepian and Pollak [58] prove that there exist a countably infinite set of
functions ψ0 (t), ψ1 (t), ψ2 (t), . . . and a set of positive real numbers λ0 > λ1 > λ2 > . . .
that satisfy the integral equation (5.15), that is
Z T /2
sin Ω(t − s)
λi ψi (t) =
ψi (s)dt
(5.17)
π(t − s)
−T /2
Equivalently, we can write this equation in terms of our operators B and D
λi ψi (t) = BDψi (t)
3

In fact the symmetry argument tells us that g = cBψ0 . But, it turns out that ψ0 is band limited, i.e.
Bψ0 = ψ0
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Hence, λi and ψi are eigenvalues and eigenfunctions of the operator BD, respectively.
The functions ψi are called the prolate spheroidal wave functions. They have several
interesting properties4:
1. The set of functions {ψ0 (t), ψ1 (t), . . .} is bandlimited, complete in B and orthonormal in L2 [R]:
hψi , ψj i = δij ,
where δij is the Kronecker-Delta.
2. The set of functions {Dψ0 (t), Dψ1 (t), . . .} is time-limited, complete in D and
orthogonal in L2 [R]:
hDψi , Dψj i = λi δij
This implies that the energy of ψi in the time interval [−T /2, T /2] is λi .
3. The dependance of ψi and λi on T and Ω has been suppressed in the notation
used. In fact, ψi (t) = ψ1 (t, T, c) and λi = λi (c), where c = ΩT /2. The fact that
λi only depends on ΩT and not on Ω and T separately becomes significant when
one discusses the dimensionality of the time-bandwidth product.
4. For all i, λi < 1. Also, the eigenvalues fall off rapidly to zero once i > 2c/π =
W T . Therefore, for i > W T , ψi has little energy in the time-interval [−T /2, T /2].
Further, for fixed i, λi increases with increasing values of c (see [58] for tabulated
values of λi ). That is, the greater the time-bandwidth product, the greater the
concentration of energy of ψi (t) in [−T /2, T /2].
For the remainder of this chapter let ψi denote the prolate spheroidal wave functions and
let λi denote the corresponding eigenvalues.
The Uncertainty Principle
k
k
Let f ∈ L2 [R] be a nonzero function. We already know that α = kDf
and β = kBf
kf k
kf k
cannot simultaneously be equal to 1. Landau and Pollok [30] show that α and β cannot
simultaneously be arbitrarily close to 1. Specifically, they prove

Theorem 5.5. [30, theorem 2] Let 0 ≤ α, β ≤ 1. Then there exists a function f ∈
L2 [R], kf k2 = 1 with kDf k2 = α and kBf k2 = β if and only if (α, β) 6= (0, 1) and
(α, β) 6= (1, 0) and
p
cos−1 α + cos−1 β ≥ cos−1 λ0 ,
4

See [30,58] for more details
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where λ0 is the largest eigenvalue of the equation
λψ = BDψ
This theorem constrains the possible values of α and β because λ0 < 1 [58]. Therefore, we can conclude that any function cannot have arbitrarily large fractions of energy
in both a finite time duration and a finite frequency bandwidth.
Alternatively, if ǫ2ω = 1 − β 2 then f is said to be ǫω -concentrated to the frequency
interval [−W, W ]. Similarly, if ǫ2t = 1 − β 2 then f is said to be ǫt -concentrated to the
time interval [−T /2, T /2]. Also, f is said to have ‘fraction out of band energy’ (FOBE)
bandwidth W and FOBE time duration T . The UP then implies 5
p
sin−1 ǫt + sin−1 ǫω ≥ cos−1 λ0 (ΩT )

The principle constrains the range of values the product ΩT can take exactly like in the
classical principle.
We will show in the next section that this theorem is a special case of a more general
theorem just like Heisenberg’s UP is a special case of the classical uncertainty principle
as alluded to by [30]. We show that this more general theory can be used to understand
certain fundamental limits on communication through arbitrary channels.

5.2 A General Uncertainty Principle
Though the UP derived in the previous section is for a function defined on the real line
and its fourier transform, the principle can be extended to include arbitrary transforms
defined on Rn . To derive results similar to those in the previous two sections for general
transformations we need to ask what are the essential properties of the operators B and
D. It turns out that the key property is that the subspaces B and D form a nonzero
minimum angle. Before deriving these results, we explain the physical model.

5.2.1 Physical Problem and Notation
Let X and Y be two Hilbert spaces with inner-products h·, ·iX and h·, ·iY and norms
1/2
1/2
k · kX = h·, ·iX and k · kY = h·, ·iY , respectively. Let Γ : X → Y be a linear operator
and let
fˆ = Γf.

(5.18)

Let D ⊂ Y and A ⊂ X . Also let B = Γ(A) be the image of the set A under Γ.
Physically, we can interpret X to be a set of possible transmitter functions and Y to
5

See property 3 of the prolate spheroidal functions in section 5.1.3
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be a set of possible receiver functions and Γ to be some operator which determines
what receiver function each transmitter function generates. Also, because of physical
constraints (e.g. transmitted signals must be bandlimited) the transmitter might not be
able to generate all the functions in the transmitter function space X . So one can
interpret A to be the set of transmitter functions that a physical transmitter can generate.
Therefore, B is the set of functions that the transmitter can generate at the receiver and
will also be referred to as the space of transmitter functions. Similarly, the receiver
might not be able to measure all functions that are in the receiver space due to physical
constraints (e.g. received signals can only be measured over a finite time-duration). One
can think of the set D as the set of functions that the receiver can measure and it will be
referred to as the space of receiver functions.
Let us also assume that the sets D and B are complete subspaces of Y . We can then
define projection operators D : Y → Y and B : Y → Y such that D(Y ) = D and
B(Y ) = B. We can also define an angle between these two subspaces as follows:
θ(B, D) =

inf

θ(f, g).

(5.19)

f ∈B,g∈D
f 6=0,g6=0

Finally, given any linear operator L : Y → Y we can define the operator norm
kLkY = sup
y∈Y

kLykY
.
kykY

5.2.2 An Uncertainty Principle for arbitrary subspaces
One can think of kf k2Y as the energy of a function f ∈ Y . Then α2 = kDf k2Y /kf k2Y
is the fraction of energy of f in the space of receiver functions and β 2 = kBf k2Y /kf k2Y
is the fraction of the energy of f in the space of transmitter functions. In order to prove
the Uncertainty Principle, we need the following lemma.
Lemma 5.6. Let f, g, h ∈ Y . Then,
θ(f, g) ≤ θ(f, h) + θ(g, h).

(5.20)

Proof. Let fˆ = f /kf kY and ĝ = g/kgkY . Then
ℜ{hkf kY fˆ, kgkY ĝi}
kf kY kgkY
ˆ ĝi}
= cos−1 ℜ{hf,
= θ(fˆ, ĝ)

θ(f, g) = cos−1
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(5.21)

Let θ(f, g) 6= 0. Otherwise, there is nothing to prove. Also, let S = span{f, g} be the
space of all functions spanned by f and g. Then this space is complete and we can write
ĥ = h/khkY as [48]
ĥ = hk + h⊥ ,
where hk ∈ S and h⊥ is orthogonal to both f and g. Because khk kY ≤ kĥkY = 1 we
have
θ(f, h) = θ(fˆ, ĥ)
ˆ ĥi}
= cos−1 ℜ{hf,
ˆ hk i}
= cos−1 ℜ{hf,
)
(
ˆ hk i
hf,
−1
≥ cos ℜ
khk kY
= θ(fˆ, hk )

(5.22)

Similarly,
θ(g, h) ≥ θ(ĝ, hk )

(5.23)

Now, if θ(ĝ, hk ) = 0 then the proof is complete because θ(f, g) = θ(fˆ, ĝ) = θ(fˆ, hk ) ≤
θ(f, h) ≤ θ(f, h) + θ(g, h).
If θ(ĝ, hk ) 6= 0, let
ĥ1 = hk /khk kY ,

(5.24)

ĥ2 =

(5.25)

g − ĥ1 hg, ĥ1 i

k(g − ĥ1 hg, ĥ1ikY

be two unit vectors that are orthogonal to each other and whose span is S. We can
therefore write,
fˆ = a1 ĥ1 + a2 ĥ2
(5.26)
ĝ = b1 ĥ1 + b2 ĥ2
(5.27)
where a1 = a′1 + ia′′1 , a2 = a′2 + ia′′2 , b1 = b′1 + ib′′1 and b2 = b′2 + ib′′2 are complex
numbers. From the orthogonality of ĥ1 and ĥ2 we have
cos θ(fˆ, hk ) = a′1
(5.28)
cos θ(ĝ, hk ) = b′1
(5.29)
∗
∗
ˆ
cos θ(f , ĝ) = ℜ{a1 b1 + a2 b2 }
(5.30)
′ ′
′ ′
′′ ′′
′′ ′′
= a1 b1 + a2 b2 + a1 b1 + a2 b2
(5.31)
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Here, a∗i is the complex conjugate of ai . From the orthogonality of ĥ1 and ĥ2 and the
fact that fˆ and ĝ have unit norm, we have
′′2
′2
′′2
a′2
= 1
1 + a1 + a2 + a2
′′2
′2
′′2
b′2
= 1
1 + b1 + b2 + b2

(5.32)
(5.33)

We can think of (a′′1 , a′2 , a′′2 ) and (b′′1 , b′2 , b′′2 ) as two three dimensional vectors. Then the
Cauchy-Schwarz inequality gives us
q
q
′′ ′′
′′ ′′
′ ′
′′2
′2
′′2
′2
a′′2
+
a
+
a
b′′2
1
2
2
1 + b2 + b2 ≥ |a1 b1 + a2 b2 + a2 b2 |

Here, | · | denotes the absolute value of a real number. Therefore,
q
q
′′2
′2
′′2
′2
+
a
+
a
b′′2
a′′1 b′′1 + a′′2 b′′2 + a′2 b′2 ≥ − a′′2
1
2
2
1 + b2 + b2

(5.34)

Now,

cos(θ(fˆ, hk ) + θ(ĝ, hk ))
= cos(θ(fˆ, hk )) cos(θ(ĝ, hk ))
ˆ hk )) sin(θ(ĝ, hk ))
− sin(θ(f,
q
q
′ ′
′2
= a1 b1 − 1 − a1 1 − b′2
1
q
q
′ ′
′′2
′2
′′2
′′2
′2
= a1 b1 − a1 + a2 + a2 b′′2
1 + b2 + b2
≤ a′1 b′1 + a′′1 b′′1 + a′′2 b′′2 + a′2 b′2
= cos(θ(fˆ, ĝ))

(5.35)
(5.36)
(5.37)
(5.38)
(5.39)
(5.40)

We get equation (5.37) from equations (5.28) and (5.29). Equations (5.32) and (5.33)
are used to get (5.38) and finally we use inequality (5.34) to get (5.39). Now, from the
monotonicity of cos, we have
ˆ hk ) + θ(ĝ, hk ).
θ(fˆ, ĝ) ≤ θ(f,

(5.41)

Substituting inequalities (5.22) and (5.23) into the above and using equation (5.21)
proves the lemma.
The uncertainty principle constrains the range of values that α and β can take provided the subspaces B and D form a non-zero minimum angle.
Theorem 5.7. [The Uncertainty Principle] If the two subspaces B and D form a nonzero minimum angle θ0 then
cos−1 α + cos−1 β ≥ θ0 .

(5.42)
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Proof. From the definition of θ(f, g) we have
ℜ{hf, Df i}
kDf kY kf kY
ℜ{hDf, Df i}
=
kDf kY kf kY
kDf kY
=
kf kY
= α.

cos(θ(f, Df )) =

We get the second step in the above derivation from the fact that f = Df + f − Df and
hf − Df, Df i = 0. Similarly we have, β = cos(θ(f, Bf )). Therefore from lemma 5.6
we get
cos−1 α + cos−1 β = θ(f, Df ) + θ(f, Bf )
≥ θ(Df, Bf )
≥ θ0 .

We get the last step from the fact that Df ∈ D and Bf ∈ B and these two subspaces
have the minimum angle θ0 .
We can calculate the minimum angle between the two subspaces by calculating the
norm of the operator BD and this is the subject of our next theorem.
Theorem 5.8. The angle between two complete subspaces B and D with projection
operators B and D is
θ(B, D) = cos−1 kBDkY

(5.43)

Proof. The angle between the two subspaces is given by
θ(B, D) =

inf

θ(f, g)

(5.44)

f ∈B,g∈D
f 6=0,g6=0
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Using cos θ(f, g) from the proof of the last theorem, we can write
cos θ(B, D) =

sup
f ∈B,g∈D

ℜ{hf, gi}

kf kY =1,kgkY =1

=

sup
f ∈Y ,g∈Y

ℜ{hBf, Dgi}

kf kY =1,kgkY =1

=

sup
f ∈Y ,g∈Y

ℜ{hf, BDgi}

kf kY =1,kgkY =1

= kBDkY

Here, we get the second to last step from the fact that B is self adjoint and the last step
from the definition of the operator norm.

5.2.3 Discussion
The UP in theorem 5.7 has a very simple physical interpretation based on a very simple
geometric idea. If the space of all the functions that a transmitter can generate and the
space of all the functions a receiver can receive form a non-zero minimum angle then
there exist no functions that can have arbitrarily large fractions of energy in these two
spaces of functions. Also, one can find the minimum angle between these two subspaces
using projection operators as explained in theorem 5.8.
Note that because B and D are projection operators we have, for B, D 6= {0},
kBkY = kDkY = 1. Therefore, kBDkY ≤ kBkY kDkY = 1. If kBDk = 1 then
the uncertainty principle is not very useful because for all α and β we have cos−1 α +
cos−1 β ≥ cos−1 1 = 0. So the theorem is only useful if we can prove that kBDkY < 1
which is the case for the time-bandwidth problem considered by Landau and Pollak [27].
In order to find kBDkY one still needs to evaluate the projection operators B and D.
It is fairly easy to do this for the projection operator D if the subspace D is known. For
instance if Y is L2 [R] and if the receiver can only measure functions for a time-duration
of T seconds, then the projection operator can be defined as in equation (5.11).
There seems to be no general way in which one can define the projection operator
B. One exception to this is the case where Γ is compact. In this case one can use the
singular value decomposition (SVD) for the operator Γ to define the operator B. We
can write [47]
X
Γ =
h·, φj iX Γ(φj )
j

= αj

X
j

h·, φj iX ψj

(5.45)
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Here, αj is the j th singular value of Γ and φj and ψj are the j th left and right singular
functions of Γ, respectively. From equation (5.45) it is obvious that if a function belongs
to B then it must be in the span of the set of right singular functions {ψj } of Γ. Moreover,
because the functions ψj are orthonormal in Y we can define the projection operator
B : Y → Y as
X
Bf =
hf, ψj iY ψj .
j

5.3 A Second General Uncertainty principle
In this section I prove a second general UP that can be used to constrain the total amount
of energy that can be concentrated in the receiving volume. We prove a slightly modified
version of the general uncertainty theorem proved in Donoho an Stark [60]. In the
following L1 [V ], L2 [V ] and L∞ [V ] are the spaces
R of real or complexRvalued2 functions
3
defined on V ⊂ R with finite L1 (k · k1 = V | · |), L2 (k · k1 = V | · | ) and L∞
(k · k∞ = supV | · |) norms, respectively.
T
T
Theorem 5.9. Suppose f ∈ L1 [R3 ] L2 [R3 ] and Γ : f 7→ fˆ, where fˆ ∈ L2 [R3 ] L∞ [R3 ]
and satisfies
ˆ2
1. kf k2 = αkfk
2. kfˆk∞ ≤ βkf k1.

Let VT and VR be two compact subsets of R3 with empty intersection. Suppose f is
ǫT -concentrated to VT in the L1 norm and fˆ is ǫR -concentrated to VR in the L2 norm.
Then,
|VT ||VR|α2 β 2 ≥ (1 − ǫT )2 (1 − ǫ2R )
Proof.
kf k22 = α2 kfˆk22
2

≤ α (1 −
2

≤ α (1 −
≤ α2 (1 −
2

≤ α (1 −

ǫ2R )−1

Z

fˆ2

VR
2 −1
ˆ2
ǫR ) |VR |kfk
∞
2 −1
2
ǫR ) |VR |β kf k21

ǫ2R )−1 |VR |β 2(1

− ǫT )

−2

Z

VT

|f |

≤ α2 (1 − ǫ2R )−1 |VR |β 2(1 − ǫT )−2 |VT |kf k22
We get the last step using the Cauchy-Schwarz inequality. By rearranging the above
inequality we get the required result.
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The theorem has a very simple physical interpretation for communication between
finite volumes. Firstly, by requiring kf k2 = αkfˆk2 , we ensure that the energy of the
received signal is proportional to that of the transmitting signal. So α determines the
attenuation in the signal and we expect it to be greater than 1. Secondly, kfˆk∞ ≤ βkf k1
can be thought of as a stability condition (i.e. bounded input gives bounded output).
Also, if the transmitting volume is finite, then f must be perfectly concentrated in
VT and so ǫT = 0. The theorem then implies
|VT ||VR|α2 β 2 ≥ (1 − ǫ2R )
That is, the maximum fraction of energy that can be inside the receiving volume is
bounded from above. Note that this bound increases if the transmitting and receiving
volumes get bigger. This statement is valid for arbitrary channels provided the two
conditions in the above theorem are satisfied.

5.4 Chapter Conclusion
In this chapter I reviewed the classical UP and examined its formulation in operator
theoretic terminology. I then reviewed the time-bandwidth problem studied by Slepian,
Landau and Pollak in a series of papers [27,30,58]. I generalised their results to arbitrary operators on Hilbert spaces and gave a physical interpretation of the resulting
generalised Uncertainty Principle for SWCs. I also developed a second generalised UP.
The main contributions of this chapter are:
1. Review of the classical and time-bandwidth UP.
2. Two new generalised UPs in Theorems 5.7 and 5.9
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Chapter 6
Conclusion
In this chapter, I present the conclusions drawn from my study of SWCs. In each chapter, a summary of the work and the contributions made was presented. Here a summary
of the thesis is followed by possible future research directions.

6.1 Thesis Summary
1. In chapter 2 I give a novel definition for SWCs that has sufficient structure to
model the different physical constraints imposed on MIMO systems. According
to definition 2.1 an SWC is a triple (XT , YR , Γ). Here, XT models the space of all
the transmitter current densities and YR models the space of electromagnetic fields
at the receiver and Γ : XT → YR is a bounded linear operator that determines
the electromagnetic field in the receiving volume given the current density in the
transmitter volume. The spaces XT and YR are normed spaces and the norms on
these spaces can be physically interpreted as energy or power. I also establish
several properties of SWCs for finite power and finite energy channels.
2. In chapter 3 I prove that for a compact operator Γ on some normed space, for any
given number ǫ > 0 there is a unique number Ndof (ǫ) which is the number of
degrees of freedom of the operator Γ at level ǫ. Physically we can interpret this
number as the maximum number of linearly independent functions a receiver that
has noise level proportional to ǫ can measure. I prove that one can use this definition for degrees of freedom to define generalised singular values which are generalisations of the commonly accepted singular values defined for Hilbert space
operators. These generalised singular values can be used to numerically compute the degrees of freedom of SWCs. In this chapter, I also distinguish between
the terms “degrees of freedom” and “essential dimension” though they have been
used interchangeably in the literature. In the situation where the singular values
of an operator change rapidly from being large to small, the position of the “knee”
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in the singular values is unique for a given channel. In such channels, the number
of degrees of freedom at level ǫ depends very little on the actual value of ǫ. I
define the essential dimension of an operator as the smallest number of singular
values after which the difference between two consecutive singular values is at a
maximum.
3. In chapter 4 I showed that it is possible to use perturbation theory to calculate
the essential dimension of the scalar waveform channel studied by Miller [26]. In
most situations, it is not possible to use such techniques to analytically compute
the singular values. I therefore developed numerical techniques to compute generalised singular values of compact operators defined on a normed space that has
a complete Schauder basis similar to Galerkin’s method. I proved theorem 4.1
that shows that the singular values of finite dimensional approximations of an operator approach those of the original operator if the domain of the operator has a
complete Schauder basis. I used this numerical technique to compute the singular
values, degrees of freedom and essential dimension of several SWCs.
4. In chapter 5 I reviewed the classical Uncertainty Principle (UP) and examined its
formulation in operator theoretic terminology. I then reviewed the time-bandwidth
problem studied by Slepian, Landau and Pollak in a series of papers [27,30,58]. I
generalised their results to arbitrary operators on Hilbert spaces and gave a physical interpretation of the resulting generalised UP for SWCs. I also developed a
second generalised UP.

6.2 Future Directions
In this thesis I mainly concentrated on deterministic channels. However, several practical communication systems are random in nature and are also time varying. It would
therefore be useful to extend the definition of SWCs to include random operators that
depend on the positions of arbitrarily placed scatterers. Similarly, the definitons of essential dimension and degrees of freedom could be generalised to random variables
instead of the deterministic ones studied in this thesis.
A second important extension would be to assume arbitrary time dependence instead
of exponential time-dependance for the finite energy case. If this is done then one can
study the number of linearly independent signals available in a MIMO system that can
radiate any waveform.
Finally, properties of generalised singular values would need to be studied to develop
more numerical techniques to calculate them. For instance, if A is an n × m matrix,
then the singular values of A can be calculated from the stationary points of kAxk
. If
kxk
generalised singular values satisfy a similar condition, then this condition could be used
to compute the generalised singular values.
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Appendix A
Proofs Used In Theorems
A.1 Upper Bound on k∆k used in section 4.1
The original Green’s function is:
G(x, y) =

exp{|x − y + e3 r0 |}
|x − y + e3 r0 |

(A.1)

Because G(x, y) is only a function of ∆ = x − y, we can rewrite it as
G(x, y) =

exp{|∆ + r0 e3 |}
|∆ + r0 e3 |

(A.2)

Now let

f (∆) =

q

∆21 + ∆22 + (∆3 + r0 )2

(A.3)

In the following I will calculate all the partial derivatives of up to order 3 and for ease
of notation I will use f instead of f (∆). I show brief working for the calculation of
derivatives w.r.t ∆1 and then we can use symmetry to calculate derivatives w.r.t ∆2 and
substitution/symmetry to calculate derivatives w.r.t ∆3 .
∆1
∂f
=
∂∆1
f
∂f
∆2
=
∂∆2
f
(∆3 + r0 )
∂f
=
∂∆3
f
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∂f
f − ∆1 ∂∆
∂2f
1
=
∂∆21
f2


1
∆21
=
1− 2
f
f


2
1
∆22
∂ f
=
1− 2
∂∆22
f
f
"
#
∂2f
1
(∆3 + r0 )2
=
1−
∂∆23
f
f2


∆1
∂
∂2f
=
∂∆2 ∂∆1
∂∆2 f

=
=
∂2f
=
∂∆3 ∂∆1
∂2f
=
∂∆3 ∂∆2
∂3f
=
∂∆31
=
=
=
∂3f
=
∂∆32
∂3f
=
∂∆33

∂f
∂∆1
− ∆1 ∂∆
f ∂∆
2
2

f2
−∆1 ∆2
f3
−∆1 (∆3 + r0 )
f3
−∆2 (∆3 + r0 )
f3


1 ∆21
∂
− 3
∂∆1 f
f
#
" ∂∆2
∂f 3
f 3 ∂∆11 − ∆21 ∂∆
−1 ∂f
1
−
f 2 ∂∆1
f6
3
2
2 ∆1
−∆1 f 2∆1 − ∆1 3f f
−
f3
f6
 2

3∆1 ∆1
−1
f3 f2


3∆2 ∆22
−1
f3 f2
"
#
3 (∆3 + r0 ) (∆3 + r0 )2
−1
f3
f2
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=
=
∂3f
=
∂∆22 ∂∆1
∂3f
=
∂∆3 ∂∆21
∂3f
=
∂∆23 ∂∆1
∂3f
=
∂∆3 ∂∆22
∂3f
=
∂∆23 ∂∆2
∂3f
=
∂∆3 ∂∆2 ∂∆1




1 ∆21
− 3
f
f
#
" ∂∆2
∂f 3
f 3 ∂∆12 − ∆21 ∂∆
−∆2
2
−
f3
f6


∆2 3∆21
−1
f3 f2


∆1 3∆22
−1
f3 f2


(∆3 + r0 ) 3∆21
−1
f3
f2
"
#
∆1 3 (∆3 + r0 )2
−1
f3
f2


(∆3 + r0 ) 3∆22
−1
f3
f2
"
#
∆2 3 (∆3 + r0 )2
−1
f3
f2


−∆2 ∆1
∂
∂∆3
f3

∂3f
∂
=
2
∂∆2 ∂∆1
∂∆2

3

=

∂f
1 ∆2
f 3 ∂−∆
+ ∆2 ∆1 ∂∆
∂∆3
3

f6
3∆1 ∆2 (∆3 + r0 )
=
f5
If a ∈ V − W , using Taylor’s theorem we can write
f (a) =

N
−1
X
n=0

1
(a · ∇)n f (0) + RN (a)
n!

(A.4)

and the remainder RN (a) satisfies
RN (a) ≤ sup

α∈V −W

1
(a · ∇)N f (α).
N!

(A.5)
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To calculate a bound on this remainder, define
bi =

sup |xi | , i = 1, 2, 3

x∈V −W

b = max bi
i

l =
u =

inf

x∈V −W

f (x)

sup r0 + x3 = r0 + b3 ≤ r0 + b.

x∈V −W

Now, if x ∈ V − W then we have the following inequalities if we assume b ≤ l (Note
that in these inequalities, i = 1, 2 or 3):
xi
f (x)
x3 + r0
f (x)

≤
≤
≤

3x2i
−1
f2
2

3(x3 + r0 )
−1
f2

≤
≤
≤
≤
≤

b
l
u
l
r0 − b + 2b
l
2b
1+
l
3b2
−1
f2
2
3u2
−1
f2

2
2b
3 1+
−1
l

≤ 24

Now if we further assume that b/l is much smaller than 1, for example if
√
2− 3
b/l ≤ √ ,
2 3
then we can get tighter bounds for the last two inequalities:
3x2i
−1 ≤1
f2
3(x3 + r0 )2
−1 ≤3
f2
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(A.6)

Assuming (A.6) we prove the bounds for each term in the remainder R3 (∆).


3
∆31 · 3α1 α12
3∂ f
=
−1
∆1
∂∆31 ∆=α
f3
f2
3b4
≤
l3
3
3b4
∂ f
≤
∆32
∂∆32 ∆=α
l3


3
∆33 · 3(α3 + r0 ) (α3 + r0 )2
3∂ f
∆3
−1
=
∂∆33 ∆=α
f3
f2
3b3 u
· ·3
≤
l2 l


3∆21 ∆2 · α2 3α12
∂3f
2
=
3∆1 ∆2
−1
∂∆2 ∂∆21 ∆=α
f3
f2
3b4
≤
l3
3
3b4
∂ f
≤
3∆22 ∆1
∂∆22 ∂∆1 ∆=α
l3


∂3f
3∆21 ∆3 · (α3 + r0 ) 3α12
2
3∆1 ∆3
−1
=
∂∆3 ∂∆21 ∆=α
f3
f2
3b3 u
·
≤
l2 l
3b3 u
∂3f
2
≤
·
3∆2 ∆3
∂∆3 ∂∆22 ∆=α
l2 l


∂3f
3∆23 ∆1 · α1 3(α3 + r0 )2
2
3∆3 ∆1
=
−1
∂∆23 ∂∆1 ∆=α
f3
f2
3b4
·3
≤
l3
3b4
∂3f
≤
·3
3∆23 ∆2
∂∆23 ∂∆2 ∆=α
l3
∂3f
6∆3 ∆2 ∆1 · 3(α3 + r0 )α2 α1
6∆3 ∆2 ∆1
=
∂∆3 ∂∆2 ∂∆1 ∆=α
f5
18b5 u
·
≤
l4
l
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Therefore,
|R3 (∆)| ≤
=
≤
≤



3b4
3b3 u 18b5 u
1
10 3 + 5 2 · + 4 ·
3!
l
l
l
l
l


2
2
b b
b
u 6b
· 2 10 + 5 + 2
2 l
l
l
l


2
2
b 6b
b b
·
5 + 20 + 2
2 l2
l
l
2
b b
· c1
2 l2

(A.7)
(A.8)

Here, c1 is constant which, assuming the validity of equation (A.6) is 5.58. If a different
condition is imposed on b/l then we will get a different value for c1 . Now we will
calculate the error in the approximate Green’s function GT (x, y):
GT (x, y) =

exp {ikfT2 (x − y)}
fT0 (x − y)

(A.9)

Here, fTi is the ith order Taylor series expansion of f . From Taylor’s theorem, we have
fT2 (∆) = f (∆) − R3 (∆)

(A.10)

For ease of notation, I will use hxy and δxy instead of f (x−y) and R3 (x−y) respectively.
e−ikfT (z−x) eikfT (y−z) = eik[hyz −hzx ] · eik[δzx −δyz]
= eik[hyz −hzx ] · [1 + eα ik(δzx − δyz )]
= eik[hyz −hzx ] + Re

(A.11)
(A.12)

Here, we get equation (A.11) from the Taylor’s theorem for exponential function. α ∈ C
satisfies |α| ≤ k|δzx − δyz| and Re is the remainder term and is a function of x, y and
z. From equations (A.12) and (A.8) we get
|Re | = eik[hyz −hzx ] · |eα ik(δzx − δyz )|
≤ |eα | k(|δzx | + |δyz |)
b b2
b2
≤ ek 2 l2 c1 · kb 2 c1
l
b b2
b b2
= eπ λ l2 c1 · 2π 2 c1
λl

(A.13)

Here, λ = 2π/k is the wavelength under consideration.
Similarly we can calculate the error term in the denominator. Let
g(∆) =

1
.
f (∆)

(A.14)
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Then the first order derivatives of g = g(∆) are
−∆1
∂g
=
∂∆1
f3
−∆2
∂g
=
∂∆2
f3
∂g
− (∆3 + r0 )
=
∂∆3
f3
From Taylor’s theorem, we can write
1
+ Rd∆
r0

g(∆) =

and the remainder Rd∆ is bounded. Shown below are bounds for each term in the
remainder.
∆1

∂g
∂∆1

=
∆=α

∆1 ·

−α1
f3

b2
l3
b2
≤ 3
l

≤
∂g
∂∆2
∂g
∆3
∂∆3
∆2

∆=α

=

∆2 ·

≤

b u
·
l2 l

∆=α

−α3
f3

Therefore,
b2 b2
b u
+ 3 + 2·
3
l l
l l
b
4b
≤ 2 · 1+
l
l
b
= 2 c2
l

|Rd∆ | ≤

(A.15)

Here, c2 is a constant and if b < l then 1 ≤ c2 ≤ 5.
Now let Rdyz = Rd(y−z) and Rdzx = Rd(z−x) . Then we have
1
1
Rdzx Rdyz
=
+
+
+ Rdyz Rdzx
fT (y − z)fT (z − x)
hyz hzx
hyz
hzx
1
=
+ Rd
hyz hzx
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The remainder Rd , which is a function of x, y and z is bounded:
Rdyz
Rdzx
+
+ |Rdyz Rdzx |
|Rd | ≤
hyz
hzx


c2 b
2c2 b
1+
≤
l3
2l
c3 b
=
l3
Here, c3 is a constant and 2c2 ≤ c3 ≤ 1 + c22 b/l. Therefore, we have
|G∗ (z, x)G(y, z) − G∗T (z, x)GT (y, z)|
Re
=
+ eik[fzx +fyz ] Rd + Re Rd
fzx fyz
b b2
1
c3 b c3 b b b2
b b2
b b2
≤ eπ λ l2 c1 · 2π 2 c1 · 2 + 3 + 3 eπ λ l2 c1 · 2π 2 c1
λl
l
l
l
λ l

2
2
2
b
b
b
b
b
bb
bb
= 3 eπ λ l2 c1 · 2π c1 + c3 + c3 eπ λ l2 c1 · 2π 2 c1
l
λl
λl
Therefore we have Z

(A.16)
(A.17)

(A.18)

|G∗ (z, x)G(z, x) − G∗T (z, x)GT (z, x)|dz
W

Z
2
bb
b b2
b π λb b22 c1
π λb b2 c1
dz
≤ 3 e l · 2π c1 + c3 + c3 e l · 2π 2 c1
l
λl
λl
W


2
bb
b b2
bµ(W ) π λb b22 c1
π λb b2 c1
e l · 2π c1 + c3 + c3 e l · 2π 2 c1
≤
l3
λl
λl
Here µ(W ) is the Lebesgue measure of the volume W .
|k∆ (x, y)| ≤

A.2 Bound on the Energy Stored in the Electromagnetic
Field
In the finite energy case, we assume that the source current has exponential time dependance and is zero outside some time interval [0, t0 ] ⊂ R3 . Let

1 0 ≤ t ≤ t0
ξt0 (t) =
0 Otherwise

Let T be some compact subset of R3 and let J ∈ L2 (T, C3 ) be such that ℜ{J(r)ejωtξt0 (t)}
is the source current. Here, ω is the angular frequency of oscillation of the source current. Then the magnetic field is the real part of [44, pp. 247]


Z  −jk|r−r′|
′ 
ejωt0
|r − r′ |
e
ke−jk|r−r |
H(r, t0 ) =
ξt0 t0 −
J(r′ ) × R̂dr.
+
4π T |r − r′ |2
|r − r′ |
c
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Here, c is the speed of light, k = ωc is the wave number and R̂ is a unit vector in the
direction of r − r′ . Because c < ∞ and ξt0 (t) = 0 for t < 0, the magnetic field H is
zero outside the set (T + B t0 c,R3 (0)) which has finite measure . Also if there exists an ǫ
such that
inf |r − r′ | ≥ ǫ

(A.19)

r′ ∈T

then there exists a constant c(ǫ) < ∞ such that
′

′

e−jk|r−r | ke−jk|r−r |
≤ c.
+
|r − r′ |2
|r − r′ |
Therefore, a simple application of the Hölder’s inequality proves that there is a constant
c1 (ǫ) such that
|H(r, t0)| ≤ c1 (ǫ)kJkL2 (T,C3 ) .
Now, if Ω is some closed surface the interior of which contains T , then because T is
compact, there exists an ǫ > 0 such that for all r′ ∈ T and r ∈ Ωext ,
|r − r′ | > ǫ.
Therefore for all r ∈ Ωext ,
|H(r, t0)| ≤ c1 (ǫ)kJkL2 (T,C3 ) .
Also, because H is zero outside a set of finite measure,
Z
1
|H(r, t0)|2 dr ≤ c2 (ǫ)kJk2L2 (T,C3 ) .
µ
Ωext 0
Here c1 (ǫ), c2 (ǫ) < ∞∀ǫ > 0. Therefore, the energy stored in the magnetic field is less
than a bound proportional to kJk2L2 (T,C3 ) . Because in free space, with exponential time
dependence, the electric field is proportional to the magnetic field, we have a similar
condition for the energy stored in the electric field. Therefore, there exists some constant
b = b(ǫ) < ∞ such that for all J ∈ L2 (T, C3 )
[Erad (J)](t0 ) ≤ b(ǫ)kJk2L2 (T,C3 ) .
Here Erad is as defined in equation (2.6) and b is a constant that only depends on T and
Ω and not on J.
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