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Chapter 1

Abstract

Attitude estimation is a core problem in many robotic systems that perform auto-
mated or semi automated navigation. The configuration space of the attitude mo-
tion is naturally modelled on the Lie group of special orthogonal matrices SO(3).
Many current attitude estimation methods are based on non-matrix parameteriza-
tion of attitude. Non-matrix parameterization schemes sometimes lead to modelling
issues such as the singularities in the parameterization space, non-uniqueness of
the attitude estimates and the undesired conversion errors such as the projection or
normalization errors. Moreover, often attitude filters are designed by linearizing or
approximating the nonlinear attitude kinematics followed by applying the Kalman
filtering based methods that are primarily only suitable for linear Gaussian systems.

In this thesis, the attitude estimation problem is considered directly on SO(3)
along with nonlinear vectorial measurement models. Minimum-energy filtering is
adapted to respect the geometry of the problem and in order to solve the problem
avoiding linearization or Gaussian assumptions. This approach allows for obtain-
ing a geometric approximate minimum-energy (GAME) filter whose performance is
tested by means of Monte Carlo simulations. Many of the major attitude filtering
methods in the literature are surveyed and included in the simulation study. The
GAME filter outperforms all of the state of the art attitude filters studied, including
the multiplicative extended Kalman filter (MEKF), the unscented quaternion estima-
tor (USQUE), the right-invariant extended Kalman filter (RIEKF) and the nonlinear
constant gain attitude observer, in the asymptotic estimation error. Furthermore, the
proposed GAME filter is shown to be near-optimal by deriving a bound on the opti-
mality error of the filter that is proven to be small in simulations. Moreover, similar
GAME filters are derived for pose filtering on the special Euclidean group SE(3), atti-
tude and bias filtering on the unit circle and attitude and bias filtering on the special
orthogonal group. The approximation order of the proposed method can potentially
be extended to arbitrary higher orders. For instance, for the case angle estimation on
the unit circle an eighth-order approximate minimum-energy filter is provided.
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Chapter 2

Introduction

This thesis concerns the problem of estimating the attitude state of a rigid-body mov-
ing in the 3D space. Attitude estimation is an important subtask of many automated
or semi-automated robotic vehicles. The control process of such vehicle relies on the
knowledge of the attitude state of the system that is provided via an attitude estima-
tion algorithm. Such information is for example required to be used in a feedback
control loop to attain a certain automated navigational task. When dealing with fast
attitude dynamics such as in unmanned aerial vehicle (UAV) manoeuvres, any degra-
dation of the attitude estimate can quickly cause the overall system to go unstable.
Therefore, a robust, accurate and preferably ‘optimal” attitude filtering algorithm is
required to minimize the attitude estimation error and to ensure that the system’s
overall performance remains within the desirable bounds. The kinematics model of
the rigid-body motion is naturally modelled on the Lie group of special orthogonal
matrices SO(3). However, this problem is traditionally tackled using the conven-
tional vector space methods. In this thesis the Lie group structure of the system is
exploited to improve the estimation quality.

The main focus of the thesis is to provide theoretical results on geometric deter-
ministic minimum-energy (optimal) filtering treatment of this problem. Note that al-
though the problem considered is purely theoretical it is strongly motivated by many
applications in automated control systems and robotics. The following sections are
to further explain the problem considered and the results of this thesis.

2.1 Problem Considered

Attitude and pose filtering are two challenging problems that are widely studied in
the systems and control literature. Attitude encodes the rotation (a 3 by 3 orthogonal
matrix whose determinant equals 1) that indicates the orientation of the body-fixed
frame attached to a moving object relative to a reference frame. In fact, a rotation
acts as a linear transformation of the set of axes of a coordinate frame (represented
by a matrix of three orthogonal unit vectors) yielding the set of axes of the rotated
coordinate frame. Pose encodes the rotation as well as the linear translation of the
body-fixed frame relative to the reference frame.

In this thesis, multiple filtering problems are considered including attitude filter-
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14 Introduction

ing in two dimensions, attitude filtering (in the 3D space) and pose filtering. In all of
these problems the state space model is chosen as the nonlinear kinematics modelled
on Lie groups, the special orthogonal group in two dimensions SO(2) (or the unit
circle S?), the special orthogonal group SO(3) and the special Euclidean group SE(3).
The attitude kinematics on SO(3) however is selected to explain the main ideas of
this thesis and full algebraic derivations are provided for this particular system.

This work considers a deterministic optimal filtering approach (also known as
minimum-energy filtering) to produce the attitude estimates using vectorial measure-
ments. Vectorial measurements obtained from sensors are often contaminated with
measurement errors and time-varying bias terms that need to be rejected through
the filtering algorithm to produce a smooth and accurate attitude estimate. In the
deterministic optimal filtering approach, the error signals are modelled as determin-
istic unknown functions of time. The filtering objective is to provide a state estimate
by minimizing a cost function on the collective energy of the unknown signals of the
system. These unknowns include the initial state conditions along with the unknown
measurement errors.

2.2 Applications

Attitude estimation is a critical component of many automated control systems in
aerial vehicles. The very fast dynamics of attitude in flight manoeuvres requires a
very reliable attitude estimate so that the overall control task be successfully exe-
cuted. Historically, this issue was tackled by using high quality measurement units.
These high-end gadgets are either expensive or very large in size restricting their
application. In some cases these sensors are only available to military research that
further limits their adoption. Recent technological developments in micro electro-
mechanical systems (MEMS)s have driven the emergence of a range of inertial mea-
surement units that are small, inexpensive and light-weight. However, the challenge
is with the larger errors and the existence of time-varying bias in the measurements
obtained. Following this line of reasoning further, better attitude estimation algo-
rithms are required to compensate for the less expensive sensors used in small au-
tomated flight systems . Other potential control and robotics applications include
but are not limited to the unmanned aerial vehicles (UAVs), mini UAVs, quadrotors,
spacecrafts and satellites.

It is also interesting to consider applications in power systems where the three
phase components of an element of the grid needs to be estimated with similar mea-
surements. Another potentially interesting case is in communications where the atti-
tude of a rotating radar needs to be estimated using similar measurements. Quantum
spin systems involve systems that evolve on Lie groups other than the ones consider
in this thesis. Nevertheless, the theory developed in this thesis could potentially
motivate similar results in that area.
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§2.3 Desired Attributes of an Attitude or Pose Filter 15

2.3 Desired Attributes of an Attitude or Pose Filter

This section contains some desirable attributes that are expected from an attitude or
pose filter. Having these qualities in mind will further elucidate the various aspects
of the attitude filtering problem. The principles outlined in this list provide qualita-
tive criteria against which the various filters proposed in this thesis can be compared
with the state of the art filters in the literature.

Rigorous Modelling

An attitude filter should be based on a well conditioned attitude representation and
accurate system model. In particular, other than the estimation errors there should
be minimal errors introduced in the process of interpreting the attitude estimates or
modelling the system response.

Although attitude is naturally modelled as a rotation matrix, conventional filter-
ing methods have considered vectorial parameterizations of rotations to represent
attitude in order to exploit the natural vector formulation of the majority of filter
design algorithms. These parameterization are either Euclidean such as the Euler
angles or non-Euclidean such as the unit quaternions. Using these parameterizations
allows an engineer to use familiar designing methodologies such as extended Kalman
filtering and simplifies the algebra. However, these parameterizations have critical
weaknesses such as singularities in the attitude representation, non-uniqueness of
the representation and the numerical errors introduced in the process of translating
estimates back to rotations. In particular, the Euclidean parameterizations are not
well defined for certain rotations and continuous control algorithms cannot globally
operate on these systems.

Sometimes the result of an algebraic operation on a parameterized rotation needs
to be projected such that it yields a meaningful rotation. The projection process it-
self can introduce secondary errors in the algorithms. For example, straightforward
integration of the kinematics model of attitude when represented in vectors is an
obvious operation that can involve projection errors. The kinematics of the attitude
represented with a rotation matrix is naturally modelled on the Lie group SO(3). Us-
ing the exponential map to integrate the kinematics equation preserves the structure
of the attitude rotation matrix and avoids any projection error. Another well-known
issue with unit quaternions is the non-uniqueness of quaternions, in other words the
fact that any rotation is associated with two different unit quaternions. This causes
issues such as the well-known unwinding phenomenon in control algorithms [11].
Using rotations instead of parameterizations is beneficial to avoid the abovemen-
tioned issues. Of course, this way of modelling leads to more a complicated algebra.
However, Lie groups and their associated algebraic methods are well studied in other
literatures and recently there has been more theory [3,39] available to facilitate their
application in systems and control. For an excellent and thorough review of rotations
and their parameterizations in rigid-body motion control see [11].

Robustness
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16 Introduction

An attitude filter should be robust with respect to any initialization errors and mea-
surement errors with large deviations. In particular regarding initialization errors,
an attitude filter should converge to the desired solution for almost any initial condi-
tion. If for some reason the characteristics of the errors in the measurements change,
an ideal method should adaptively continue generating estimates close to the true
solution.

Implementability

There are various aspects to the implementability of an attitude filter. Many attitude
filtering applications are subject to fast deviations of attitude with respect to time and
must run on small scale embedded computer architectures. Consequently, a suitable
filtering algorithm should be computationally inexpensive in order to deal with the
high data rates and limited computational resources. Recursiveness often makes an
algorithm computationally efficient and also allows for real-time and on-line imple-
mentability. Recursive methods do not require all the past measurements but rather
only the latest measurements in order to update the solution obtained in the previous
iteration, in an optimal fashion. Another important factor in the implementability of
a filtering algorithm is the practicality of the tuning process. Tuning should not be
an lengthy offline process but rather a filtering method should be easily tunable ac-
cording to the expected level of initialization and measurement errors in a particular
situation.

Quantifiable Performance

Trying to quantify and measure how well attitude filters are performing is a daunt-
ing task. Sometimes attitude filters are based on different philosophies or are con-
structed upon different optimization problems with different cost functionals. Even
if the standard cost functionals are considered, there is no true optimal attitude fil-
ter yet known in the literature and consequently even the available methods that
are based on optimality principles involve an approximation that usually has little
or no connection to the underlying optimality criteria making a characterization of
the resulting loss in performance almost impossible. Therefore, it is very interest-
ing to be able to determine how well a filtering algorithm works. In other words,
an attitude filter should in some sense have a justifiable performance measure that
is preferably experimentally quantifiable. There is significant value to undertake a
simulation study that provides quantitative evidence of the relative performance of
various filter design methodologies.

2.4 Attitude Filtering Methods

Many attitude estimation algorithms have been proposed in the literature. The earli-
est methods are based on the famous Kalman filter [30], an optimal stochastic filtering
approach for linear systems. In this method the measurement errors are regarded as
white noise and a filter is derived using the noisy measurements by minimizing the
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§2.4 Attitude Filtering Methods 17

expected value of the square norm difference between the estimated and the true
state. For nonlinear systems, due to the lack of finite dimensional parameterizations
of general stochastic processes, it is in general impossible to find a finite dimensional
optimal stochastic filter [23]. Linearized system equations are usually considered for
nonlinear systems to derive the extended Kalman filter (EKF) [6]. According to a rela-
tively recent survey by Crassidis et. al [18], EKF is the most adopted method in space
flight attitude estimation applications. While, early implementations of EKF were
mainly based on singular attitude parameterizations, later trends use non-singular
representations (mostly unit quaternions) to achieve better results. A particularly
novel approach by Choukroun et. al [13] modifies the unit quaternions kinemat-
ics and measurements models to obtain an equivalent linear set of equations with
measurement errors depending on the quaternion state. A modified Kalman filter
is derived for the resulting linear equations and is shown to outperform the EKF.
However, a brute force normalization is required to preserve the unit norm property
of the resulting quaternion estimate.

The multiplicative extended Kalman filter [24] is the state of the art EKF-based
attitude filter that is widely used in spacecraft applications. The idea behind the
MEKEF is to consider the true attitude state as the product of a reference quaternion
and an error quaternion that represents the difference between the reference and
the true attitudes. The error quaternion is parameterized by a three dimensional
representation of attitude and is estimated using an EKF. The MEKF estimates the
true attitude by multiplying the estimated error quaternion (converted back to a
unit quaternion) and the reference quaternion. In order to avoid the redundancy
of having to estimate both the reference quaternion and the error quaternion, the
reference quaternion is chosen in a way that the error quaternion is the identity
quaternion. Therefore, the MEKF directly calculates the reference quaternion as a
unit quaternion estimate of the true attitude by implicitly running an EKF in the
vector space of its angular velocity input.

Motivated by robotics applications, Bonnabel et. al [8, [10] proposed the invariant
extented Kalman filters (IEKFs) that were based on unit quaternion attitude kinemat-
ics and were derived by modifying the EKF equations to be invariant with respect
to the group operation in the group of unit quaternions. The left-invariant extended
Kalman filter (LIEKF) coincides with the MEKEF for a basic attitude filtering problem.
The right-invariant EKF [8, 10] or the generalized MEKF (GMEKF) [27] considers
measurement errors to be modelled in the reference frame different to the usual
body-fixed frame modelling of errors. The gains of the RIEKF/GMEKEF stabilize on a
wider range of trajectories and are expected to result in better convergence properties
of the filter than the MEKE.

Considering the EKF-based methods against the desired attributes of an attitude
filter mentioned before, the biggest downfall of these methods is that they are based
on first order linearization of the system equations and hence are not robust to large
second-order error components. These filters are fairly simple to implement and re-
quire little computational power. However, precise tuning of the filter parameters is
necessary to attain the best possible performance depending on the experiment. Un-
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18 Introduction

fortunately, there is no clear performance measure to show how the approximations
employed will affect the optimality condition of EKF filters except in some special
cases [7].

The unscented Kalman filter (UF) [34] takes a different approach by using the
Kalman filtering equations to propagates a carefully chosen set of sigma points to
approximate the probability distribution. In this manner it is expected that it can
better model the nonlinear propagation of the probability distribution of state ex-
pectation as opposed to the EKF that uses a linearization of the nonlinear equations.
This method has the potential to achieves a better estimation error lower than the
error of the EKF and avoid calculating the Jacobian. Furthermore, UF-based meth-
ods have the potential of using higher order moments to approximate the unknown
probability distribution. The unscented quaternion estimator (USQUE [15]) is a rel-
atively new adaptation of the UF to attitude filtering that uses unit quaternions to
represent the attitude. The unit norm condition of quaternions is claimed to be pre-
served in the USQUE method where a three-component attitude error is used to
derive an unscented filter and the resulting estimated error is converted back to unit
quaternions and multiplied with the previously estimated quaternion to produce the
attitude estimate. The hope is that the singularities would not occur since a singular
parameterization of attitude is only used for the quaternion error that is supposed
to be small. The USQUE is shown to outperform the EKF in simulations though
with the cost of more computations and complicated tuning process. In a very recent
paper [38], by simulations it was shown that the USQUE achieves slightly higher or
similar estimation error compared to the MEKF although with a faster convergence
rate.

The UF-based methods score similar to EKF-based methods with regards to the
desired attributes of an attitude filter. Again there is no clear measure to know
how close to optimal a UF-based filter is performing. However, in contrast to the
EKF-based methods the UF-based methods have the potential to achieve lower error
bounds by using higher order approximations to a general probability distribution.
The parameters introduced in the sigma point calculations can potentially complicate
the implementation and tuning process.

The stochastic methods introduced so far are based on a Gaussian assumption on
the error signals of the attitude filtering problem. Particle filtering includes a wide
range of filters that do not have the Gaussian assumption. Rather, Monte-Carlo simu-
lations are performed in order to approximate the general nonlinear distribution us-
ing weighted particles. Particle filters have proven to have better error characteristics
compared to the EKF however with the cost of significantly increasing the computa-
tions. An straightforward implementation of a particle filter is not suitable for small
scale embedded architectures due to computational load. In a recent work [12], a unit
quaternion boot-strap particle filter was shown to achieve comparable performance
to the USQUE with higher computational cost. Particle filters also do not come with
clear performance measures to indicate how optimal their solution is.

The MEKEF, LIEKF, RIEKE the USQUE and similar methods that are based on
unit quaternions do not have the issue of singularity in their attitude parameteriza-
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§2.4 Attitude Filtering Methods 19

tion. Unit quaternions have the disadvantage of not being a unique representation
for rotations, although using quaternion vectors reduces the computational power
compared to using orthogonal rotation matrices. However, any filter that is derived
in terms of rotation matrices can be implemented using unit quaternions (but not
vice versa).

Aside from the stochastic filtering methods that are mentioned above, attitude
estimation algorithms are also proposed based on deterministic modelling schemes.
In a deterministic approach the errors of the system are treated as unknown signals
of time with no a priori stochastic assumptions on them. The filter is usually ob-
tained by minimizing a cost on the size of the errors. Therefore, normally a square
norm integrability assumption is needed on the error signals. For linear systems,
deterministic filtering leads to the exact same Kalman filter’s equations as has been
shown in many references, cf. [1, 16, 17]. For nonlinear systems, Mortensen [31]
introduced a systematic approach to deriving filtering algorithms based on the prop-
erties of the value function of the optimal filtering problem. This approach known
as minimum energy filtering, was further explored by Hijab [28]. In this approach
the optimal filtering problem is broken down into an optimal control part, assuming
a constant initial state, followed by a further optimization over the initial state value.
Mortensen’s approach [31] proposes an inductive Taylor’s expansion of the optimal
value function to compute the trajectory of the optimal filter estimate. Convergence
of minimum-energy filters was studied by Krener [21] who proved that under some
conditions including the uniform observability of the system, a minimum-energy
estimate converges exponentially fast to the true state.

In a nonlinear application Aguiar et al. [4] applied Mortensen’s minimum-energy
filtering approach to systems with perspective outputs by embedding the nonlinear
geometry in an overarching Euclidean space. Under suitable assumptions, the filter is
shown to be asymptotically convergent. The resulting estimates however, need to be
projected back to the group SE(3) which arguably affects the optimality of the filter
in an untraceable fashion. Coote et al. [29] proposed a near-optimal deterministic
filter on the unit circle using a geometric state representation on S'. This method
was then generalized by Zamani et al. [42] to attitude filtering on the Lie group
SO(3) using full state measurements. The distance to optimality of these methods
are mathematically shown with an upper bound on the difference between the cost
these filters achieve and an optimal cost.

Other deterministic methods include attitude determination methods and H-
infinity filtering methods. Attitude determination started with what is known as the
Wahba’s problem [40] in the 1965s. An attitude determination algorithm does not
require integrating the attitude kinematics and yields the attitude estimate by opti-
mizing a cost on partial attitude measurement errors. Filtering versions of attitude
determination methods on the other hand use the kinematics or dynamics models
of attitude to propagate the estimates followed by a measurement update using the
attitude determination algorithm. Early attitude determination methods relied on
non-SO(3) parameterizations of attitude while more recently there are methods di-
rectly based on SO(3) [36] 37]. The last two mentioned methods are based on the
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20 Introduction

dynamics of attitude modelled on the tangent bundle TSO(3) and rely on an implicit
QR decomposition in order to provide an optimal attitude and angular velocity es-
timate by minimizing the attitude and velocity measurements errors. The downside
with the attitude determination methods is that they are not robust to state initializa-
tion errors that is sometimes compensated for by introducing secondary estimation
processes that takes away the simplicity of the original method.

There are also deterministic attitude filters that are based on H-infinity control
theory that are designed to minimize the worst case errors rather than minimizing
the average error (cf. [26]) . The point with the H-infinity methods is that they are
independent of any a priori information on the size of initialization and measurement
errors. However, lack of incorporating any such information when available leads to
reduced performance of these filters compared to the EKF-like methods [18].

Another important class of attitude estimation methods that are not based on
optimization methods are drawn from the nonlinear observers family [9, 19, 20, 22,
32,133, 35]. Nonlinear attitude observers are usually based on nonsingular repre-
sentations of attitude including unit quaternions and rotation matrices. The distinct
feature of these methods is their mathematically guaranteed stability and conver-
gence properties. The limiting fact with these methods is the constant gain of these
observers as opposed to filters that have adaptively changing gains, usually obtained
using a Riccati equation. In fact, the gains of the nonlinear observers need to be pre-
tuned precisely according to the attitude motion trajectory and hence are less robust
to initialization errors.

2.5 Thesis Contributions

In this thesis a novel attitude filtering solution is proposed based on Mortensen’s
deterministic minimum-energy filtering approach. The following are the main con-
tributions of the thesis. Some of these contributions have already been published in
the form of papers.

e In this work the problem of rigid body attitude estimation is tackled by mod-
elling the kinematics of rotations directly on the Lie group SO(3) along with
using nonlinear vectorial models of the angular velocity and attitude sensor
measurements, see Chapter

e Tools from differential geometry are utilized to generalize Mortensen’s minimum-
energy filtering to the space of rotations on SO(3).

e A comprehensive simulation study is provided to study some of the main atti-
tude filters. In Chapter [7/] some of the prominent attitude filters are surveyed.
In particular, the main ideas behind each method are summarized and imple-
mentation details of each are provided. The GAME filter is then compared
against these attitude filters in different situations including scenarios simulat-
ing a UAV experiment as well as another scenario simulating a spacecraft ex-
periment. Monte Carlo simulation experiments show that the proposed GAME
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§2.5 Thesis Contributions 21

filter outperforms all of the competing attitude filters in asymptotic estimation
error. Analysis also shows that the GAME filter has the best balanced transient
and asymptotic performance in all the situations tested.

The proposed GAME filter is mathematically analyzed using a least square
argument similar to the author’s previous work [42]. This is the subject of
Chapter [5| where it is shown that the GAME filter is near-optimal. It is proven
that the difference between the cost incurred by the proposed GAME filter and
a minimum-energy cost is less than or equal to a bound that is decreasing with
the estimation error. This bound is numerically quantifiable and is useful for
monitoring the GAME filter’s performance. In simulations in Chapter [5|it has
been shown that this bound is small relative to the optimal cost demonstrating
the near-optimality of the GAME filter.

The filtering approach in this work can systematically yield nonlinear filters
with arbitrary order of approximation to an ideal minimum-energy filter. For
the case of filtering on the unit circle S!, an eighth-order approximate minimum-
energy filter is provided in Chapter [f] Previous work on this system [29] had
only demonstrated a second-order approximate minimum-energy filter that
was developed without a general design methodology. For the case of atti-
tude filtering on SO(3) a second-order approximate minimum-energy filter on
SO(3) (called the GAME filter) using vectorial measurements is proposed in
Chapter [§] Previous filtering work on SO(3) by Zamani et al. [42] relied on
guessing the correct geometric form of the filter equations based on a least
squares analysis of the cost functional. However, only the case with full state
measurements was tackled using that method.

The systematic nature of the approach taken in this thesis facilitates deriv-
ing similar filters on other Lie groups. For instance, in Chapter [f] geometric
minimum-energy based filters are given for angle kinematics on the unit cir-
cle S!, angle kinematics on SO(2) with bias in angular velocity measurements,
rotation kinematics on SO(3) with biased angular velocity measurements, and
pose kinematics on SE(3). The latter filter is obtained by geometrically adapt-
ing Mortensen’s minimum-energy filtering to the problem of rigid-body pose
filtering on the group SE(3) with vectorial measurements.

In summary the proposed attitude filter, called the GAME filter complies with

the desired attributes of an attitude filter that were mentioned before. In particular,
the GAME filter and its derivation are based on rigorous modelling and truly respect
the natural configuration space of the attitude motion being posed on the Lie group
SO(3). The minimum-energy filtering method makes the GAME filter robust with
respect to initialization and measurement errors. Another advantage of the proposed
geometric minimume-energy filtering approach is that a meaningful cost function is
used to derive the filter. The cost function can be modified to incorporate a priori
knowledge on the expected size of initialization and measurement errors. These a
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22 Introduction

priori information translate vividly into the proposed filtering equations and thus
no extra tuning effort is needed for the proposed algorithms. On the other hand the
equations of the GAME filter are slightly more complicated than the main competing
method, the MEKF. As a matter of fact the GAME filter, when it is cast in unit quater-
nions form for the ease of implementability, has the same observer equation as the
MEKEF with a couple of additional terms in the Riccati equations. Nevertheless, as it
is mentioned in Chapter [/} the extra terms have minimal increase of computational
load in the GAME filter and overall the implementability of the GAME filter is fairly
straightforward. The last but not the least desired attribute of the proposed GAME
filter is due to it’s quantifiable performance. This is due to the numerically quantifi-
able optimality gap of the GAME filter that is introduced in Chapter |5|and also due
to the meaningful cost function introduced in Chapter [ that yields the GAME filter.
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Chapter 3

Notation

This Chapter contains a brief review of the notation and the identities that are used
throughout this thesis .

3.1 Notation

The rotation group is denoted by SO(3).
SO(3) = {X e R¥3 | XX = I,det(X) = 1},

where I is the 3 by 3 identity matrix. The associated Lie algebra so0(3) is the set of
skew-symmetric matrices,

50(3) ={AcR¥>3|A=—-AT}.

For O = [a,b,c]" € R3, the lower index operator (.)x : R® — s0(3) yields the
skew-symmetric matrix

0 —c b

c 0 -—a ] .

QX:
—b a 0

Inversely, the operator vex : 50(3) — IR® extracts the skew coordinates, vex(Q) =
Q. The cost ||.||r : R®*® — R{ is given by

1
IM||g := \/2 trace(MTRM),

where R € R¥*? is symmetric positive definite. Note that || M||g coincides with the
Frobenius norm of R'/2M. The symmetric projector IP; is defined by

Ps(M) :=1/2(M+M"). (3.1)
The skew-symmetric projector IP, is defined by

P,(M) :=1/2(M—M"). (3.2)

23
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24 Notation

It is easily verified that the vector product of the two vectors 7, ¢ € R3 satisfies

(1 x 7) = vex(2P4 (")) = 2 vex(Pa (P 7)) (3.3)

Let Lx : SO(3) — SO(3), LxS = XS, be the left translation and let TLx : T SO(3) —
TSO(3) denote the associated tangent map for I' € s0(3) and X,S € SO(3). Let
D1F(X,Y) o TLx T denotes the derivative of the function F with respect to the first
argument X € SO(3) in the tangent direction TLxI' = XT € Tx SO(3). Recall that
the relationship between a directional derivative D and a gradient V with respect to
a Riemannian metric (.,.)x : Tx SO(3) x Tx SO(3) — R is as follows.

DiF(X,Y) o TLxT = (V1F(X,Y), TLx T)x = (TLy ViF(X,Y),T);.  (34)

The asterisk denotes the adjoint with respect to the given Riemannian metric. We
use the standard left-invariant Riemannian metric on SO(3). That is, for I', ) € s0(3)
and X € SO(3)

1
(TLx T, TLx Q)x = (T, Q)1 = 3 trace(I'' Q). (3.5)

One has
(TLx T, TLx Q)x = (vex(T), vex(Q)) = vex(T') " vex(Q). (3.6)

For the sake of simplicity, in the reminder of the chapter we will omit the subscript
notation from the Riemannian metrics.

3.2 Identities

Consider a symmetric matrix Z € R3*3 and the vectors a,b,¢c € R3. The following
identity is used to vectorize a skew-symmetric projection of a product between a
symmetric and an skew-symmetric matrix.

vex(Zay +axZ) = (trace(Z)I — Z)a. (3.7)

The following identity is used to vectorize a product between two skew-symmetric
matrices.
VeX(axbx) :axb: _axb. (3.8)
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Chapter 4

Minimum-Energy Filtering on the
Lie group SO(3)

This chapter begins with a formal formulation of the proposed deterministic minimum-
energy filtering problem. The problem formulation involves the kinematics of atti-
tude modelled on the special orthogonal group SO(3) along with vectorial sensor
measurements.

The solution to this problem is sought for along the lines of Hamilton-Jacobi-
Bellman theory [5]. A cost functional is defined that depends on the unknown state
and the unknown measurement error signals. A value function is defined for the
cost function similarly to optimal filtering and optimal control theory.

A detailed derivation of minimum-energy filtering is provided using Mortensen’s
method [31], adapted to the Lie group structure of our problem. It will be shown
that the optimal solution is potentially infinite dimensional as it requires the second-
order derivative as well as all the higher order derivatives of the value function to be
computed on-line. Every order derivative of the value function depends on the lower
order derivatives as well as a one step higher order derivative of the value function.

An approximate solution is computed by neglecting the third order derivative of
the value function and by proposing a matrix representation of the Hessian of the
value function that respects the underlying geometric structure of the system. The
resulting filter, namely the geometric approximate minimum-energy (GAME) filter
is a second-order nonlinear attitude filter that is posed directly on SO(3).

The remainder of the chapter is organized as follows. Section contains the
details of the attitude filtering problem and the equations governing the attitude
kinematics, measurements and cost functional. In Section a detailed derivation
of the filtering solutions i provided. Finally Section 4.3 provides a summary of the
results and the main theorem of the this chapter.

4.1 Attitude Filtering Using Vectorial Measurements

Consider the aircraft shown in Figure as an example of a rigid-body moving in
the 3D space. Two coordinate frames are shown in this figure. The inertial frame
or the reference frame is a known frame that is fixed at some reference point and is

25
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26 Minimum-Energy Filtering on the Lie group SO(3)

denoted by {Z}. The body-fixed frame is a moving coordinate frame that is fixed to
the aircraft and is denoted by {B}. The attitude matrix X transforms the coordinates
of the inertial frame to the the coordinates of the body-fixed frame. Recall the attitude

{B}

Figure 4.1: Rigid-body motion frames.

kinematics given by
X = XQy, X(0) = Xo. (4.1)

The matrix X is an SO(3)-valued state signal with the unknown initial value X, and
Q) € R® represents the angular velocity of the moving body expressed in the body-
tixed frame.

A rate-gyro sensor measures the angular velocity through the following equation

u = Q+ Bo. (4.2)

The signals u € R® and v € R® denote the body-fixed frame measured angular veloc-
ity and the input measurement error, respectively. The coefficient matrix B € R3*3
allows for different weightings for the components of the unknown input measure-
ment error . We assume that B is full rank and hence that Q := BB is positive
definite.

Consider the vectors ; € R® as known vector directions in the reference frame.
Measuring these vectors in the body-fixed frame provides partial information about
the attitude X. Typically, magnetometer, visual sensors, sun sensor and star tracker
are deployed for this purpose. The following model yields the measurements of
theses sensors.

yi=X"§i+Dw;, i=1,,n (4.3)

The measurements y; € IR® are measurements of the ; in the body-fixed frame and
the signals w; € R? are the unknown output measurement errors. The coefficient
matrix D; € R®>*3 allows for different weightings of the components of the output
measurement error w;. The usual assumption is that the matrix D; is full rank and
R; = Dl-DiT is positive definite.
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84.1 Attitude Filtering Using Vectorial Measurements 27

Consider the cost

1
J(t; Xo, vljo,g, {wilo, 1}) = 7 trace [(1 — Xo)Kx, (I - XO)T} +

1 T
5 / (UTU + Zw?wi> dT,
Jo -

in which Ky, € R3*® is symmetric positive definite. The cost (£.4) can be thought
of as a measure of the aggregate energy stored in the unknown initialization and

measurement signals of (4.1), (4.2) and (4.3).

(4.4)

The principle of minimum-energy filtering is as follows. At each time ¢, given
the measurements {y;|o, 4} and u||y ;, the goal is to obtain an estimate X(t) of the
true state X(t) by minimizing the cost (4.4). In order to obtain X(t), one seeks a
combination of the unknowns (Xo, 0|, {wilj,4}) that is compatible with the
measurements {y;o 4} and uly , in fulfilling the system equations (.1). Note that
in general, infinitely many combinations of these unknowns are compatible with
the measurements. By minimizing the cost a triplet (Xg, v*|j0, 4, {wflp,4}) is
chosen that contains minimum collective energy.

The minimizing unknowns (Xg, v*|o, 4, {w} /o, }) replaced in the system equa-
tion yield the optimal state trajectory XE‘O E The subscript [0, t] indicates that
the optimization takes place on the interval [0, ¢]. We pick the final optimal state

X0, 4 (t) as our minimum-energy estimate at time t, X(t) := X0, 4 (1).

A naive approach to the minimum energy filtering problem leads to an infinite
dimensional optimization problem at each time interval [0, ¢]. To obtain a practical
algorithm a recursive filter is desired that at each time ¢ yields the minimum-energy
estimate as its state value.

Note that the cost depends on the unknowns Xo, v|jo, 4 and {wi|p, 4}, but
given Xo, vj, 4, the known {;}, and the measurements ul;y ;5 and {yi| 4}, the
wil[o, g are uniquely determined by (4.3). Hence, the cost is equivalent to

1
J (8 Xo, vlg, ) = 5 trace [(1 — Xo)Kx, (I — XO)T] +

17 ( + T Tp—1/vTe (+9)
E/o v U+Z(X vi—vyi) R7(X'yi—vyi) | dT,

which depends only on the signals Xy and v[j 4. Minimizing over these four
arguments is simplified by first assuming that Xy is known and minimizing over
vl[o, 1, then later optimizing over Xo. The problem of minimizing subject to (4.1)
can be seen as an optimal control problem where the signal v||y 4 is considered as a
control input.
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28 Minimum-Energy Filtering on the Lie group SO(3)

As in the maximum-principle [5] a pre-Hamiltonian is defined as

H™ (X, p,0,t) = %[vTv—i—
Y (X i —y) "RNX i — yi)] — " (u— Bo),

1

(4.6)

where u € IR® represents a costate variable © € s0*(3) for system @.1)) via ((u)«,T) =
O(T) for all T € s0(3). In the following the identification of ® € s0*(3) with
ik € s0(3) will be used without further reference. Since the pre-Hamiltonian is
quadratic in v, its minimum is given by the differential condition

D,H oy =0, Vy € R®. (4.7)

Solving for v yields the optimal input v* = —B ' u. Substituting v* in yields the
optimal Hamiltonian

1 , 1T
HX 1) = 511" Qu L(X i —yi) 'R (X i —yi) = (48)

Consider a value function depending on the state signal X and time ¢ defined as

V(X, t) = min](t; Xo, Z)|[O, t])/ (49)

d [0, £

where | is the cost (4.5) and the minimization is constrained by the system equa-
tions (4.1), (4.2) and (4.3). From (4.5) the initial time boundary condition is

V(Xo,0) = %trace [(1 — Xo)Kx, (I — XO)T} . (4.10)

Performing the dynamic programming principle [5] using (#.5), and yields
the Hamilton-Jacobi-Bellman equation

oV

H(X, TLx V1V (X, 1)) = =

X,t) = 0. (4.11)

Up to here the dynamic programming principle was utilized to address the op-
timal control part of the problem (by minimizing over v). To complete the
optimal filtering problem, the value function V is required to depend on the opti-
mal state X[*O,t]' This can be posed as an optimization over the initial condition X
or equivalently as an optimization over the final condition X(#) since the initial and
final conditions are deterministically coupled by the optimal input v*[y 4. In other
words, given the input v* and any value of the trajectory Xfo,t , one can integrate
Equation forward or backwards to obtain any other value oJJ the trajectory X 04"
Assuming that the value function is strictly convex, its minimum is characterized by
the condition

ViV(X, 1) |x=x;, ) = 0. (4.12)
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4.2 Filter Derivation Using Mortensen’s Method 29

Recall that the minimum-energy estimate X(t) is defined as the final value of the
minimizing argument X , (t). Hence,

ViV (X, ) x_g() = 0. (4.13)

Note that solving the HJB Equation for V(X,t) and then finding the solution
to the final condition equation (#.13) characterizes the estimate X(t). However, this
still requires an explicit solution to a potentially infinite dimensional optimization
problem and must be repeated at every time ¢. To overcome this issue Mortensen’s
approach [31] is utilized to derive a recursive solution to this problem.

4.2 Filter Derivation Using Mortensen’s Method

In this section goal is to obtain a dynamical equation for X that will recursively
update the minimum-energy filtering solution X(t). As in Mortensen’s approach [31]
this problem is tackled by deriving a total time derivative of the final condition (#.13),
however by modifying the method with respect to the geometric structure of SO(3).

First rewrite the final condition using the directional derivative defined
in Chapter 3| For all T € s0(3)

(ViV(X, 1), XT)|y_gqp) = O. (4.14)
Define Gr(X, t) :== (V1V(X,t), XT'). Therefore the final condition (4.14) yields
{Gr(X, )} x4 = O (4.15)

The total time derivative of (4.15) is computed in order to obtain a dynamical equa-
tion for X.
Forall T € s0(3)

d
Applying the chain rule to Equation (4.16) yields
DiGr(X, #) o X(1) + 25T (x =0 417
{D1Gr(X,t) 0 (t)+7( ) x—x@ =0 (4.17)

Note that the first derivative is calculated in the tangent direction X(t) since the final
condition is evaluated at X = X(t) first, and then the total time derivative is
calculated. .

Now it is clear that solving this equation for X will yield a recursive update
equation for the minimum energy estimate X(t). In order to solve this equation, one
needs to calculate the derivatives of the function Gr(X, t) first.

The second term in equals (V1F(X,t), XT') where

)%

F(X,t) = 5

(X,t) = H(X, TLy V1V (X, ),1). (4.18)
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30 Minimum-Energy Filtering on the Lie group SO(3)

The last equality follows from (4.11). Denote y« (X, t) := TL% V1V(X, t) and observe
that

F(X,t) = H(X, ux (X, t),t),

(4.19)
Gr(X,t) = (px (X, 1),T).
The second identity in (£.19) follows from (3.5). Hence Equation (4.17) yields
{(Dijc(X,£) 0 X (1), T) + (V1F(X, 1), XD) gy = 0. (4.20)
The first term in (4.20) is calculated next. For all ¥ € s0(3)
X,t),Y) = (TLx V1V(X,1),¥) =
(1 (X, 1), ) = (TL5 V1V (X, 1), %) o

(V1V(X,t), TLx ¥) = D1V (X, t) o X¥.
Therefore

(D1pix (X, t) o XT,¥) = DIV (X,t) o (XY, XT) + D1V (X, t) o Dx(X¥) o XT
= (Hess; V(X,t) o XT, X¥) + (V1V(X, t), XP,(T'¥)) (4.22)
= (TL% Hess; V(X,t) o XT,¥) + (P,(TLy V.1V (X, 1)), ¥)),

which yields
Dipx (X, t) o XI = TLY Hessy V(X,t) o XI' + P, (TLY V1 V(X, t)I). (4.23)

Given that {V1V(X,t)}X:X(t) = 0 from the final condition (4.13)), the second term
in (#.23) is zero when evaluated at X = X(t).

In order to obtain an algebraic solution for the Hessian operator in (4.23), consider
the matrix representation for Dy« (X, t) o XT defined as follows.

Dipix (X, t) o XT =: Kvex(T), (4.24)

where K € R3*? is a symmetric matrix. Note that K is defined to be symmetric since
the Hessian is a symmetric operator.

Now consider the second term in (4.20). The identities (4.19) yield

(V1F(X, ), XT) = DyH(X, 1« (X, 1),t) o XT

(4.25)
+ Dz’H(X, ‘lflx (X, t), t) O Dl]/lx (X, t) [¢] XF.
Evaluate this equation at X = X(¢).
(ViF(X,t), XT) |X:X(t) = (TLx ViH(X, px (X, t),t),T) ’X:X(t) (4.26)

+ (Vo1 (X, ux (X, 1), 1), Dipx (X, £) 0 XT) [x_xp)

Next, the derivatives of the optimal Hamiltonian H are calculated to be replaced
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4.2 Filter Derivation Using Mortensen’s Method 31

into (4.26). From (4.8),
VoH(X, i (X, ), 1) = —(u + Qu(X, t)) x. (4.27)
Also (@&3) yields that for all T € so(3)
(TLx ViR (X, pix, £),T)
= trace] ):R (XT3 —y)(TTX 5"
= — trace| ZIP (RN (X i —y)y X)T'']
= ZIP —y)i X),T)
= —<Z((XT%) (RN (X i = i), T)

i

(4.28)

The last equality is due the identity (3.3). By evaluating at X = X(t) and by denoting
; == X "7J; one obtains

TLY oy VIH(X(1), 1, ) = Y (R (@i = yi)) % 1) (4.29)

1

Replacing (#.27) and (4.29) back in Equation (4.26), using (4.24) and observing
that ji (X, t) is zero from the final condition (.13) yield

(ViF(X, 1), XT)|x_g() = (R (i — ¥1)) x 93, vex(T)) — (K vex(T'), u)
. ' (4.30)
= () (R (9 — y1)) x g — Ku, vex(I)).

i

Note that the last line follows from the fact that P is a symmetric matrix.
Recall Equation (4.20). Using (4.24) for the first term of (4.20) and replacing (4.30)

for the second term yield

Kvex(TLy X) = — Y ((R; (i — wi)) % §:) + Ku. (4.31)

i

Now by rearranging the previous equation the X equation is

X=X (u -1 2 ) x y1> ) (4.32)

where §; = X "1j; and X(0) = I is obtained by evaluating the final condition ({&.13) at
time 0 using the boundary condition (4.10) .

Note that Equation (4.32) is the exact form of a minimum-energy observer for
system (4.1) where energy is measured by the cost (4.4). The observer contains the
innovation term K~ Y;(R;(9; — y;)) x §; which is a weighted sum proportional to
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32 Minimum-Energy Filtering on the Lie group SO(3)

the information contained in the error §; — y;. The matrix K~! acts as the gain for
this innovation term.

To fully solve (4.32), the matrix P needs to be updated on-line. Therefore, in the
following the goal is to find a differential equation that dynamically updates K. This
is done, following the previous observer calculations, by computing the total time
derivative 4 (K7, ).

Recall from (#.24) and (#.22) that for all 7, € R3

<K,>,’ l/)> = <D1]/l>< (X/ t) © er ‘Ij>

433
= {DIV(X,t) o (XT,X¥) + D1V(X,t) o Dx(XT) o X¥ } g (1.33)

where ¥ := ¢ and I := . The total time derivative of (4.33) is calculated as

d
g (K ) =

{D3V(X,t) o (XT, X¥, X) + D2V (X, t) o (Dx(XT) o X, X¥)

+ D2V (X, t) o (XT, Dx(X¥) 0 X) + D2F(X, t) o (XT, X'F)

+ DAV (X, t) o (Dx(XT) o X¥, X) + D1V (X, t) o D%(XT) o (XY, X)

+D1V(X, 1) 0 Dx(XT) 0 Dx(X¥) 0 X + D1F(X, t) 0 Dx(XT) 0 X¥}y_g

(4.34)

Note that in (4.34) the terms involving a first order derivative of V are zero from the
final condition (4.13). Also the last and the fourth to last terms in (4.34) cancel each
other from (4.20) and (4.22). We will neglect the first term in (4.34) since it is a third

order term. The fourth term of (4.34) involves the second order derivative of F(X, f)
that is calculated next.

DIF(X,t) o (XT,XY) = DIH(X, ux (X, t),t) o (XT, X¥)
+ D1(DyH(X, < (X, £),t) o Dypx (X, t) o XT') 0o X¥
+ Do(DyH(X, 1 (X, 1), 1) 0 XT) 0 Dyt (X, £) 0 XF (4.35)
+ DIH(X, ux (X, 1), 1)) o (D1pux (X, t) 0 XT, Dypin (X, t) 0 XF)
+ DyH(X, ux (X, t),t) 0 Dipn (X, t) o (XT, XY).
Observe that from (£.8), the second and the third lines of {.35) yield zero. To further

simplify Equation (£.35), the terms DM, D3H and Dlyx are computed first. Recall
from our previous calculations (4.2§ that

{DiH(X, ux (X, 1), t) o XThx_ x4y = —2<2X]Pa(Rfl(XTy°i — Y X), XT) x_g(s)-
1
(4.36)
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4.2 Filter Derivation Using Mortensen’s Method 33

Therefore the second order derivative of H yields
{DYH(X, px (X, 1), 8) © (XT, X¥) b gy
— X Y P (¥Pa(R; (3 — y)3] >>,Xr>|xzm
1

- 2<XZIPa(RflTT?zyAzT) XFHX:X(t)
XZIPa — )9 ), XT) |y R(t
XZIPa (¥IPs(R z-_l(?i _yi)yAzT))/XFHX:X(t)

= 2(X Y Pa(R7Y 99 ), XT) [x_xs)-

(4.37)

Identities and (3.8) yield the vector form of Equation (£.37). Denote Z =
i Ps(R;” (y y1)¥; ), hence

DIH(X(t), px (X(1), ), 1) o (X(HT, X(1)F) =
R (4.38)
(—(trace(Z)I — Z)v, ¢) + ((9:) xR, (i) x v, ).
In order to compute D%?—[, from (4.24) recall that Dy (X, t)o XY = K. Hence
{DIH(X, px (X, 1), 1) o (Drpi (X, 1) 0 XT, Dipic (X, 1) 0 X¥) Fx_ g 4.39)
—(QKy, Ky) = —(KQK7, ).

Now in order to compute the last term in one needs to compute D2y (X, t) o
(XT, X¥). Recall from (4.22) that for all & G 50(3)
(Dyux(X,t) o XTI, E) = D%V(X,t) o (XE,XT)+ D1V (X,t) o Dx(XE)o XT. (4.40)

Therefore the following equation is obtained.

(D} (X, 1) o (XT, X¥), &) =
DV (X,t) o (XE,XT,X¥) + DIV (X, t) o (XIP,(¥YE), XT) (4.41)
+ D32V (X, t) o (XIP,(TE), X¥) + D1V (X, t) o DX (XE) o (XT, X¥).

Here, the first term is a third order term and will be neglected. The last term is
zero from the final condition (.13) at X = X(t). The remaining two terms can be

rewritten using (3.8), #.22) and (4.24). We get for all & := vex(E)

(Dipx (X, 1) o (XT, X¥),E) |x_x¢) = ((K%CX@ (K, & x 7)) =

1 (4.42)
5 Ky X ¢+ Kyp >, ).
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The last line in (#42) follows from the fact that for all a,b,c € R?

(a,b xc) = {(c,axb). (4.43)

Recall Equation (4.35). Using equation (&.42) and (£.27) and the fact that i« (X, t)
is zero from the final condition (4.13), the final term in (4.35) is

{DaH (X, px (X, 1), 1) 0 Dipx (X, ) o (XT, X¥) }x_x(p) =

1 1 (4.44)
5 (X Ky) +9 x Kpu) = 5 {(—uxKy + Kuxy, ) = (Ps(Kux )7, ).

Going back to the derivative of K (4.34), the second and the third lines are com-
puted similar to the last equation.

{D}V(X,t) o (Dx(XT) 0 X, X¥) + DIV(X,t) o (XI, Dx(X¥) 0 X)}x_g () =
. . (4.45)
(Kyp, - vex(TL %) x 1)+ (K7, % vex(TL, X) x ) = (Po(KTLL X)7, 9).

Finally, all the terms in Equation (4.34) are calculated. Replacing 4.44), (4.39)

and ( into Equation (4.35) followed by replacing (4.35) and ( into Equa-
tion (4 and cancelling the directions 7 and 1 yield the followmg Rlccat1 equation.

K = —KQK + PP;(K(2u — K 12 )) X i) x)

~trace( L (R (7 )] )+ PR G =yl ) + D00 LR 30
(4.46)

where the initial condition K(0) = trace(Kx,)I — Kx, is given by evaluating (4.33)
using the boundary condition (4.10) at time 0. Note that Kx, is known from the

cost {@.4).

The Riccati equation recursively updates the gain K of the minimum-energy
observer (£.32). Therefore, the two interconnected equations (4.32) and (4.46) form a
filter that recursively updates the estimate X(t) of the system trajectory X(t) using
the measurements u(t) and {y;(f)}. In the rest of this thesis, this filter is referred to
as the geometric approximate minimum-energy (GAME) filter.

The approximation is due to neglecting the third order derivatives of the value
function (.9). One could go on with similar calculations to to obtain differential
equations of the higher order derivatives of the value function. Later on in the Special
Cases, Chapter [6] derivatives up to the order eight of the value function are derived
for the case of rotations in a plane SO(2) = S! where the Hessian and all higher
order derivatives of the value function are scalars.
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4.3 The GAME Filter 35

4.3 The GAME Filter

In summary, the geometric approximate minimum-energy (GAME) filter proposed
in Section [4.2]is given by

X=X (u — K'Y (R0 — wi)) x yi) , (4.47a)
K= —KQK +P4(K(2u — K 12 )) X 9:)x)
— trace() P (R;™ (9 — yi) 9 ) + ZIP YT —y)9)) + 200 R (),
(4.47b)

where X(0) = I, K(0) = trace(KXU)I Kx, and §; = X"y;. The signals u and {y;}
are measured from the models {#.2) and (4.3).

The filter (#.47) consists of two mterconnected parts. Equation evolves on
SO(3) and Consists of a copy of system plus an innovation term. The innovation
term is a weighted difference between the (past) estimated signal and the noisy mea-
sured signal. Note that (R;(9; — y;)) x #; encodes the axis of rotation required to
take R; ' (9; — y;) to be collinear to §; in Riemannian normal coordinates. The weight-
ing K~! is a scaling or gain applied to this tangent direction in the R® representation
of s0(3). The (inverse) weighting matrix K, dynamically generated by the Riccati
equation (.47D), depends on the past estimates and the past measurements.

In order to improve the numerical robustness of the filter {#.47), a gain matrix
P := K! is defined and Equation is rewritten using K = —PPP. This will
improve the numerics of the filter by leaving out all the matrix inverse operations.

X(t) = <u—PZ xyl> , (4.48a)
P=Q+Ps(P 2u—PZ ) X i)« )+

P (trace(ZPs(Rfl(y V= LP(RG =93 ) - Z(%)I&‘%%h) P,
i
(4.48D)
where X(0) = I and P(0) = (trace(Kx,)I — Kx,) ™"
Consider the system (4.1I), the measurements equations (£.2) and (4.3) and the

cost (4.4). Given some measurements {y;|( s} and u]( ;, assume that unlque solu-
tions X(t) and K(t) to (#.48a) and (#.48b) exist on the interval [0, f].

Theorem 1. Assume that V (X, t) from &.9) is twice differentiable and that the Hessian of
V(X,t) (see (.23)) is invertible. Denote by K the inverse of the matrix representation of the
Hessian (see l) ). Then X(t) given from ([&.48a) is a minimum-energy (optimal) estimate.
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36 Minimum-Energy Filtering on the Lie group SO(3)

Proof. From our previous calculations in Section[4.2]it is evident that Equation (4.48a)
is derived only using the optimality conditions #.8) and (4.13). O

Remark 1. The observer (4.48a)) is a gradient-like observer [22]. The innovation term in this
equation is a gradient of the cost function f(X,{y:}) Ztrace -y "

with respect to X and the right invariant metric given by <XA, XB) = trace[ASBT] for all
A,B € 50(3) and X € SO(3), where S = } trace(P~1)I — P~ is a positive definite matrix
given in terms of P in (4.48b).

Although yields the exact form of a minimum-energy observer (4.48a), one
would need to obtain the true Hessian to be able to compute this minimum-energy
filter. The next proposition states that K in Equation is an approximation to
the dynamics of the (inverse) true Hessian operator.

Proposition 1. Assuming that V (X, t) is three times differentiable and that Hess; V (X, t)
is invertible, P in (&.47D) approximates the derivative of the inverse true Hessian of V (X, t)
to the order O(V3V (X, t)).

Proof. In Section deriving Equation was derived by using the optimal
equation (4.48a), the final value condition and by neglecting the third order
derivatives of the value function. Hence, the dynamics of the Hessian operator was
approximated up to the second order derivative of the value function. . O

A similar approach to that proposed in Section could be used to derive a
higher order filter by differentiating the third order derivative terms of the value
function. However, such a derivation would require tensor algebra. Note that due
to the natural convexity of the value function at a minimum the odd derivatives
of the value function are unlikely to contain much information and to obtain any
significant improvement in the filter performance by including addition derivative
approximations one would need to go to the fourth order term. Chapter [f] contains
higher order derivatives of the value function for the case of rotations in a plane
SO(2) = S! where the Hessian and all higher order derivatives of the value function
are scalars.
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Chapter 5

Least Squares Analysis of the
GAME Filter

This chapter contains a least squares analysis of the geometric approximate minimum-
energy (GAME) filter proposed in Chapter [} A mathematical expression of an up-
per bound on the (optimality) distance between the solution of the GAME filter and
a minimum-energy solution is provided, although a minimume-energy filter is not
expressed explicitly. This distance is quantifiable in simulations and is shown to
be small in all the experiments considered, hence indicating that the GAME filter
asymptotically acts like a minimum-energy filter. The term ‘near-optimal” is some-
times used for filters with such performance characteristics [29] 42].

The remainder of the chapter is organized as follows. Section [5.1) includes a re-
view of the equations of the attitude kinematics, measurements, the cost functional
and the GAME filter proposed in Chapter [} A least squares analysis of the GAME
filter is provided in Section[5.2} In particular a detailed derivation of an upper bound
(Gap) on the optimality performance of the GAME filter is provided. Section 5.3{con-
tains an assumption on the positivity of the ‘Gap’ that leads to the main theorem of
this chapter and some remarks on the results of this chapter. Finally, Section 5.4 pro-
vides a simulation study that further justifies the assumption made and the results.

5.1 A Review of the GAME Filter

Recall the attitude kinematics and measurements considered in Chapter [4]

X(t) = X(H)Qx(t), X(0) = Xo,
u(t) = Q(t)+ Bo(t), (5.1)
yi(t) = X(t) "9+ Dywy(t), i=1,---,n,

where X is a rotation matrix representing the attitude and () represents the angular
velocity. The signals u and v denote the body-fixed frame measured angular veloc-
ity input and the input measurement error, respectively. The vectors 1j; are known
reference vectors with y; as their measurements and w; as the measurement errors.
The matrices B and D are known coefficients for the measurement errors with their

37
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38 Least Squares Analysis of the GAME Filter

associated metrics Q := BB' and R; := D;D,".

The cost functional considered in Chapter 4] was

1 st
]t(t;XOIU“O, t],{wi|[0, t]}) = E/O (UTU—FZZUZTZW) dt

(5.2)
+ %trace [(I — Xo)Ky M (I - XO)T} ,
in which Ky € R¥*? is positive definite.
Recall the GAME filter given in Chapter E]

Attitude X =X(u-Pl)y,, X0)=I
Observer

l=2vex(L Pa(@i(0i —yi) 'R 1), 9= X"

i

Riccati P = Q+Ps(P(2u — PI)») — PSP + PAP, P(0) = (trace(Kal)I — Kal)*l,
Equation S=Y; (yi)IRi_l(ﬁi)x,

A = trace(C)I — C, C := L, Ps(R; 1 (9 — yi)9] ).

Table 5.1: GAME Filter

5.2 Optimality Gap of the GAME Filter

This section contains three lemmas that lead to the main result of this chapter (The-
orem [2). Lemma 2] introduces the optimality distance W (f) and contains the detailed
derivation of W(t). The positivity of W(t) is considered in Lemma [3| and Assump-
tion

Before deriving the optimality Gap (distance) W(t), let us introduce some auxil-
iary variables. Denote K := P~1. The time derivative of K is given by

K =—KQK+Ps(KQu—Pl))+S— A4, (5.3)

where the initial condition K(0) = trace(K,')I — K, ! and the variables I, S and A are
given from Table This easily follows from K = P~!PP~!. The following lemma
is used later to rewrite the cost (5.2).

Draft Copy - 20 May 2013



5.2 Optimality Gap of the GAME Filter 39

Lemma 1. Denote G := %trace(K)I — K, then the following identities hold.

1
trace(G) = Etrace(K),
K = trace(G)I — G, (54)

G= —% trace(KQK)I + KQK + IP;(G(2u — Pl) ) + %trace(S)I -S-C.

Proof. Using the definition of G and using Table [5.1| the proof follows. O

The following lemma shows that the cost J; satisfies an equation that is
comprised of a term depending on the difference between the current-time value of
the state X(t) and its estimated value X(t), as well as on an integral term which is
an ‘unavoidable optimal cost’ and a remaining term W(t) that is called the ‘gap” of
the GAME filter. This separation will help to show, later in Section 5.3} that an upper
bound for the cost associated to the GAME filter is greater than an “unavoidable
optimal cost’ by the value of W(t), thus providing a bound on the GAME filter’s
distance to optimality.

Lemma 2. The cost satisfies the equation
1 o .
Je = 5 trace {(X(f) = X(1)G(H)(X(t) = X(f))q
1t T oT 2 512 5:5)
=5 | Z (o= 28" vexPu(£TXC) P + L lys — il | dr—W(b),
where,

t Log
Wit = [ (=28 vexPu(EG) I + 5%~ X)Tal

+ trace [(I —1IPs(E)) (; trace(KQK)I — KQK + %trace(S)I - S)]) T,

(5.6)
and the term S is given in Table[5.1}
Proof. Consider the function
1 o T T
£ = 5 trace [(X—X)G(X—X) } — trace [(I—X X)G}. (5.7)
The time derivative of Equation (5.7) is given by
L = trace {—()A(TX)G —(X"X)G+(I— XTX)G] . (5.8)

Substituting from Equations and (??) yields

£ = trace [—(u —P)RTXG — X X(u— Bo)xG + (I - XTX)G} . (59
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40 Least Squares Analysis of the GAME Filter

Denote the estimation error X ' X by
E=X"X, (5.10)
and recall the following identities. For all A, F € R3*3

trace(IP,(A)F) = trace(IP,(A)PP,(F)) = trace( AP, (F)),

trace(IPs(A)F) = trace(IPs(A)IPs(F)) = trace(AIPs(F)). (5.11)

These identities follow from the fact that a trace of a product between a skew-
symmetric matrix and a symmetric matrix is zero. Using these identities and group-
ing the terms with u in Equation (5.9) yield

£ = trace [~2IP,(11x G)Ps(E) — P (E)Po(G(PI)y) — Ps(E)Ps(G(PI)y)

+(Bo) [P, (EG) + (I — ]PS(E))G] - (5.12)

Next rewrite the term with v in a vector form and add and subtract square terms in
order to complete a square norm of v.

. 1
L =+20"B" vexP,(EG) + Ezﬁv +2vexP) (EG)BB' vexP,(EG)+

trace [—2P; (1t G)Ps(E) — Po(E)Po(G(Pl) ) — Ps(E)Ps(G(PI)x) + (I — Ps(E))G] .
(5.13)

Completing the square yields

. 1 1
L= _EHU —2B" vexP,(EG)||* + EHUHZ +2||B vexP,(EG)||*+

trace [—2P;(1x G)Ps(E) — P, (E)Pa(G(Pl)x ) — Ps(E)Ps(G(Pl)«) + (I — Ps(E))G] .
(5.14)

Replace G from (T).
L= —%Hv 28T vex P, (EG)| + %HUHZ +2||BT vex [P, (EG) |+
trace | — 2Py (it G)Ps(E) — Pa(E)Pa(G(Pl) ) — Ps(E)Ps(G(PI)x )+
(1— IPS(E))(—% trace(KQK)I + KQK + Ps(G(2u — Pl)y) + %trace(S)I _s-0).
(5.15)

Note that the first two terms in the trace part of the previous equation cancel the third
term that replaced G multiplied by IP;(E). The third term that replaced G multiplied
by I yields zero under the trace operator. This is due the fact that for all F symmetric
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5.2 Optimality Gap of the GAME Filter 41

and I' skew-symmetric it holds that
1 o1
trace[IPs(FT)] = > trace[FT +T ' F']| = > trace[FT —T'F] = 0. (5.16)
Hence Equation (5.15) yields
; 1 1
L= -5 |o —2BT vexP,(EG) | + > 0] +2||B vexP,(EG)|* + trace [—

Ps(E)Ps(G(Pl)«) + (I — ]PS(E))(—% trace(KQK)I + KQK + %trace(S)I -S— C)] .
(5.17)

Recall the following identity. For all v € R? and all symmetric F € R3*?
1
P,(Fyx) = E((trace(F)I—F)'y)X. (5.18)

Using this identity for the first term in the trace part of Equation (5.17) and recalling
from that P~! = K = trace(G)I — G yield

P,(G(PI)) = %((trace(G)I _G)Pl). = %zx, (5.19)
that from (??) is equal to
Py DP (0 —yi) 'R = = Y Pa(R7H (9 — yi)9,)- (5.20)

i

Replace this identity and also the equivalence of C from Table[5.1]into Equation (5.17).
Rearranging the order of these terms yields

L= —%Hv 2B vex P4(EG)|2 + 2||B” vex Po(EG)| + %HUHZ

+ trace Z]P — Vi) yl ZIP yz)yAiT)_

1 1
Y Ps(R; N9 — vi)9 ) + (I — Ps(E)) (— trace(KQK)I + KQK + > trace(S)I — §)
i
(5.21)

Note that the third term in the trace is equal to —); R, Y(9; —y:)9] as the symmetric
projection is redundant under the trace operator. Recalling the definitions E = XX
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42 Least Squares Analysis of the GAME Filter

and ; = Xy, the first two terms of the trace can be rewritten in the following form.
trace[lP le’ — Vi) yz ZIP 1)?7)] =
trace|E ;Ri (9 — yi)9]' ] = trace[X " X ZRi (9 —yi)y! X] = (5.22)
i
trace[z RN (9 —yi)yi X].
i
This expression substituted into (5.21)) is grouped with the third term in the trace and

the result is written in a vector inner product form. Also adding and subtracting the
square norm of w; yield

.1
L= E|\v||2 — EHU —2B" vexP,(EG)||? +2||B" vexP,(EG)|?

1o o s ToNTp—l(n -
—|—Zi:<:|:2“wz|\ — (Ui — X' 9:) R (¥ y:)) (5.23)

-+ trace

(I— ]PS(E))(—% trace(KQK)I + KQK + %trace(S)I )

Rewrite this equation using the definitions y = XT]} + D;w; and R; = DiDiT to
1 1 1
L= Z[oll* = Sllo = 2B" vexPo(EG)|* +2[| B vexPo(EG) [ + 5 3 [l
-2 (gl + (0= X700 R 0= X0 = (6= X0 ) (52

-+ trace

(I— IPS(E))(—% trace(KQK)I + KQK + %trace(S)I - S)] .
Completing the square in the second line of the previous equation yields
Lo 1 T 2 T 2, 1 2
L= ,HUH — fHU — 2B vexP,(EG)||* +2||B' vexP,(EG)||” + 5 Z ||l ||
- 72( — 7)) "R (yi = 90) + (0 — X i) "R (9 - XTy"z')) (5.25)
1

-+ trace

(I— IPS(E))(—% trace(KQK)I + KQK + %trace(S)I - S)] .
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t
Integrating £ to obtain £(t) — £(0) = / Ldt, and replacing X(0) = I results in
0
1 A o1 1 .
5 trace [(X(t) — X()G(H)(X(t) — X(1)) } = 5 trace [(X(O) — 1)G(0)(X(0) — I) } +
[ (310 + 3 X il = 2 1o — 287 vex o, (EG) P+
0o \2 212 !
1 A A o
2||BT vexPa(EG)| = 5 X (Ilys = ll o + 119 — X Til2 1) +
1

trace

(I— IPS(E))(—% trace(KQK)I + KQK + %trace(S)I - S)] ) dr.
(5.26)

By definition and from Lemma 1} G(0) = K ! and hence the first three terms on the
right hand side of the previous equation form the cost J; (5.2). Therefore,

Jo = o trace [ (X(6) = X(1)G(5)(X (1) — %(1)) ]

1t T , , (5.27)
_E/o Y | o= 2B vexPo(EG)IP* + 1 lyi — filly 1 | dv =W (1),

where J; is the cost and
t 1. . ]
Wit = [ (2187 vexPu(EG) I + 3% - X) T3l
1
+ trace {(I —IPs(E)) <; trace(KQK)I — KQK + %trace(S)I - S)]) dr.
(5.28)

This completes the proof. O

5.3 Near-Optimality of the GAME Filter

In Section [5.2] it was shown that the cost satisfies an equation that involves an
"unavoidable optimal cost” and a ‘gap” W(t). One needs to prove that W(t) is positive
to be able to show that it acts as an upper bound (Gap) for the optimality perfor-
mance of the GAME filter. The following lemma indicates that in fact, apart from an
obvious negative squared norm in W(t) (5.6), every other term in the mathematical
expression for W(t) has a positive value.

Lemma 3. The trace part of the mathematical expression for W(t) is nonnegative for all t.

Proof. Note that E = X" X is a rotation matrix. The eigenvalues of a rotation matrix
occur in one of the forms
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e Three eigenvalues equal to 1 (the rotation E equals the identity matrix I in this
case).

e One eigenvalue equals to 1 and the other two are —1 (rotation by 180 degrees).

e One eigenvalue equals to 1 but the rest are complex conjugates of the form
cos(@) +isin(0) (rotation through an angle of 6).

Therefore, it is straightforward to see that the symmetric projection IP;(E) yields real
eigenvalues less than or equal to 1. Thus the matrix I — Ps(E) has eigenvalues all
nonnegative and hence is a positive semidefinite matrix.

Note that if trace(A) > 0 then the operator 3(A)I — A yields a positive semidef-
inite matrix. This can be shown by noting that A < Itrace(A)l. Therefore the
operator 3(A)I — A is greater than or equal to £ trace(A)I and hence is positive
semidefinite.

Observe that trace(KQK) also yields a nonnegative value. This is due to the fact
that the matrix K is symmetric and the matrix Q = BB is positive definite and hence
the term trace(KQK) can be rewritten as a squared matrix norm.

trace(KQK) = trace[(B'K) " (B"K)] = ||BTK||*> > 0. (5.29)

Therefore, according to what was shown in the previous paragraph, 1 trace(KQK)I —
KQK is positive semidefinite.

Similarly the term trace(S) = trace(¥;(#;)R; '(#;)«) is positive. This can be
shown by recalling that R; = D;D,' is positive definite, §; is a unit vector and hence

trace()_(9:) X Ri" (1)) = 3 IDi(F:) «|I* = 0. (5.30)

1

Hence similar to our previous argument the term trace(S)I — S is positive semidefi-
nite.

In summary, the two terms I — IP;(E) and 3 trace(KQK)I — KQK + 3 trace(S)I — S
are positive semidefinite and the proof is complete by recalling that a trace of a
product between two positive semidefinite matrices is nonnegative. O

Up to here, the positivity of the trace part of the gap W(t) was proven via
Lemma (3] However, a proof of positivity of the overall gap W(t) is not straight-
forward due to a negative squared norm that also exists in the expression for W(t).
Nevertheless, our intuition, which is the subject of the following assumption, is that
the negative term in W(t) will be dominated by the nonnegative terms and overall
the gap W (t) will be positive for all . This intuition comes from the fact that the term
—2||BT vexP,(EG)||? is second-order in the estimation error E and gets dominated
by the other nonnegative terms if the estimation error is small enough. Note that the
trace part of the mathematical expression for W(t) has a component that is linear in
E. Therefore, W(t) stays positive if initially the filter is tuned in a way that the gap
W(t) is positive until the estimation error E(t) converges to a small enough value.
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Also note that if initially W(#) is positive it is likely to stay positive since W(t) is an
accumulative integral term.

Assumption 1. Assume that the gap W(t) is positive for all t.

A proof for Assumption (I would require a result on filter error convergence,
however, the proposition that W(t) stays positive in all the situations is tested in the
Monte-Carlo experiments Section

Theorem 2. Consider the system and the cost (5.2). Given some measurements {y;|o, 4}
and their associated inputs u|)y y , assume that unique solutions X and P(t) to|5.1|exist on
0,t]. Assuming further that Assumption 1| holds then the filter |5.1| yields a near-optimal
estimate X (t) of the state X(t) in the sense that for each time t there exists a hypothesized
trajectory Xy, with the final value Xy, (t) = X(t) and J; < J; + W(t), where J; is the func-
tional cost for Xy, Ji denotes the minimum-energy value for the cost and W(t) is a
bound on the optimality distance between the two trajectories Xy, and X;, the latter denoting
a minimum-energy trajectory corresponding to J;.

Proof. Lemma [2] states that

%trace [(X(t) — X())G(H)(X(t) — X(t)ﬂ =

1 rt - , ) (5.31)
_ E/0 Y- | llo—2B" vexPa(EG)| + Y llys — 9illf + | dT = W),
1 1
Thus, the cost function J; fulfils the inequality
1/t 12
Ji > 5/0 Yo llyi — 9ill5dt. (5.32)
l' 1

The right hand side of Equation is independent of any specific choice of the
unknown arguments of the cost (5.2), Xo, v||, 4 and {w[p, 1}, and depends only on
the measured data {yi[j, 4} and the filter estimates. Thus, the right hand side of
Equation is also a lower bound for the minimum J; of the cost (5.2), i.e.

* 1 f S
iz | Sl il (5:33)
i 1

Consider a hypothesis Xj; : [0, t] — SO(3) for the true trajectory of the system
generated by

Xpt = Xpe(u — 2Qvex P, (X X1, G)) ., (5.34)

with fixed final condition Xy, (t) := X(t) where X and G are solutions of the proposed
filter 5.1] through (5.4). It is straightforward to show (by integrating in reverse time)
that (5.34) has a unique initial state Xj;(0) that produces the final condition Xj;(t) =

Draft Copy - 20 May 2013



46 Least Squares Analysis of the GAME Filter

X(t). Define the signals (w;); : [0, t] — R3 by
(wi)w = D; ' (yi — 91), (5.35)
and the signal vy : [0, t] — R3 by
op = 2B vexTP, (X" XG) (5.36)

Equations (5.34) and (5.35) show that X};(0), opt|o, g and {(w;)utlo, 1} together with
ulfo,  and {y;}|jo, y satisfy the system equations (5.1).
Recalling Lemma [2] the functional cost J; of Xj; is

1 t
=5 [ = ilR ade + W) < J; + WO, (5:37)

This completes the proof. O

A key contribution of Theorem 2| lies in providing a bound W(t) given by
for evaluating the performance of the filter. This bound is numerically quantifiable
and is decreasing with the tracking error X " X. Thus, once the initial transient of the
filter is complete, and for moderate modeling error, it is to be expected that the filter
will perform qualitatively as well as an optimal filter. This is further investigated in
the following simulations.

5.4 Simulations

The following three cases are simulated with Monte-Carlo experiments with 100 re-
peats in each case. In all the cases, the GAME filter [5.1]is simulated using the identity
matrix as both the initial rotation estimate and the initial gain. A sinusoidal input
Q = [0.2sin(5t) — cos(5t) 2cos(5t)] drives the true trajectory X. We further as-
sume that two orthogonal unit reference vectors are available.
Case 1
This case is a simulation setup with relatively low levels of initialization and mea-
surement errors. The input measurement error v is a Gaussian zero mean random
process with a unit standard deviation. The coefficient matrix B is chosen so that the
signal Bv has a standard deviation of 3 degrees per ‘second’. The system is initialized
with a rotation of 47 degrees. We also consider Gaussian zero mean measurement
noise signals w; with unit standard deviations. The coefficient matrices D; are cho-
sen so that the signals D;w; have standard deviations of 9 degrees. Although the
filter does not have access to the noise signals v and w;, it has access to the matrices
Q=BB"and R, =D;D,'.

Case 2
This case is a simulation setup with relatively high levels of initialization and mea-
surement errors. The coefficient matrix B is chosen so that the signal Bv has a stan-
dard deviation of 60 degrees per ‘second’. The system is initialized with a rotation of
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10

Optimality Gap of the GAME Filter

Average Optimality Gap
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Figure 5.1: Case 1: The average of the bound on the optimality performance of the GAME
filter (W(t)) over 100 repeats plotted against time.

120 degrees. Gaussian zero mean measurement noise signals w; with unit standard
deviations are considered for which the coefficient matrices D; are chosen so that
the signals D;w; have standard deviations of 90 degrees. Figure is the plot of
W(t) for the Case 1 experiment. As can be seen the average of W(t) stays positive
throughout the 100 experiments. Note that after a short transient period the average
value of W(t) reaches a plateau that indicates that once the Game filter converges
it acts like a minimum-energy filter apart from the initially accumulated optimality
error bound. This is more clear in Figure 5.2l where the average of the integrant of
W(t) throughout the 100 experiments is plotted against time. As can be seen in Fig-
ure 5.2 after a short transient period the average of the integrant of W(t) converges
to a very small value. This further supports the near-optimality claim of the pro-
posed filter. Also note that the average of the integrant part of W(t) is positive at
all times which further supports Assumption (I} These conclusions are also valid for
Figures |5.3|and Note the larger errors considered in Case 2 have even increased
the positivity margin of W(t) that indicates that Assumption(l]is also valid for a large
initial estimation error and a long convergence period. Note that in Figure the
average of the optimality gap W(t) takes longer to converge than the time taken in
Figure This was expected due to the large errors considered in Case 2.

Figures |5.3| and [5.4| show that also in the higher noise Case 2 the optimality gap
W(t) stays positive. The only difference is that for this case the transient period is
longer. However the integrant of the optimality cost will converge to a small value
close to what was seen for Case 1.
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The Integrant of the Optimality Gap of the GAME Filter

Average Integrant of W(t)

0 2 4 6 8 10 12 14 16 18 20
Time (s)

Figure 5.2: Case 1: The average of the integrant of W(t) over 100 repeats plotted against time.

Optimality Gap of the GAME Filter

Average Optimality Gap
=
1
L

0 2 4 6 8 10 12 14 16 18 20
Time (s)

Figure 5.3: Case 2: The average of the bound on the optimality performance of the GAME
filter (W(t)) over 100 repeats plotted against time.
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10

Average Integrant of W(t)

The Integrant of the Optimality Gap of the GAME Filter

Figure 5.4: Case 2: The average of the integrant of W(t) over 100 repeats plotted against time.
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Chapter 6

Minimum-Energy Filtering on
other Lie Groups

This chapter contains three special cases of the geometric approximate minimum-
energy (GAME) filter developed in Chapter 4| Section [6.1] involves the case of esti-
mating a rotation restricted to a single axis modelled on the two dimensional special
orthogonal group SO(2). The kinematics on SO(2) is equivalent to the kinematics of
an angle evolving on the unit circle S!. Furthermore, the angular velocity measure-
ments of the model are assumed to be contaminated with bias that is estimated and
the overall filter is posed on SO(2) x R. Next, this bias estimation result is gener-
alized to three dimensional rotations and a generalized GAME filter is provided on
SO(3) x R3. Lastly, minimum-energy filtering on the kinematics of pose (i.e. atti-
tude and position) modeled on the special Euclidean group SE(3) is considered in
Section [6.3]

6.1 Minimum-energy Filtering on the Unit Circle S!

In this section, filtering on the kinematics of the special orthogonal group in two
dimensions SO(2) is considered using angular velocity measurements with bias and
vectorial measurements. The group SO(2) is an special case of the group SO(3) and
filtering on SO(2) is a special case of the problem considered in Chapter The
system on SO(2) has many applications in robotics when rotations around a single
axis are of interest. Example applications include determining the heading angle of
a rigid-body moving in the 2D space and determining the rotation angle of a robotic
joint with one degree of freedom. Other applications of the group SO(2) exist in
communication radar systems where the angle of a rotating radar is sought or in
power systems where the phase of an element of the grid is to be estimated. The
system on SO(2) is also of interest since is often considered as a training ground for
higher dimensional groups such as the group SO(3) and the group SE(3).

Consider a moving frame on the unit circle as shown in Figure Let w € R be
the instantaneous angular velocity. The rotation X represents the angle theta and

51
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Moving
Frame

e Ea » Reference
Frame

Figure 6.1: A rotating frame on the unit circle

satisfies the following kinematics equation
X = Xwy, X(0) = Xo, (6.1)

where
_ [ cos(f) —sin(6)

sin(0) cos(0) ] €50(2). 6.2)

The initial rotation X, is unknown. The cross notation (-)x : R — s0(2) is

defined as
0 —w
Wy = [ o 0 ] . (6.3)
Conversely the notation vex(-) : s0(2) — R extracts the scalar part, vex(wx) = w.

Lemma 4. The system (6.1) can be equivalently written in terms of the angle 6 with kine-
matics

6 = w, 6(0) = 6. (6.4)
Proof. Note that from (6.1)
XX = { 0 } w, (6.5)
Also from and
=) o ][ o Tl Je= [ oo eo
and the result follows. O
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The angular velocity w is measured as
u=w+ Byv,+Db, (6.7)

where v, € R is the measurement error signal and B, € R is a scaling known
from the model. The signal b € R is a constant or slowly time varying bias in the
measurement 1 € R that is modelled as

[? = Bbvb, b(O) = bo, (68)

where bg is unknown, v, € R is an unknown rate of change of the bias b and B;, €
R is a scaling known from the model. Note that in measurement model the
measurement error v, and the bias b are modeled separately although a general
deterministic measurement model is considered. This is due to the fact that the filter
is going to be derived by minimizing a cost in the size of the measurement
error v,. The assumption behind this is that the measurement error should not,
in general, be large. However, bias, in general, needs not to be small but rather
slowly time-varying. Therefore, an independent bias model is considered with
v, modeling a small unknown rate of change for b.
Assume a vector measurement obtained from

y=X'y+ Duw, (6.9)

where j = (1, O)T, w € R? is an unknown measurement error signal and D € R2%2
is a full rank scaling matrix known from the model.

Remark 2. Depending on the application one might have a different state measurement model
such as
Yy =Wx)"y, (6.10)

where y' € S' is a vector measurement of the state X and W € SO(2) represents the
measurement error. In case the full angle measurement is available the following output map
is suitable.

y' =0+, (6.11)

where y" € S is the measured state angle 6 € S and w' € S is the measurement error.
Consider the cost functional

](t;XO/bOIU(UhO,t]/vb|[0, t]/w|[0,t]) =
trace(I — Xo) L%
K 2K,

1 st (6.12)
5 | @+ oi+ o) dr,

where K1, K, € R™ are given. Later on, these parameters will appear in the initial
conditions of the proposed filter. If available, a priori information on the expected
size of the initial state and the initial bias can be used to tune K; and K; relative to
each other and the other unknowns in the cost function. The trace function is used
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to measure the size of the initial state Xy relative to the identity matrix I € R?*2 (that
is the identity element for the group SO(2)).

Remark 3. In case the measurement model (6.11)) is used, the cost function (6.12)) is modified
to allow for measuring the measurement error w' as an angle.

J'(t; X0, b0, vwl (0, 1, V6l0, 1, W |0, 1) =

trace(I — Xo) b% / ,
1-— .
K 2K2 + (0%, +v7) +1 —cos(w') ) dt

The following is the formal statement of the minimum-energy filtering problem
for the system (6.1).

Problem 1. Given the system (6.1)), the measurement models (6.7), (6.9), the bias model
and the past measurements |y 4 and y|o y find the state estimate X(t) for the current state

X(t) and the bias estimate b(t) for the current bias b(t) such that the cost (6.12) is minimized
over the unknowns Xo, bo, vwljo, 1, Vsl 4 and wjo , -

(6.13)

Note that the cost encodes the total energy associated with the unknowns
Xo, bo, vwlio, 4, Vbljp,n and w|j, 4. In a sense, by minimizing the goal is to
find unknowns of minimum energy that together with the measurements u|(, , and
Ylo, 4 satisfy the model equations (6.1), (6.7), and (6.9). Note that in general one
might find infinitely many possible combinations of these unknowns that together
with the measurements satisfy the model equations. However, by minimizing the
cost a set of minimizing unknowns is singled out that collectively has minimal
energy. Substituting the minimizing unknowns and the measurements into equa-
tions (6.1), (6.7), and yields the minimum-energy state trajectory X, ,
and the minimum-energy bias b, ;. The subscript [0, t] indicates that the opti-
mization takes place on the interval [0, t]. The final values be t]( ) and bfﬁo, t}(t)
are then assigned as the minimum-energy estimates at time t, X(t) := Xy, g (t) and

lAJ(t) = bE‘O K (). In the following, rather than resolving this infinite dimensional op-
timization problem at each time instance t, a recursive filter is derived that updates
the estimates incorporating only the measurements at the current time t.

Problem [I{can be simplified by making the measurements constraint explicit
in the cost. Hence, substituting w in from yields the simplified cost

J(t; Xo,bo, vwlj0, 1, V|0, ) =

trace(I — Xy 1 b3 t . (6.14)
(Kl ) 4 TR /0 (02 + o} +1ly - XT]/H%{%) dt,
where R := DD is positive definite and
ly = X"§llkr = (y=X"9) 'Ry = XT9). (6.15)

Now, similar to optimal control problems, the cost (6.14) is to be minimized over
Vwljo, 1, 6l[0, - For now consider Xo and by as fixed but later to fully solve the
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problem a further optimization over these two initial values are needed. In order
to apply Hamilton Jacobi Bellman theory [5], define the following pre-Hamiltonian
function,

Hi (XI b/ ;l/lw, ,ubl U(AJI Ub, t) =

1 . (6.16)
5 (22 + o+ 1y = XTIk 1) = ol — b= Buvw) — muBuvy,
where ., € R represents the costate variable © € s0*(2) via ((yw)x,I') = O(T) for
all T € so(2). This algebraic representation will be used in the following without
further reference. The variable y;, € R is the costate variable associated with the bias
b. The optimal Hamiltonian # is obtained by minimizing the pre-Hamiltonian H ™~
over the signals v, and v, that yields v, = —Buuw and v; = Bypyp.

1 .
where Q,, = B2 and Q, := B% are positive definite. Define the value function

V(X,b,t) = min ](t}onboszho,t]/Ub’[o,t]/w|[o,t])/ (618)

Ywlo, 4,010, 4

where | is the cost and the minimization is subject to the equations
and (6.8). The initial boundary condition for the value function is obtained
from (p.14)

_ trace(I — Xp) n 163

V(X(0),5(0),0) e 2

(6.19)

In the following, a Hamilton-Jacobi-Bellman equation [5] is considered that relates
the optimal Hamiltonian (6.17) and the value function (6.18).

H(X,b,VxV(X,b,1), VyV(X,bt),t) — V;V(X,b,t) = 0. (6.20)

Up to here only optimized over the signals vy|(o, 4 and |,y were considered.
To complete the optimal filtering problem, one also needs to optimize V over the ini-
tial values Xy and by. This is equivalent to further optimizations over X(t) and b(t)
since (the minimizing) X(t) and b(t) are uniquely determined given the measure-
ments u[)y, 4, the equations (6.1), and (6.8), the (minimizing) signals v, [y, 4 and
Up|[o, g and the (minimizing) initial values Xy and by. Hence, similar to Mortensen’s
approach [31], the minimum-energy estimates X(t) and b(t) are characterized by the
criticality conditions

VxV(X b, ) x_x(1), b=y = O

(6.21)

Solving Equations (6.21) is clearly a way to obtain the minimum-energy estimates
X(t) and b(t), minimizing the cost (6.14) at every time . However, in the following,
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rather than solving this optimization problem for each time t, the goal is to find
differential equations (filters) that dynamically update these estimates when new
measurements are obtained as time evolves.

Consider the following definitions in order to rewrite (6.21)) in terms of directional
derivatives.

For all o,y € R

DxV(X,b,t) o Xa, = (VxV(X,b,t), Xa),

DyV(X,b,t)y = (VuV(X,b,t),7), (6.22)

where the cross notation was defined in (6.3). The scalar inner product (-,-) : R x
R — R is defined as

(a,7) = ay, (6.23)
and the left invariant inner product (-, -) : TSO(2) x TSO(2) — R is defined as

1
(Xoay, Xyx) = (ax,vx) = trace(iuclfyx) = (a,7). (6.24)
Similarly the following second order directional derivatives are defined.

DXV (X,b,t) o (Xax, Xyx) = (VXV(X,b,t) 0 Xax, Xyx)
= (Xax, VXV(X,b,t) 0 Xvx),

DIV (X,b,t)o (a,7) = (VIV(X,b,t)oa,v)
= (0, VZV(X,b,t) 0 ),

Db(DXV(X, b,t) O XDCX)’)/ = Dx(DbV(X, b,t) e} Dé) o X’)/X =
<VbVXV(X, b, t) o IX,’)/> = <X0(><,vabV(X, b, t) o X’)/X>.

(6.25)

Note that (6.25) shows that the second order derivatives are symmetric bi-linear map-
pings to R, in the directions « and <. Therefore, the following parametric represen-
tations are considered to serve as their values.

DYV(X,b,t) o (Xax, Xvx) = Play,
DIV(X,b,t) o (a,7) == Py,

Dy(DxV(X,b,t) o Xay )y = Pjoary,
Dx(DyV(X,b,t)7) o Xay == Pj,a7,

(6.26)

where P|, P}, P/, € R.

Now one can rewrite the final conditions (6.21) in terms of directional derivatives.
Foralla,v € R,

DXV(X, b, t) o Xﬂ(x |X:X(t),b i?(t) - 0,

(6.27)
DV (X, b,t)7|x:>z(t),b:13(t) =0
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Condition (6.27) holds for every time t and therefore the total time derivative of (6.27)
satisfies

d
FADXV(X,b,1) 0 X Hx_go), pi) = 0.

y (6.28)
Applying the chain rule and changing the order of the derivatives gives
{DLV(X,b,t) o (X, Xax) + Dx(DyV (X, b,1)b) o Xoux+
Dx(ViV(X,b,t)) o Xay }Hy_< _ipy =0,
X=X(t), b=b(t) 6.29)

{D2V(X,b,t)by + Dy(DxV (X, b, t) 0 X)y+
Dy(ViV(X,0,0))7H 1), bbo() = O-
Next, the derivatives Dx(VV (X, b,t)) o Xay and Dy(V,V (X, b, t))7 are calculated by

first replacing the time gradient V,V (X, b, t) with H(X,b, VxV (X, b,t), V,V(X, b, 1), t)
using (6.53). First, using (6.17) and (6.22) yields

H(X, b, VxV(X,b,t), VyV(X,b,t),t) % (~ QuDxV(X,b,1)0 VxV(X,b1)

~Q DV (X, b,)ViV(X,b,t) + [ly = XT§I% 1) = DxV(X,b,t) 0 X(u = b).
(6:30)

Therefore,

Dx(H(X,b,VxV(X,b,t),V,V(X,b,t),t)) o Xay =
— QuD%V(X,b,t) o (VxV(X,b,t),Xax) — QyDy(DxV(X,b,t) o Xay )V, V (X, b, t)
+2avexP, (R~ (y — X"9) 7" X) = DIV(X,b,t) o (X(u — b)x, Xax)
—DxV(X,b,t) o XPy(ax(u—b)x),
Dy(H(X,b,VxV(X,b,t), V,V(X,b,t),t))y =
— QuwDx(DyV(X,b,t)y) o VxV(X,b,t) — QD2V(X,b,t)V,V(X,b,t)y
— Dx(DyV(X,b,t)y) o X(u—b)x + DxV(X,b,t) o Xy,
(6.31)

where the anti-symmetric projection operator P,(-) : R>*2 — 50(2) for all M €
R?2*2 is defined as

P,(M) == %(M - M"). (6.32)

Next, substitute (6.31) in (6.29). Note that the first order derivatives, that appear
in (6.31), evaluated at X = X(t), b = b(t), yield zero. This is due to the final
conditions (6.21) and (6.27). Replacing the second order derivatives from (6.26) and
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canceling the arbitrary directions « and <y from both sides of (6.29) yields

Py vex(XTX) + Piob + 2vexPo (R (y — 9)§7) — P (u —b) =0,

\ i \ (6.33)
Pob + Ppy vex(X' X) — Prp(u — b) = 0,
where
9 = XT]}I
P1 = Pilx_g(s), b=b()" (6.34)
P = Pﬁ’x:f{(t),b:l?(f)’
Py = P1,2|X:X(t), b=b(t)’
Rearranging (6.33) yields the observer equations
sz@_wwf0+ma),
A N A L X (6.35)
b — 5 (—u + b+ vex(X X)) ,

where [ := 2vexP,(R~*(y — 7)7"). The initial conditions X(0) = I and b(0) = 0, are
obtained using (6.19) and (6.27).

The proposed observers yield the exact dynamical equations that will up-
date the value of the minimum-energy estimates X (t) and b(t) (that are the solutions
to Problem [), for every time t. Note that the two observers are interconnected
and use the current measurements u(t) and y(t) to update their estimates. The mea-
surements are weighted by dynamic gains P;, P, and P, that are related to the value

function defined in (6.18) through (6.26).

In order to implement these observers one also needs dynamical equations that
concurrently update the gains P;, P, and Pj;. This can be done using the defini-
tions (6.26) and by calculating the total time derivatives

Piay = %{D%V(X, b,t) o (Xax, Xy >}X:X(t), b=b(t)
Poay = ;t{pgv(x, b,t) o (&7) Y x—x(t), b=bt) (6.36)
Ppay = Z{Db(DXV(X, b,t) o Xex )Y x_x(1), bb(t)-
The calculation details for similarly follow from our observer derivations. It is
worth noting that the right hand sides of are going to depend on the third order

derivatives of the value function. However, assuming that the third order derivatives
of the value function are negligible, the following Riccati equations are obtained that
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update the gains of the observers on-line.

Py = —QuPf — QyPhL — §'SR7'S§+ (y—19) "Ry,
P, = —QuP} — QuPh + 2Py, (6.37)
Py = —QuPiaP1 — QyP2Py + Py,

where

[0 -1
s._[l 0]. (6.38)

The initial conditions P;(0) = K; L P (0) = Ky l'and Py,(0) = 0 are obtained us-
ing (6.19) and (6.26).

Note that these Riccati equations provide a second-order approximation
of the minimum-energy dynamics of the observer gains. However, as was suggested
by simulations in previous work [41], the third order derivatives of the value function
are going to be small and there is little advantage in increasing the dimension of the
filter by considering the higher order derivatives of the value function. Therefore,
the proposed filter’s formulation is restricted to a second-order approximation of the
minimum-energy filter.

Remark 4. One can continue deriving dynamics of the higher order derivatives of the value
function using our previous calculations. In fact, for a case that there is no bias in angular
velocity measurements and where full state measurements is used, it is straightforward
to derive dynamics of the higher order derivatives of the value function up to arbitrary higher
orders. Consider the following system.

9 =w, 9(0) = 90,
u=w-+goé, (6.39)
y' =0+e¢,

where 0 € S! is the state, the signal w € R is the angular velocity input that is measured as
u € R with measurement error 6 € R and a known scaling ¢ € R. Full state measurement
is given by y" € S with measurement error € € S'. An eight-order approximate minimum-
energy filter for this system is given in Table
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A

Observer | § — 4 + Pfl sin(y” —6), 9(0) =0,

p1 = cos(y”’ — 6) — $2p2 + papy tsin(y” —0), p1(0) = K'Y,

p2 = sin(y” — ) —3¢*p1p2 + papy " sin(y” — 6), p2(0) =0,

Gains 1

p3 = —cos(y” — 0) — 4g”psp1 — 3¢°p3 + papy ' sin(y” — ), p3(0) = —K; 7,
pa = —sin(y” — ) — 5¢%pap1 — 108%pspa + psp; ' sin(y” —0), pa(0) =0,
p5 = cos(y" —0) — 687 psp1 — 1082 p3 — 15¢%papa + psp; - sin(y” —6), ps(0) = Ki'7,

pe = sin(y” — 8) — 78°pep1 — 2187 psp2 — 3587 paps + p7py ' sin(y” —6), ps(0) =0,

p7 = —cos(y” — 0) — 8g%p7p1 — 2882 pep2 — 5682 psps, p7(0) = —K; .

Table 6.1: The 8th-order approximate minimum-energy filter on S using full state measure-
ments.

In summary the following filter is proposed.

Observer

I :=2vexP,(R Y y—19)97),

Pr = —QuPf = QuPf, — TSRSy + (y = 9) 'R71G, Pi(0) = K7,
Gains . )
P, = _QbP22 - pr122 + 2P, P(0) =K, 7,

Py = —QuPiaPy — QyP2Pr + Py, Ppp(0) = 0.

Table 6.2: The approximate minimum-energy filter on SO(2) x R.

Note that the equations (6.35)) have been rearranged into a new form in which the
kinematics of the state and the bias estimates are in cascade form. This form is more
useful for implementing the filter by discretization.

Lemma 5. If the measurement model (6.11)) along with the cost (6.13) is considered instead
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of and (6.12), the resulting filer equations are

5 . P, ' -
60 —-b—-—— " —0), 8(0) =0,

112 . " A 7
———=——sin —0), b(0) =0,
PPy — Py Vo) (6.40)

p1 = —Qup} — Quplr +cos(y” —8), p1(0) = Ki'!,
p2 = —Qupps — Qupis +2p12, p2(0) = K51,
p12 = —Quwpi2p1 — Qpp2p1 + p1, p12(0) = 0.

S
Il

Moreover, equations (6.40) are equivalent to the proposed filter [6.2]if the matrices D and R
are equal to the identity matrix.

The proof of Lemma [f involves an argument, similar to the proof of Lemma [}
to show the first equation in (6.40). Furthermore, all the calculations that involve the
measurements y need to be done using y” instead.

6.2 The GAME Filter with Bias Estimation

In Chapter 4, the attitude system considered did not include bias in the angular
velocity measurements. Here, that result is generalized similar to Section by
adding bias to the angular velocity measurements. Recall the attitude kinematics
given by

X(t) = X(£)Qx(t), X(0) = Xo. (6.41)

The matrix X is an SO(3)-valued state signal with the unknown initial value Xy and
Q) € R represents the angular velocity of the moving body expressed in the body-
fixed frame.

A rate-gyro sensor measures the angular velocity through the following equation

u(t) = Q(t) + Bava(t) + b(t). (6.42)

The signals u € R® and vq € R® denote the body-fixed frame measured angu-
lar velocity and the input measurement error, respectively. The coefficient matrix
B € R3*3 allows for different weightings for the components of the unknown input
measurement error v. We assume that Bq is full rank and hence that Qg := BQBg
is positive definite. The signal b(t) € R? is an unknown slowly time-varying bias
signal generated from

b(t) = Byoy(t), b(0) = by, (6.43)

where B, € R¥*? is a full rank weighting matrix known from the model with Q, :=
ByB, positive definite. The signal v, € R® is a small unknown perturbation and
by € R3 is an unknown initial bias.

Consider the vectors ; € R® as known vector directions in the reference frame.
Measuring these vectors in body-fixed frame provides partial information about the
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attitude X. Typically, magnetometer, visual sensors, sun sensor and star tracker are
deployed for this purpose. The following model yields the measurements of theses
Sensors.

yi(t) = X(t)"gi + Dyw;(t), i=1,--- ,n (6.44)

The measurements y; € R® are measurements of the 7; in the body-fixed frame and
the signals w; € R® are the unknown output measurement errors. The coefficient
matrix D; € R*>*3 allows for different weightings of the components of the output
measurement error w;. Again, assume that D; is full rank and R; := DiDiT is positive
definite.

Consider the cost
1 _
J(t; Xo, bo, valp, o, Vel 1, {wilp,n}) = 5 trace {(I — Xo)Kx, (I - XO)T] +

L+ Lt + T T (6.45)
+5bo K, b0+§/0 vhva + o, vb—l—zi:wi w; | dt,
in which Kx,, K, € R3*3 are symmetric positive definite. The cost (6.45) can be
thought of as a measure of the aggregate energy stored in the unknown initialization
and measurement signals of (6.41), (6.42), (6.43) and (6.44).

Similar to the derivation presented in Section [6.1| the following fil